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ABSTRACT

This thesis investigates the structure and representation theory of Banach lattice
algebras and Banach f-algebras. Its main motivation is the question: is every
Banach lattice algebra isomorphic to a subalgebra and sublattice of the space
of regular operators on some order complete Banach lattice?

We are able to settle this question in the negative: there exists a two-
dimensional Banach lattice algebra with identity that admits no faithful repre-
sentation as regular operators on any order complete Banach lattice. The proof
builds on top of Wickstead’s work, and in particular confirms his conjecture on
positive projections with constant diagonal.

To better understand the interplay between the order and algebraic struc-
tures in spaces of regular operators, we study their band projections. We intro-
duce the class of inner band projections and show that every band projection
on the regular operators is inner if and only if the underlying Banach lattice is
atomic and order continuous. We also characterize the multiplication operators
that are band projections. Finally, we carry these investigations into the more
abstract setting of Banach lattice algebras.

Representations of Banach lattice algebras in spaces of continuous functions
are also considered. More precisely, we show that a Banach lattice algebra can
be isometrically embedded as a closed sublattice-algebra of a space of continuous
functions if and only if it has an approximate order unit that is at the same
time an approximate algebraic identity.

For Banach f-algebras, we classify all f-algebra products on AL and AM-
spaces, and construct the free normed and Banach f-algebras (FNfA[E] and
FBfA[E]) generated by a Banach space E. Through the development of new
techniques for Banach f-algebras, we prove that FNfA[E] can be represented
inside the continuous functions on the unit ball of £*. We also provide a de-
scription, up to isomorphism, of FBfA[E] for finite-dimensional E. Finally, we
characterize the lattice-ordered algebras that admit a functional calculus.

Keywords: regular operator, Banach lattice algebra, f-algebra, Banach
f-algebra
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RESUMEN

Esta tesis investiga la estructura y la teoria de representaciéon de las algebras-
reticulos de Banach y de las f-algebras de Banach. Su principal motivacion es
la pregunta: jes toda algebra-reticulo de Banach isomorfa a una subalgebra y
subreticulo del espacio de operadores regulares sobre algin reticulo de Banach
orden completo?

En este trabajo, seremos capaces de resolver esta pregunta en sentido ne-
gativo: existe un algebra-reticulo de Banach bidimensional con identidad que
no admite ninguna representaciéon fiel como operadores regulares sobre ningtn
reticulo de Banach orden completo. La demostracién se apoya en el trabajo de
Wickstead y, en particular, confirma su conjetura sobre las proyecciones positi-
vas con diagonal constante.

Para entender mejor la interaccion entre las estructuras de orden y alge-
braica en los espacios de operadores regulares, estudiamos sus proyecciones en
banda. Introducimos la clase de proyecciones en banda internas y demostra-
mos que toda proyeccion en banda sobre los operadores regulares es interna si
y solo si el reticulo de Banach subyacente es atomico y orden continuo. Ca-
racterizamos también los operadores de multiplicacion que son proyecciones en
banda. Finalmente, llevamos estas investigaciones al marco mas abstracto de las
algebras-reticulos de Banach.

También consideramos las representaciones de las algebras-reticulos de Ba-
nach en espacios de funciones continuas. Mas concretamente, demostramos que
un algebra-reticulo de Banach puede ser embebida isométricamente como subal-
gebra y subreticulo cerrado en un espacio de funciones continuas si y solo si tiene
una unidad de orden aproximada que es al mismo tiempo una unidad algebraica
aproximada.

Para las f-algebras de Banach, clasificamos todos los productos de f-algebra
sobre los AL y AM-espacios, y construimos las f-dlgebras normada y de Banach
libres (FNfA[E] y FBfA[E]) generadas por un espacio de Banach E. Mediante
el desarrollo de nuevas técnicas para f-algebras de Banach, demostramos que
EFNfA[E] puede representarse dentro de las funciones continuas sobre la bola
unidad de E*. Asimismo, proporcionamos una descripcion, salvo isomorfismo,
de FBfA[E] para E de dimension finita. Finalmente, caracterizamos las dlgebras
reticuladas que admiten un calculo funcional.

Palabras clave: operador regular, algebra-reticulo de Banach, f-algebra,
Banach f-algebra
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INTRODUCTION

According to [Kei95], the origins of ordered algebraic structures go back to two
independent roots:

(i) Algebra, in particular arithmetic, divisibility and valuation theory for in-
tegral domains. In his 1897 paper [Ded97], Dedekind introduced lattices
from an axiomatic point of view (that is, as sets endowed with a meet and
a join, satisfying certain axioms) and studied some of their properties,
with the goal of understanding lattice-ordered abelian groups.

(ii) Analysis, in particular the theory of function spaces, positive linear func-
tionals and operators. The seminal talk by F. Riesz at the International
Mathematical Congress in Bologna in 1928, where a program for an ax-
iomatic theory of vector lattices was outlined (these ideas were later pub-
lished in more detail in [Rie40]), ignited a study of these structures that
was carried on in the next decade by Freudenthal, Stone, Kantorovich,
Kakutani, Nakano, and several others.

By the 1940s, it was clear that a systematic study of lattice-ordered algebraic
structures was needed. In 1942, Birkhoff’s seminal paper [Bir42] established
lattice-ordered groups as an algebraic object in their own right. More than
a decade later, in 1956, this was followed by Birkhoff and Pierce’s theory of
lattice-ordered rings [BP56]. In 1967, in the classical Lattice Theory book
[Bir61], Birkhoff collected the early developments in the theories of lattices,
vector lattices, lattice-ordered groups, rings and algebras (and also f-algebras;
see below).

From the analytic point of view, it was soon realized that most of the classical
examples of Banach spaces also carried a vector lattice structure. It was thus
natural to introduce a (complete) norm into the theory of vector lattices, giving
birth to the theory of Banach lattices. An account of the classical Banach lattice
theory can be found in the monographs by Lindenstrauss and Tzafriri [LT79],
Schaefer [Sch74], and Meyer-Nieberg [MNO91].

During the 1970s, 80s, and 90s, a big part of the development of lattice-
ordered algebras came from a Dutch school of mathematicians: Huijsmans, de
Pagter, van Rooij, Buskes, Luxemburg, and Zaanen, among others. Other im-
portant contributors were Henriksen, Isbell, D. G. Johnson, Bernau, Wickstead,
and Keimel. It was also during these years that the notion of Banach lattice
algebra, meaning a lattice-ordered algebra with a complete submultiplicative
lattice norm, started to appear. One of the main contributors to this early
theory of Banach lattice algebras was Scheffold [Sch81, Sch84, Sch91, Sch93].
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INTRODUCTION

However, it was not until the Ordered Banach Algebras workshop held in Lei-
den in 2014, and the problem lists [Wicl7a, Wic17b] subsequently published by
Wickstead, that the theory of Banach lattice algebras really took off. One of
the most prominent questions in both lists is the following.

Main Question. Is every Banach lattice algebra isomorphic to a subalgebra
and sublattice of the space of regular operators on some (order complete) Banach
lattice?

This pursuit of concrete realization is heavily inspired by foundational rep-
resentation theorems in operator algebras. It is reminiscent of the Gelfand—
Naimark—Segal theorem, which establishes that any abstract C*-algebra can
be faithfully represented as a closed *-subalgebra of bounded operators on a
Hilbert space. A positive answer to the representation problem for Banach lat-
tice algebras would provide a similar structural cornerstone, allowing abstract
lattice algebras to be analysed through the concrete, well-understood properties
of regular operators on order complete Banach lattices.

This thesis aims to contribute to the study of lattice-ordered algebraic struc-
tures arising in Functional Analysis. Wickstead’s question lists are our main
source of motivation across the different lines of research. More precisely, when
starting this thesis our goal was to better understand the Main Question, and
to see whether we could make any progress on the differences (if any) between
general abstract Banach lattice algebras and sublattice-algebras of spaces of
regular operators.

This is the main focus of Chapters 2 and 3, where we approach the question
through the study of band projections, a class of operators in which the algebraic
and order structures interact particularly nicely. Chapter 2 studies bands and
band projections in the algebra L,.(X) of regular operators on an order complete
Banach lattice X. We introduce the inner band projections: given a pairwise
disjoint family {Py}rea of band projections on X and a subset I' C A X A,
the assignment for positive operators 1" > \/(07 )er P,TPg extends to a band
projection on L£,(X) (Theorem 2.1). The inner band projections associated
with {P\}rea form a Boolean algebra isomorphic to 22*4 (Proposition 2.10).
One of the most remarkable results in this chapter is the characterization of
the Banach lattices X for which every band projection on £,.(X) is inner: this
happens precisely when X is both atomic and order continuous (Theorem 2.19).
We also characterize the multiplication operators on £,(X) that are themselves
band projections (Theorem 2.35).

In Chapter 3 we transfer this study of band projections to abstract Banach
lattice algebras. In a Banach lattice algebra with identity, the natural general-
ization of band projections is provided by the so-called order idempotents. In
a general Banach lattice algebra, we use the previous characterization of mul-
tiplication operators to formulate a corresponding notion of band projection.
Central to this study is the ideal generated by the identity in a Banach lattice
algebra, which is the natural generalization of the center of an order complete
Banach lattice. It enjoys similarly good properties: it is lattice-algebra iso-
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metric to a space of continuous functions, it is a projection band, and it is an
inverse-closed subalgebra (Theorem 3.1). Building on these tools, we generalize
the construction of inner band projections to arbitrary order complete Banach
lattice algebras (Theorem 3.31).

Chapter 4 plays a special role. It is the chapter in which we have the privilege
of solving the Main Question. More precisely, we prove the following.

Main Theorem. There exists a Banach lattice algebra of dimension 2 with
identity that does mot admit a faithful representation on any order complete
vector lattice.

We do so by building on Wickstead’s work in [Wicl7¢], where he reduced
the representability of a certain family of Banach lattice algebras of dimension
2 to the following operator-theoretic question.

Wickstead’s Question. Let X be an order complete Banach lattice, and let
P: X — X be a positive projection for which there exists an a > 0 satisfying:

(i) aidy < P, and

(ii) whenever T' is a positive operator such that both 7" < Aidy, for some
A>0,and T'< P, then also T' < aidx.

Which values can o take?

Wickstead conjectured that o must either be 0 or 1/n, for some n € N, and
proved it for finite-dimensional X. In Corollary 4.15 we show that this is true
for general X, and as a consequence we derive the Main Theorem.

Chapter 5 pursues representability from a different angle. The negative
answer to the Main Question closes the route to a universal embedding into
L,(X), but the intrinsic representation-theoretic questions—those concerning
modules, submodules, quotients, and the structure of semisimple objects—are
largely untouched by it. This chapter is a first systematic step in that direction.
Already at the level of the basic definitions it becomes apparent that, when an
order structure is added to the classical setting of representation theory, each
notion splits into several distinct grades: ordered modules can be regular, posi-
tive, or lattice, and submodules can be subspaces, sublattices, ideals, or bands.
We develop the corresponding analogues of the foundational results in classical
representation theory, including invariant ideals and bands and the associated
quotients (Section 5.2), an ordered version of Schur’s lemma (Theorem 5.17),
and an ordered version of the Wedderburn—Artin theorem (Theorem 5.27).

Chapter 6 attacks a different representation problem. Instead of trying to
represent the elements of a Banach lattice algebra A as regular operators, we try
to represent them as continuous functions. More precisely, we ask when A can be
lattice-algebra isometrically identified with a closed sublattice-algebra of C'(K).
We show that this happens exactly when A is an AM-algebra with approximate
unit: a Banach lattice algebra possessing a positive net that is at once an
approximate order unit (i.e., z*(e,) — ||z*| for every positive functional 2*) and
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INTRODUCTION

an approximate algebraic identity (Theorem 6.15). In the case with identity, the
statement collapses to the much sharper assertion that every AM-algebra with
identity (i.e., every AM-space in which the order unit is an algebraic identity)
is lattice-algebra isometric to C'(K) itself, with the identity corresponding to
1. The proof rests on Kakutani’s representation theorem, Arens products,
and a result of Martignon: the pointwise product is the only product on C(K)
with identity 15 for which, together with pointwise order, C(K) is a lattice-
ordered algebra. Furthermore, we characterize C'(K) as the unique Banach
lattice algebra with identity having this property (Theorem 6.3).

The remaining chapters of the thesis are devoted to a particular class of
lattice-ordered algebras called f-algebras. An f-algebra is a lattice-ordered al-
gebra X in which

rAy=0 implies (zx)ANy=0=(zz)Ay forall z,y,z€ X,.

The notions of f-algebra and f-ring were introduced by Birkhoff and Pierce back
in [BP56]. Since then, these structures have been extensively studied from an
algebraic point of view. A comprehensive account of this line of research can be
found in the survey [Hen97] and its more than 150 references.

But why were these notions introduced in the first place? To answer this
question, let us consider the framework of vector lattices consisting of real-
valued functions defined on a set. Most such spaces naturally carry a multi-
plication operation (typically, the pointwise product) under which the positive
cone remains closed. Lattice-ordered algebras provide a first abstraction of this
situation. However, Birkhoff and Pierce soon realized that the general theory
of lattice-ordered algebras was not particularly tractable, and that a further
condition was needed to properly abstract the behavior of function spaces. This
missing ingredient was the f-algebra condition: if x Ay =0 and z > 0, then

(zz) Ny=0= (zz) N y.

This property encapsulates the idea that the pointwise product of functions
preserves their supports. The mathematical fact that led Birkhoff and Pierce
to this particular condition is the following: a lattice-ordered algebra is a sub-
direct product of totally ordered algebras if and only if it satisfies the f-algebra
condition. As a consequence, one of the most celebrated results in the early
theory of f-algebras was obtained: every Archimedean f-algebra is associative
and commutative (even if associativity is not assumed as part of the definition).

The first application of f-algebras to Operator Theory is due to Bigard
and Keimel [BK69] and to Conrad and Diem [CD71], independently: the set
of orthomorphisms (order-bounded band-preserving operators) on an arbitrary
vector lattice, equipped with the usual order and with composition as product,
forms an f-algebra. This observation gave rise to an intensive development of
the theory of f-algebras from an operator-theoretic perspective. The works of
Huijsmans [Hui85, Hui89], de Pagter [DP81, HAP82, HdP84b, dP84], Bernau
[BH90b, BHI0a, BHI5], van Rooij [BAPvRI1], and Wickstead [Wic80, Wic87],
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among others, greatly contributed to this progress. More recent develop-
ments and applications include: the study of averaging and Reynolds opera-
tors [BBT07], the construction of vector lattice powers [BB06], tensor products
[BW17, Jab20], and free objects [[Kei95, dJ21].

Chapter 7 is also prompted by a question of Wickstead. In [Wicl7a, Section
4], Wickstead asked for a description of the most general Banach lattice algebra
structure on AM-spaces and AL-spaces. In Chapter 7 we describe the f-algebra
products on these spaces. For every AM-space X we construct an associated
AM-space Wy and show that the f-algebra products on X correspond bijec-
tively with (Wx ), (Theorem 7.4); this generalizes the classical parametrization
of the f-algebra products on C'(K) by elements of C(K);. We then study the
two extremes of this correspondence. When Wy is maximal, X admits a (neces-
sarily unique) product turning it into an AM-algebra; the AM-spaces with this
property admit several equivalent descriptions, including being lattice isometric
to a closed ideal of some C(K') (Theorem 7.8). When W is minimal, X admits
only the zero product as an f-algebra product. For AL-spaces, the classification
is particularly clean: the f-algebra products on an AL-space are parametrized by
the bounded weights on a maximal family of norm-one atoms (Theorem 7.17),
and as a consequence an AL-space admits only the zero product if and only if
it has no atoms (Corollary 7.18).

Chapter 8 is devoted to the study of free objects in the category of Banach
f-algebras. Banach f-algebras were first investigated in the 1980s by Martignon
[Mar80] and Scheffold [Sch81, Sch91, Sch93]. It is remarkable how little atten-
tion these objects have received, given that Banach lattices have been exten-
sively investigated and that Banach f-algebras are particularly well behaved.
First of all, one should note that every Banach lattice equipped with the iden-
tically zero multiplication becomes a Banach f-algebra in a standard, if trivial,
way. Moreover, every Banach f-algebra with identity is lattice-algebra isomor-
phic to a space of continuous functions—a fact that directly connects with the
original motivation of modeling spaces of functions.

It is natural to assume that, in order to understand a given category, one
must understand its free objects. Free groups, algebras, modules, lattices, and
Boolean algebras, among others, play a central role throughout algebra and or-
der theory. In topology, the Stone Cech compactification and the completion
of a metric or uniform space can also be viewed as instances of free construc-
tions. A modern and increasingly powerful approach in Functional Analysis is
to study free objects in categories related to Banach spaces. Lipschitz free Ba-
nach spaces [GK03], holomorphic free Banach spaces [Muj91], and free Banach
lattices [ART18] are notable examples (see the survey [GSAHT24] for a general
overview). It is therefore natural to attempt to extend the theory of Banach
f-algebras in this direction.

The main inspiration for developing free Banach f-algebras comes from the
theory of free Banach lattices. The free Banach lattice generated by a set
was first introduced in [dPW15]. Although this foundational work established
several key properties, many questions remained open, since the authors lacked
an explicit description of the norm of such objects. This gap was later filled
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INTRODUCTION

in [ART18], where both an explicit construction and a norm were provided for
the more general case of the free Banach lattice generated by a Banach space.
This breakthrough resolved several of the open problems from [dPW15] and also
answered a question posed by J. Diestel concerning weakly compactly generated
Banach lattices. Following these two seminal papers, the theory of free Banach
lattices has flourished, with significant developments in various directions—for
instance, free complex Banach lattices [{HT23], free Banach lattices generated
by a lattice [ARA19, AMCRAZ22], and free Banach lattices satisfying convexity
conditions [JSLT*22]—and with applications to the study of norm-attaining
lattice homomorphisms [BGSAH ™26, DMCRARZ22], the relation between linear
and lattice embeddings [AMCRZT22], the construction of push-outs [AT23],
and the description of complemented subspaces of Banach lattices [dHT25].
The study of free Banach lattices themselves has also become a subject of great
interest [OTTT24, ATV19, GST24, APRA18, DMCRARZ21], as they serve as
the canonical tool for understanding the interaction between Banach spaces and
Banach lattices.

The study of free Banach f-algebras represents a further step in this di-
rection. Although these objects (and more generally, free Banach lattice alge-
bras) have been considered before [dJ21, Wicl7a], no explicit construction is yet
known of a free object combining norm, lattice, and algebraic structures. The
main obstacle lies in the presence of a product, which renders most known tech-
niques ineffective. Indeed, the existing methods for free Banach lattices often
rely on the fact that equations in a vector lattice are positively homogeneous—
a property that no longer holds in f-algebras. New approaches are therefore
required.

This motivates the research on free Banach f-algebras that constitutes Chap-
ter 8. The chapter develops the construction of the free Banach f-algebra
FBfA[E] generated by a Banach space E in three stages—Archimedean, normed,
and Banach—and proves the central result that the free normed f-algebra can
be represented in C(Bpg+) (Corollary 8.51), whereas FBfA[E] admits an in-
jective lattice-algebra representation in C(Bpg-) if and only if it is semiprime
(Theorem 8.75). Both representability and semiprimeness can be verified ex-
plicitly when FE is finite-dimensional and when E = L;(u) for an arbitrary
measure p; in the finite-dimensional case we even obtain a complete description
of FBfA[E] as the space C([0,1] x Sg+) equipped with pointwise order and a
weighted product (Theorem 8.56). Whether FBfA[E] is semiprime for an arbi-
trary Banach space E remains open: even though the free normed f-algebra is
indeed semiprime, the completion of a semiprime normed f-algebra need not be
semiprime (Example 8.79). Along the way, the chapter develops a structure the-
orem for semiprime Banach f-algebras that is of independent interest, including
a remarkable extension result for real-valued lattice-algebra homomorphisms
from a closed sublattice-algebra to the whole space (Theorem 8.34).

Chapter 9 is devoted to the study of the lattice-ordered algebras that ad-
mit a functional calculus. In [LLT20], Laustsen and Troitsky characterized the
Archimedean vector lattices that admit a positively homogeneous continuous
function calculus. The natural extension of this calculus to the algebraic set-
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ting is the polynomial growth continuous function calculus. We characterize
the Archimedean lattice-ordered algebras with identity that admit such a cal-
culus (Theorem 9.10 and Corollary 9.17) by an analogue of the condition of
Laustsen and Troitsky. Along the way, we identify the free uniformly complete
Archimedean f-algebra on finitely many generators (Theorem 9.8), and prove
that any vector space admitting a sufficiently strong polynomial growth continu-
ous function calculus is automatically a commutative f-algebra (Theorem 9.21).

The contents of this thesis are based on the following publications and
preprints:

David Munoz Lahoz and Pedro Tradacete, Band projections in spaces of
reqular operators, Trans. Amer. Math. Soc. 377 (2024), no. 7, 5197-5218.
MR 4778072

David Munoz Lahoz, Band projections and order idempotents in Banach
lattice algebras, J. Math. Anal. Appl. 543 (2025), no. 2, part 3, Paper No.
129045, 27. MR 4824648

David Mufioz Lahoz and Pedro Tradacete, Banach lattice AM-algebras,
Proc. Amer. Math. Soc. 153 (2025), no. 6, 2565-2577. MR 4892628

David Munoz-Lahoz, [-algebra products on AL and AM-spaces, Preprint,
arXiv:2507.08435. To appear in Math. Z., 2026

David Munoz-Lahoz and Pedro Tradacete, Free banach [-algebras,
Preprint, arXiv:2511.13299, 2026

David Munoz-Lahoz, Wickstead's conjecture on positive projections and
non-representable banach lattice algebras, Preprint, arXiv:2604.14697,
2026

David Munoz-Lahoz, Lattice-ordered algebras admitting a polynomial
growth continuous function calculus, Preprint, arXiv:2604.20294, 2026

Marcel de Jeu and David Mufioz-Lahoz, Representation theory of vector
lattice algebras, Manuscript in preparation

Every chapter, except for the preliminaries, is based on one of the above papers.
At the beginning of each chapter, the appropriate reference is provided.
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PRELIMINARIES

This chapter provides some background on the topics of the thesis: vector and
Banach lattices (Section 1.1), positive operator theory (Section 1.2), Banach
lattice algebras (Section 1.3), f-algebras (Section 1.4), Banach f-algebras (Sec-
tion 1.5), and free Banach lattices (Section 1.6). Classical results are often
presented inline and without proof. They can all be found in the monographs
cited at the beginning of each section.

1.1 VECTOR AND BANACH LATTICES

This section introduces basic terminology and results from the theory of vector
and Banach lattices. All the contents can be found in the monographs [ABOG,
LT79, MN91, Sch74].

1.1.1 The basics

A wector lattice (or Riesz space) is a real vector space X partially ordered by a
relation < that is compatible with the linear structure (z < y implies = + z <
y+ z and A\x < Ay for every z € X and every A € R, ) and under which every
two elements z,y € X admit a supremum z V y and an infimum x A y. The
positive cone of X is X, ={x € X :x > 0}. For each z € X we set

ry =2xV0, x_=(—x)V0, |z| =2V (—x);

these are called the positive part, negative part, and modulus of x. Two elements
z,y € X are disjoint, written = L y, if |x| A |y| = 0. An order interval of X is
a set of the form [a,b] ={z € X :a <2 <b} (a <bin X); a subset of X is
order bounded if it is contained in some order interval.

A vector lattice X is Archimedean if, for x,y € X, the condition nz < y for
every n € N forces x = 0. Most, but not all, of the vector lattices that appear
in this thesis are Archimedean.

A normed lattice is a vector lattice X equipped with a norm |-|| that is
monotone with respect to the modulus, i.e., |z| < |y| implies ||z| < |ly||. Every
normed lattice is Archimedean. If, furthermore, the norm is complete, then
X is said to be a Banach lattice. Classical examples of Banach lattices, all
equipped with the pointwise (resp. almost everywhere) order, are: the space ¢
of real sequences converging to 0 with supremum norm; for 1 < p < oo and any
set I, the space £,(I) of p-summable functions I — R, and the space ( (1) of
bounded functions I — R; for 1 < p < oo and any measure space (£, %, 1), the
standard Lebesgue space L,(p); and, for any compact Hausdorff space K, the
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1. PRELIMINARIES

space C'(K) of continuous real-valued functions on K. In Section 1.6 we will
have the opportunity to explore more “exotic” examples.

A linear operator T: X — Y between vector lattices is called positive if
T(X,) CY,. Itisa lattice homomorphism if T(z V y) = Tx V Ty for every
z,y € X; equivalently, if T'|x| = |Tx| for every z € X. Every lattice homo-
morphism is positive. Between Banach lattices, every positive linear operator
is automatically bounded.

Let X be a vector lattice. A vector subspace Y C X is a sublattice if x € Y
implies |z| € Y, an ideal if it is also solid (that is, |z| < |y| and y € Y imply
z €Y), and a band if it is an ideal and sup, ¥, € Y whenever (y,) C Y is an
upward directed net whose supremum exists in X. The disjoint complement of
a subset S C X is

St={rxecX:|z|Als|=0forallse S}

the disjoint complement of any subset is a band.

A band B C X is a projection band if X = B @ B?. In this case the linear
projection P: X — X with range B and kernel B is called the band projection
onto B. On a Banach lattice X, every band projection is automatically positive
and contractive, and a band B C X is a projection band if and only if sup{y €
B:0 <y <z} exists in X for every z € X, in which case this supremum is
P(x). We denote by B(X) the set of projection bands of X and by PB(X) the
set of band projections; both carry a canonical Boolean algebra structure that
we recall in more detail in Section 1.2.2.

If J is a closed ideal of a Banach lattice X, then the quotient X /.J inherits a
Banach lattice structure with positive cone the image of X, and the canonical
projection X — X/J becomes a contractive lattice homomorphism.

For x € X,, the principal ideal generated by z (i.e., the smallest ideal
containing x) is I, = J,cn[—n,nx], and the principal band generated by x
(i.e., the smallest band containing x) is denoted B,. The principal ideal I,
carries the norm

|ylle = inf{ A >0: |yl < Az}, y €I,

which is a lattice norm whenever X is Archimedean; the pair (I, ||-||,) is then
an AM-space with unit = (see Section 1.1.3).

A positive element e € X is called a strong (order) unit of X if X = I, a
weak order unit if |z| A e = 0 implies z = 0, and, when X is a Banach lattice,
a quasi-interior point of X if I. = X. A vector sublattice Y of a vector lattice
X is order dense in X if Y¢ = {0}, equivalently, if for every 0 < x € X there
exists y € Y, with 0 <y < x.

A non-zero element a € X is an atom of X if every x € X with 0 <z <a
is a scalar multiple of a, equivalently, if the principal ideal I, is one-dimensional.
A Banach lattice X is atomic (or discrete) if the band generated by the atoms
is X, and non-atomic if it has no atoms. The spaces ¢,(I) (1 < p < o0) are
atomic, while L,(u) is non-atomic whenever the measure p is atomless.

Every Archimedean vector lattice X satisfies, for all z,y, 2 € X,



1.1. Vector and Banach lattices

(i)

(i)

(ili) e Vy =3 +y+lr—yl)and z Ay = 5(x +y — |z — y|);
v)

(i

More generally, every identity that involves finitely many variables, the linear
operations (i.e., addition and scalar multiplication), and the lattice operations
(i.e., supremum and infimum), and that holds in the reals, must hold in every
Archimedean vector lattice. This is a consequence of Kakutani’s theorem (see
Section 1.1.3).

(@Vy)+z=(x+2)V(y+2)and (xAy) +2=(z+2)A(y+2);

(@Vy)+@Ay)=z+y, o] =2y +o,andr =2y -2 ;

|z +y| < |z| + |y| and [|z] — |y|| < |z —y].

1.1.2  Order completeness, order continuity, and uniform convergence

A vector lattice X is order complete if every subset of X that is bounded above
admits a supremum in X, and o-order complete if the same holds for countable
subsets bounded above. In the literature, these properties are also referred
to as Dedekind completeness and o-Dedekind completeness; we stick to “order
complete” throughout the thesis.

For example, L,(p) is order complete for every 1 < p < 00; ¢y is order com-
plete; C'(K) is order complete if and only if K is extremally disconnected, and
o-order complete if and only if K is basically disconnected. In an order com-
plete Banach lattice every band is a projection band, and the Boolean algebras
B(X) and P(X) are canonically isomorphic through the map that sends each
band to its corresponding projection band.

A Banach lattice X has order continuous norm, or is order continuous, if,
for every decreasing net (z,) € X, with inf,x, = 0, ||zs|| — 0. The spaces
L,(1) (1 <p < o00) and ¢ are order continuous, while L (1), £, and C(K)
for K infinite are not. Every order continuous Banach lattice is order complete.

We close this subsection with the notions of uniform convergence and uni-
form completeness. Let X be an Archimedean vector lattice and e € X . A
net (r,) € X converges uniformly to x with requlator e, written z, — = (e),
if for every € > 0 there exists an index «aq such that |z, — z| < ee for every
a > ap. Uniform convergence with regulator e is exactly norm convergence in
the principal ideal (I, ||-||¢); in particular, uniform convergence is sequential in
nature. The vector lattice X is uniformly complete if (I, |||.) is complete for
every e € X,. Every Banach lattice is uniformly complete. Throughout the
thesis, when we speak of a uniformly complete vector lattice, we always assume
it to be Archimedean.

1.1.3 AL and AM-spaces

Two distinguished classes of normed lattices admit an explicit representation as
classical function spaces.

Definition 1.1. A normed lattice X is an
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(i) AM-space if ||z V y| = ||z|| V ||y|| for all z,y € X;
(ii) AL-space if ||z +y| = [|z]| + [[y|| for all z,y € X .

An AM-space X has unit e € X, if e is a strong order unit and ||z|| = inf{ A >
0: |z| < Ae} for every x € X; equivalently, if the closed unit ball of X coincides
with the order interval [—e, €.

The prototypical AM-space with unit is C'(K'), with unit the constant one
function 1x; more generally, L. (¢t) on a measure space (£2,%, ) and the
bounded continuous functions Cy(€2) on a topological space 2 are examples
of AM-spaces with unit. The space ¢y is an AM-space without unit. The proto-
typical AlL-space is L1(p). Another example is the space M (K) of finite signed
regular Borel measures on a compact Hausdorff space K.

The following theorem summarizes the Kakutani representation theorems
for AL and AM-spaces.

Theorem 1.2 (Kakutani [Kak41b, Kak41al]).

(1) Every AM-space with unit is lattice isometric to C(K) for some compact
Hausdorff space K, with the unit corresponding to the constant one func-
tion 1g.

(ii) Every AM-space is lattice isometric to a closed sublattice of C(K) for
some compact Hausdorff space K. More precisely, there exist a family
{(t:,s:) bier € K x K and scalars {\; }icr C [0,1) such that the AM-space
identifies, lattice isometrically, with the closed sublattice

{feC(K): f(t;) = Nif(s;) forallieI}.

(iii) Every AL-space is lattice isometric to Li(u) for some measure space
(Q, %, ).

The representation theorem for AM-spaces with unit can be used to provide
“local” representations of Archimedean vector lattices as spaces of continuous
functions. More precisely, let X be an Archimedean vector lattice, and let
u € X;. Then the principal ideal (I, |]],) is a normed lattice with strong
unit u that can be completed to an AM-space with unit u. By Kakutani’s
representation theorem, there exists a compact Hausdorff space K, and a lattice
isometric embedding I, — C(K,) with dense range. When X is a uniformly
complete Archimedean vector lattice (in particular, when it is a Banach lattice),
I, is lattice isometric to C'(Ky,).

This local representation can be used to prove the principle, anticipated
in Section 1.1.1, that every lattice identity that holds in R must also hold in
every Archimedean vector lattice. Given finitely many elements 1, ..., x, of an
Archimedean vector lattice X, taking u = |z1|+- - -+ |z, all z; lie in I,, and may
be regarded as continuous functions on a certain compact Hausdorff space K.
As lattice and linear operations correspond pointwise on C'(K,), every identity
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built from +,V, A and real scalars that holds for real numbers automatically
holds for z1,...,x,.

Another important fact is that AL and AM-spaces are dual to each other,
in the following sense.

Proposition 1.3. Let X be a Banach lattice.
(i) X is an AL-space if and only if X* is an AM-space with unit.

(i) X is an AM-space if and only if X* is an AL-space.
1.1.4 Complezification

Let X be a Banach lattice. The complexification of X, as a vector space, is the
additive group X x X with scalar multiplication

(a+iB)(x,y) = (ax — By, ay + Pz),

where o, 5 € R and x,y € X. The group X x X with this scalar multiplication

is a complex vector space, usually denoted by X¢. Identifying z € X with

(z,0) € X x X and iz with (0, ), we write = + iy instead of (z,y) € X x X.
Let X be a Banach lattice. For z = x + iy € X¢ define

|z| = sup{zcosp+ysing:0< ¢ <27},
This supremum exists in X, and it satisfies:
(i) |2] =0if and only if z =0,
(ii) [Az| = |A||z| for all A € C and z € X¢,
(iii) |z +w| < |z| + |w]| for all z,w € X¢.

Moreover, the map z — |||z]|| defines a norm on X¢, and X¢ with this norm is a
complex Banach space. A complex Banach lattice is a Banach space of the form
X¢, for a certain Banach lattice X, with the norm and modulus introduced in
the previous proposition.

1.2 SOME POSITIVE OPERATOR THEORY

This section reviews some of the basic material on operator theory in vector
and Banach lattices that will motivate our study of Banach lattice algebras and
falgebras later on. The material of this section can be found in [AA02a].
1.2.1 Regular operators

Let X and Y be Banach lattices, and let £(X,Y") denote the set of (linear and
bounded) operators from X to Y. We say that an operator T': X — Y is positive
if T(X;) C Y. The set of positive operators £ (X, Y') forms a cone in L(X,Y).

5
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With this cone, £(X,Y") is an ordered Banach space, but it need not be a lattice;
in fact, it may even be the case that £, (X,Y) — £, (X,Y) is a proper subset
of L(X,Y). The elements of L, (X,Y) — L. (X,Y) are called reqular operators,
and the set of regular operators is denoted by £,.(X,Y’). Regular operators are
those operators that can be written as the difference of two positive operators;
equivalently, an operator T is regular if there exists a positive operator S &€
L.(X,Y) such that T'< S.

The space of regular operators £,(X,Y’) need not be a Banach lattice either.
However, when Y is order complete, £,.(X,Y) is always a Banach lattice. More
precisely:

Theorem 1.4 (Riesz—Kantorovich). Let X and Y be Banach lattices. If Y is
order complete, then L,.(X,Y') is a Banach lattice, with supremum and infimum
given by

(SvT)x=sup{Su+Tv:uve X, u+v=u}, (1.1)
(SAT)z=if{Su+Tv:uve X, u+v=ra}, (1.2)

where S, T € L.(X,Y) and x € X, and with norm
1Tl = 11T ]- (1.3)
Moreover, L,.(X,Y) is order complete.

Equations (1.1) and (1.2) and their derivatives (e.g., |T'| = sup{ |[Tu| : —z <
u < z }) are called the Riesz—Kantorovich formulae. The norm defined in (1.3)
is called the regular norm.

A particularly important application of the Riesz—Kantorovich formulae is
to the dual X* = £(X,R) of a Banach lattice X. With pointwise order (z* < y*
if and only if 2*(z) < y*(x) for all z € X ), the dual is itself an order complete
Banach lattice, with lattice operations given by

(" Vy)(z) =sup{z"(v) +y*"(v) :u,v € X\, u+v=u},
(z* ANy*)(z) = inf{2"(u) + y*(v) 1 u,v € Xy, u+v=ur},

for x € X . Iterating, the bidual X** is again an order complete Banach lattice,
and the canonical isometric embedding J: X — X™** is a lattice homomorphism;
we identify X with the sublattice J(X) whenever convenient. The second ad-
joint T™* of a lattice homomorphism between Banach lattices is again a lattice
homomorphism.

When X =Y, we will simplify our notation from £(X,X) to £(X), from
L,.(X,X) to L.(X), and so on. In this case, the space £(X) is a Banach algebra
with multiplication given by composition, and norm given by operator norm.
It is clear that the composition of positive operators is again positive. From
this, and the fact that the modulus is submultiplicative (i.e., |T°S| < |T'[|S]), it
follows that £,(X) is a Banach algebra with respect to the regular norm. If X is
order complete, we have seen that £,(X) is a Banach lattice. The simultaneous
existence of these two structures will be further discussed in Section 1.3.
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1.2.2  Band projections

The interaction between the lattice and algebraic structures of £,.(X) manifests
itself clearly when we study band projections. It turns out that band projections
can be nicely characterized in terms of the algebraic and order structure in £(X).

Theorem 1.5. Let X be a Banach lattice. An operator P: X — X is a band
projection if and only if P2 = P and 0 < P <idx.

Finite infima and suprema of band projections yield new band projections.
Surprisingly enough, lattice operations between band projections are determined
by the algebraic and linear operations only.

Theorem 1.6. Let X be a Banach lattice. The set of band projections on X
forms a Boolean algebra with operations

P=idx—P, PALNPo=P,+P,— PP, P AP,=DPDh,

minimum the zero map, and maximum the identity map. Moreover, suprema
and infima coincide with those in L,.(X).

A direct consequence of the previous theorem is that band projections com-
mute. Note here the interplay between the lattice and algebraic operations: we
are able to express the lattice operations in purely algebraic terms, and from
this we are able to deduce an algebraic property.

1.2.3 The center of a Banach lattice

Central operators and the center of a Banach lattice have been extensively
studied in the literature (see [AA02a, Section 3.3]). Here we only recall some
basic definitions and a couple of results that will be useful later.

Definition 1.7. Let X be a Banach lattice. An operator T: X — X is called
central if there exists some scalar A > 0 such that |Tz| < A|z| for all x € X.

The collection of all central operators is denoted Z(X) and is called the center
of X.

For example, central operators on C'(K) are precisely the operators of the
form M(g) = fg, where f,g € C(K). Note also that band projections are
positive central operators. When X is order complete, Z(X) is just the ideal
generated by the identity in the Banach lattice £,.(X).

Central operators have nice properties: they are regular and order con-
tinuous, and positive central operators are also lattice homomorphisms. The
following theorem collects some of the most important properties of the center.

Theorem 1.8 (Wickstead [Wic77]). Let X be a Banach lattice.
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(i) The center Z(X), equipped with the operator norm, is an AM-space with
unit idx . In particular,

1T = [T} = inf{ A >0 |T] < Aidx }

for every T € Z(X), and Z(X) is lattice-algebra isometric to C(K) for a
certain compact Hausdorff space K.

(i) The center Z(X) is an inverse closed subalgebra of L,.(X) (i.e., if a central
operator is invertible, its inverse is also central).

(iii) When X is order complete, the center Z(X) is the band generated by idx
in L.(X). In particular, it is a projection band.

When X is order complete, the band projection onto the center is usually
denoted by D and is called the diagonal projection or the projection onto the
diagonal. The reason for this terminology is that, when X has finite dimension
n, L£,(X) is the space of n by n real matrices, and D is the map that keeps the
diagonal of a matrix and sets all the non-diagonal entries equal to 0.

An operator T: X — X on a vector lattice X is said to be

(i) an orthomorphism if |x|A|y| = 0 implies |z| A |Ty| = 0 for every z,y € X;
(ii) band preserving if T(B) C B for every band B in X.

It is immediate that central operators are orthomorphisms, and that ortho-
morphisms are band preserving. Not trivial, but true, is that for Banach lattices
these three classes of operators coincide.

Theorem 1.9 (Abramovich—Veksler—Koldunov [AVKT79]). For an operator
T: X — X on a Banach lattice X the following are equivalent.

(1) T is a central operator.
(i) T is an orthomorphism.
(iii) T is band preserving.

Orthomorphisms will play a central role in our exposition. We will have the
opportunity to study them in more detail in Section 1.4.2, once f-algebras have
been introduced.

1.2.4  Complezification and spectra

We now introduce regular operators between complex Banach lattices X¢ and
Yc. For every (complex) linear operator T: X¢ — Y there exist unique (real)
linear operators 77,7T5: X — Y such that Tx = Tix + Iz for all x € X.
The operator T3 is called the real part of T, while the operator T5 is called the
imaginary part of T. Thus L£(Xc¢, Ye) is isomorphic to the complexification of
L(X,Y). An operator T: X¢ — Yg is said to be real valued if T(X) C Y. If
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T is real valued and T'(X,) C Yy, then T is said to be positive. An operator
T: X¢c — Yg issaid to be regular if both its real and imaginary parts are regular.
When Y is order complete, the space of regular operators between X¢ and Y¢
may be identified with the complexification of the Banach lattice £,(X,Y).

Given a regular operator T: X¢ — X¢, denote by o(T) its spectrum. The
following result characterizes the lattice isomorphisms contained in the center
in terms of their spectrum, and will be needed later in the discussion.

Theorem 1.10 (Schaefer-Wolff-Arendt [SWAT8]). Let X be a Banach lattice,
and let T be a lattice isomorphism of X¢. Then T € Z(X¢) if and only if

1.3 BANACH LATTICE ALGEBRAS

In the space of regular operators on an order complete Banach lattice, a Banach
lattice structure (given by the cone of positive operators) and a Banach algebra
structure (given by composition) coexist. We want to study more general spaces
in which these two structures coexist. This will elucidate which properties of
the space of regular operators do not really depend on the fact that they are
regular operators on a Banach lattice, but rather on the algebraic and lattice
structures of the space.

But first, we need to define Banach lattice algebras. It seems like there is no
consensus in the literature on the notion of Banach lattice algebra with identity,
so we follow the one suggested by A. W. Wickstead in [Wicl7al.

Definition 1.11. A Banach lattice algebra is a Banach lattice A together with
a product x: A x A — A such that

(i) (A, x) is a Banach algebra,
(i) if x,y € Ay, then xxy € A,.

When the product * has an identity e of norm one, we say that A is a Banach
lattice algebra with identily e. When the product * is commutative, we say that
A is a commutative Banach lattice algebra.

It is important to note the following consequence of the definition.

Proposition 1.12 ([BH90b, Theorem 2|). The identity in a Banach lattice
algebra is positive.

Let us pause here to present some classical examples of Banach lattice alge-
bras. We shall resort to them when presenting examples and counterexamples
in our exposition.

Example 1.13. (i) Let K be a compact Hausdorff space. The space C(K)
of real-valued continuous functions on K is a commutative Banach lattice
algebra with pointwise order and product, and supremum norm. The
identity is the constant one function.
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1

(i)

(iii)

(iv)

Let X be an order complete Banach lattice. We have seen in Section 1.2.1
that the space of regular operators £,.(X) is a Banach lattice, and at the
same time a Banach algebra, in which the composition of positive oper-
ators is positive. It is, therefore, a Banach lattice algebra, with identity
idy. This Banach lattice algebra need not be commutative.

Let G be a locally compact group, let A be a left invariant Haar mea-
sure, and consider the Banach lattice L;(G) = Ly(A). The convolution
multiplication on L;(G), defined for ¢, ¢ € Li(G) by

w*wwwaémmww*mmm,wmmgea

makes L;(G) into a Banach algebra. It is easy to check that the product
of positive elements is positive, so L1(G) is a Banach lattice algebra. This
Banach lattice algebra is commutative if and only if GG is abelian, and has
an identity if and only if G is discrete.

Let M(G) be the space of signed regular Borel measures on a locally
compact group G. Then M(G) is a Banach lattice if we set pu > v,
w,v € M(G), whenever p(A) > v(A) for every Borel set A, and give it
the norm ||u|| = |u|(G). The convolution multiplication defined by

<mmwzéémwwwww

where x4 denotes the characteristic function of the Borel set A, gives
M(G) a Banach algebra structure. Again, this space is a Banach lattice
algebra. Its identity is the point mass measure on the identity of G.

Let {A;}icr be a family of Banach lattice algebras indexed by a set I, and
let 1 < p < oo. Then their £,-sum ¢,(4;), equipped with coordinate-wise
order and product, is again a Banach lattice algebra, for if z = (z;) and
y = (y;) are elements of ¢,(A;), then

lzylly < llzllplylle < lzllplyll-

It is clear that ¢,(A;) is commutative if and only if A; is commutative for
each i € I. Also, {+(A4;) has identity if and only if A; has identity for
each 7 € I.

We will dive deeper into the properties of Banach lattice algebras in Chap-

ter 3. But before leaving this section, let us quickly mention the relation of
Arens products to Banach lattice algebras, for these will play an important role
in several of the proofs.

Given Banach spaces A, B and C, and a bounded bilinear map P: A X

0

B — C, its Arens adjoint is the bounded bilinear map P*: C* x A — B*
defined by P*(¢,a)(b) = ¢(P(a,b)) for every a € A, b € B and ¢ € C*; when
A = B = C, its transpose is the bounded bilinear map P': A x A — A defined
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by P(b,a) = P(a,b) for all a,b € A. The bilinear map P is called Arens regular
if Pt**** = P***_In the particular case that A is a Banach algebra with product
P: Ax A — A both P** and P** define products on A**, called the first
and second Arens product, respectively. When A is a Banach lattice algebra, the
first and second Arens product make A** into a Banach lattice algebra with the
usual lattice structure (see [HdP84a]). These products extend P, in the sense
that the canonical isometry A — A** is an algebra homomorphism. When P
is Arens regular, the first and second Arens product coincide, and the algebra
A is said to be Arens reqular. If T: A — B is a lattice-algebra homomorphism
between Banach lattice algebras A and B, its double adjoint T**: A** — B** is
again a lattice-algebra homomorphism.

1.4 A PRIMER ON f-ALGEBRAS

If we strip a Banach lattice algebra of its norm, we obtain a lattice-ordered
algebra. Several of the chapters in this thesis are concerned with a particular
class of lattice-ordered algebras called f-algebras. The theory of f-algebras has
been studied from several points of view. Each of them has its own tools,
strengths and weaknesses. In this section we will motivate and introduce f-
algebras from three points of view: the algebraic, the operator-theoretic, and
the analytic. The contents of this section are based on the monographs [Bir61,
Chapter XVII], [Zaa83, Chapter 20], [AB06, Section 2.3], and [DP81].

1.4.1 The algebraic approach

The notions of fring and f-algebra were originally introduced by Birkhoff and
Pierce [BP56] as part of their seminal work on lattice-ordered rings and algebras.
Here we will focus only on lattice-ordered algebras, even though many of the
results stated below hold for general lattice-ordered rings.

Definition 1.14. A partially ordered algebra is a real algebra A together with
a partial order < for which, for all z,y,z € A,

(i) x <y impliesz + 2z < y + z,
(ii) = <y implies Ax < Ay for all A € Ry,
(iii) x,y > 0 implies xy > 0.

A lattice-ordered algebra or (-algebra is a partially ordered algebra which is
a lattice under < (i.e., given any two elements, their supremum and infimum
exist).

Thus a lattice-ordered algebra is in particular a vector lattice.

A subset of a lattice-ordered algebra that is closed under the linear and lat-
tice operations (i.e., a vector sublattice) and the product (i.e., a subalgebra) is
called a sublattice-algebra. The smallest sublattice-algebra containing a set S is

11
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denoted by VLA(S). A map between lattice-ordered algebras that is both a lat-
tice and an algebra homomorphism is called a lattice-algebra homomorphism. As
usual, the direct product of lattice-ordered algebras is again a lattice-ordered al-
gebra with the operations and order defined coordinate-wise, and the associated
coordinate projections are lattice-algebra homomorphisms. Another important
construction, which comes from the theory of universal algebras, is the following.

Definition 1.15. Let {A,}, be an indexed family of lattice-ordered algebras.
Let H7 A, be its direct product, and let p,: I_LY A, — A, be the associated
coordinate projections. A subdirect product of {A,}, is a sublattice-algebra A
of the direct product H7 A, such that, for every v and every z, € A,, there
exists an « € A with p,(z) = z,,.

The following was originally proved in [BP56] (see also the more easily ac-
cessible [Bir61, Section VIL5]).

Theorem 1.16. A lattice-ordered algebra A is a subdirect product of totally
ordered algebras if and only if

aANb=0 implies (ac) N\b=0= (ca) Ab for all a,b,c € A;. (1.4)

Definition 1.17. A lattice-ordered algebra satisfying the conditions of the pre-
vious theorem is called an f-algebra. We shall also refer to (1.4) as the f-algebra

property.

The name f-algebra stands for “function algebra;” it will become clear in
Section 1.4.3 why these structures deserve to be considered as such. Theo-
rem 1.16 is very useful to prove equalities and inequalities in f-algebras, for it
implies that they only need to be checked in totally ordered algebras.

Proposition 1.18. Let A be an f-algebra, and let a,b,c € A with ¢ > 0. Then
the following hold:

(i) c(aVb) = (ca)V (cb) and (aV b)c = (ac) V (be);

(ii) c(a Ab) = (ca) A (cb) and (a Ab)c = (ac) A (be);

(iii) |ab] = |a|[b];

(iv) if a Ab=0, then ab=0 (in particular, a® = |a|> > 0).

Similarly, one can check that n|ab — ba| < a® + b? for every a and b in an
f-algebra and every m € N. This readily implies another classical property of
f-algebras.

Theorem 1.19. Every Archimedean f-algebra is commutative.

Another characterization of f-algebras, first due to Fuchs [Fuc63, Section
IX.3], is the following.

12



1.4. A primer on f-algebras

Theorem 1.20. A lattice-ordered algebra is an f-algebra if and only if all its
bands are ring ideals.

It is straightforward to check that, if an f-algebra A has an algebraic identity
e, then e must be positive and a weak order unit. This implies that a A ne 1 a
for every a € Ay; in fact, the convergence is uniform, as B. de Pagter proved in
[DP81, Lemma 10.6].

1.4.2  The operator-theoretic approach

Before presenting further properties of f-algebras, it is necessary to bring oper-
ators to the table. This is the approach to f-algebras of [AB06, Section 2.3], the
reference we will mainly follow. We start by reconsidering the notions of band
preserving operators and orthomorphisms.

Proposition 1.21. For an operator T: X — X on a vector lattice X, the
following are equivalent.

(i) T is band preserving.
(i) x Ly implies Tz 1 y.
(iii) For each x € X, Tx is contained in the principal band generated by x.

Not every band preserving operator is order bounded. An example, due to
M. Meyer, of a non-order bounded band preserving operator can be found in
[AB06, Example 2.38].

Definition 1.22. An orthomorphism is an order bounded and band preserving
operator.

By Proposition 1.21, an orthomorphism 7": X — X preserves disjointness
(i.e., # L y implies Tx L Ty) and therefore every positive orthomorphism is
also a lattice homomorphism. Note also that every multiplication operator in an
f-algebra is an orthomorphism. Let Orth(X) denote the set of orthomorphisms
on a vector lattice X. The following remarkable result is due independently to
Bigard and Keimel [BK69], and Conrad and Diem [CD71].

Theorem 1.23. Let X be an Archimedean vector lattice. Then Orth(X), under
the pointwise linear operations and order, and the product given by composition,
is an Archimedean f-algebra. Moreover, if T € Orth(X), then

IT|(|x]) = |T(|x|)| = |Tx| forallz e X.

In particular, the lattice operations on Orth(X) can be computed pointwise on
positive vectors.

Next we recall some additional properties of orthomorphisms that have im-
mediate implications in the theory of f-algebras.

13
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Theorem 1.24. Every orthomorphism on an Archimedean vector lattice is order
continuous.

Corollary 1.25. Multiplication in an Archimedean f-algebra is order continu-
ous.

Theorem 1.26. Let X be an Archimedean vector lattice and let T' € Orth(X).
Then
ker T = [T(X)]“.

In particular, the kernel of an orthomorphism is a band.

Thus, if two orthomorphisms coincide on a set, then they also coincide on the
band generated by that set. This was used by Zaanen [Zaa75] to show, without
applying Theorem 1.16, that every Archimedean f-algebra is commutative. It
can also be used to prove the following.

Corollary 1.27. Let X be an Archimedean vector lattice and let e > 0. Then
there exists at most one product on X that makes X an f-algebra having e as
its multiplicative unit.

Let A be an Archimedean f-algebra. For every a € A, the left multiplication
operator L,: A — A, defined by L,(b) = ab for all b € A, is an orthomorphism.
We therefore have a natural map L: A — Orth(A) given by L(a) = L,. The
kernel of this map is the annihilator of A:

N(A)={acA:ab=0forallbe A}.

The annihilator of an Archimedean f-algebra has a remarkably simple charac-
terization.

Theorem 1.28. Let A be an Archimedean f-algebra. Its annihilator N(A) is a
band, and it satisfies

N(A)={ac A:a" =0 for some k € N}
={acA:a*=0}.

Moreover, if A has the principal projection property, then N(A) is a projection
band.

When N(A) = {0} (i.e., when a®> = 0 implies a = 0), we say that A is
semiprime. Note that every f-algebra with identity is semiprime. In this case the
map L: A — Orth(A) is injective, and moreover L(A) is order dense in Orth(A)
[HdP8&4a, Proposition 2.1]. Thus we can think of Orth(A) as a unitarization of
A. Tt is obvious that, if L is surjective, then A has an identity. The converse is
also true.

Theorem 1.29. Let A be an Archimedean f-algebra with identity. Then the
map L is bijective, and therefore A is isomorphic to Orth(A).

14



1.4. A primer on f-algebras

Thus the possible spaces of orthomorphisms of Archimedean vector lat-
tices are precisely the f-algebras with identity. From this theorem it also fol-
lows that Orth(Orth(X)) can be canonically identified with Orth(X) for every
Archimedean vector lattice X.

Recall that every Archimedean vector lattice X has an (essentially unique)
order (or Dedekind) completion X°. This X° is characterized by the fact that
it is an order complete vector lattice in which X embeds as an order dense
and majorizing vector sublattice. It also has an (essentially unique) universal
completion X*. This X* is characterized by the fact that it is a universally
complete vector lattice (i.e., it is order complete and every set of pairwise disjoint
positive vectors has an upper bound) in which X embeds as an order dense
sublattice. With the usual identifications, we have X C X° C X*.

The vector lattice X" can be explicitly constructed as a vector lattice of the
form C*(K). Here K is an extremally disconnected compact Hausdorff space,
and C*(K) is the set of continuous functions f: K — [—o0, 00 that are finite
on a dense set. It can be shown that C*°(K) is a universally complete vector
lattice under pointwise linear and lattice operations. Moreover, under pointwise
multiplication, it is an Archimedean f-algebra with the constant one function
as a multiplicative identity. The details of this construction can be found in
[LZ71, Section 50].

This illustrates another way in which f-algebras appear naturally when
studying vector lattices. And there is more. Since orthomorphisms are or-
der continuous, every positive orthomorphism 7" € Orth(X), can be extended
uniquely to an orthomorphism, first on X?, and then on X*. Conversely, every
orthomorphism on X" that leaves X invariant restricts to an orthomorphism on
X. Thus, with these identifications, we have natural inclusions as sublattice-
algebras:

Orth(X) C Orth(X?) C Orth(X™).

Since X" is an f-algebra with identity, Orth(X™") is precisely the set of multi-
plication operators by elements of X*. Hence every T' € Orth(X) is of the form
T(x) = yz, for some y € X* where the multiplication is taken in X*. This
culminates the intimate relation between orthomorphisms and f-algebras. The
omitted details may be found in [ABOG, Theorem 2.63].

As an application of these facts, we have the following.

Theorem 1.30 ([ABOG, Theorem 2.64]). Let A be an Archimedean f-algebra
with identity. Then A is a sublattice-algebra of A™.

In particular, every Archimedean f-algebra with identity can be represented
as an f-algebra of extended functions on some extremally disconnected compact
Hausdorff space. This remarkable fact leads to our final approach: f-algebras
as spaces of functions.
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1.4.3 The analytic approach

Consider a family of (extended) real-valued functions on a set. When this
family is closed under pointwise addition and scalar multiplication, it is a vector
space. When it is also closed under pointwise supremum and infimum, it is an
Archimedean vector lattice. Conversely, every abstract Archimedean vector
lattice can be realized as a space of extended real-valued functions through
its universal completion, as explained above. Suppose that, additionally, this
family of functions is closed under pointwise product. Then it is not only a
real algebra, but also an f-algebra, as one may readily check. The idea is that
the condition defining f-algebras encapsulates the fact that pointwise product
preserves supports (this is also closely related to Theorem 1.20).

As it happens for Archimedean vector lattices, abstract Archimedean f-
algebras can be realized as concrete spaces of functions. For f-algebras with
identity, this was shown in Theorem 1.30 (see also [HJ62] for an alternative
construction). For a semiprime Archimedean f-algebra A, we can embed A
inside Orth(A), which is an Archimedean f-algebra with identity, and then
apply Theorem 1.30.

In the general case, when A is not necessarily semiprime, we have to consider
other products in spaces of functions beyond the pointwise product. The reason
is that the pointwise product is always semiprime. For a general A, we have the
following.

Theorem 1.31 ([BW17, Corollary 2.5]). Let A be an Archimedean f-algebra,
and let A* = C*(K) be its universal completion, where K is an extremally dis-
connected compact Hausdor(f space. Identify A as a vector sublattice of C*(K),
and let * denote the product in A. Then there exists w € C*(K), such that

(axb)(t) = w(t)a(t)b(t)

for allt € K for which w, a and b are finite.
1.5 ABOUT f-ALGEBRAS AND NORMS

Once we see f-algebras as spaces of functions, it is natural to add a (complete)
norm to this structure, just as it is done for vector lattices (to yield Banach
lattices) and for real algebras (to yield Banach algebras). This way we go back
to the realm of Banach lattice algebras.

Definition 1.32. A normed f-algebra is an f-algebra together with a lattice
norm that is submultiplicative. A normed f-algebra is a Banach f-algebra if the
norm is complete.

Banach f-algebras are first mentioned as such in the work of Martignon
[Mar80]. It is surprising that Banach f-algebras have received relatively little
attention in the literature, at least compared, on the one hand, to the theory of
Banach lattices and algebras and, on the other hand, to the theory of f-algebras
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without norms. We hope that by now it is clear to the reader why it is natural
to further understand these objects. One of the purposes of this work is to show
that not only is this natural, but also interesting, since the interaction between
the norm and the f-algebra structure will prove to be rich and non-trivial. Let
us first provide some examples of Banach f-algebras.

Example 1.33.

(i) For every compact Hausdorff space K, the space C'(K), with pointwise
order and product, is a Banach f-algebra. More generally, if w € C'(K)4
with [|w]|s < 1, then the product

(f*9)(t) =w(t)f)g(t), tekK, fgeC(K),
turns C'(K) into a Banach f-algebra.
(ii) Any Banach lattice with the zero product is a Banach f-algebra.

(iii) Let I be any set, and let w € £ (I); be such that ||w|s < 1. Then for
1 <p < o0, £,(I) with product

(zxy)(i) = w(@)z()y(@), €1, x,y € (I)
is a Banach f-algebra.

(iv) Let H be a Hilbert space, and let D be a commuting set of bounded
Hermitian operators on H. Its second commutant D” is a Banach f-
algebra with positive cone the one inherited from £(H) and composition
as product.

The following will be a direct consequence of Theorem 3.1.

Corollary 1.34. Fvery Banach f-algebra with identity is lattice-algebra isomor-
phic to C(K), for some compact Hausdorff space K. If, moreover, the identity
has norm 1, then the isomorphism is an isometry.

In view of this result, one may be led to think that Banach f-algebras are
rather trivial. However, in the case they do not have an identity, several elemen-
tary questions arise that are surprisingly far from trivial. For instance: given
a semiprime normed f-algebra, is its completion (which is a Banach f-algebra)
also semiprime? This seemingly innocent question will play a central role in
Chapter 8 (see Section 8.4). We will be able to provide in Example 8.79 a
semiprime normed f-algebra whose completion is not semiprime.

Biduals are also an important tool to deal with f-algebras. If A is a Banach
f-algebra, then we can also endow its bidual A** with either of the two Arens
products, as seen in the previous section. Since A is commutative, both Arens
products coincide. It was shown by Scheffold [Sch91] that A**, when equipped
with the usual lattice structure and the Arens product, becomes again a Banach
f-algebra.
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1.6 FREE BANACH LATTICES

The study of free objects in Functional Analysis has sparked a great interest
in recent years. The free Banach lattice generated by a Banach space [ART18]
plays a particularly important role in this thesis. For this reason, we recall its
construction and main properties. A detailed exposition of the topic can be

found in [OTTT24].
1.6.1 Construction and basic properties

Let E be a Banach space. Let H|[E] denote the vector sublattice of RE™ con-
sisting of all positively homogeneous functions f: E* — R (that is, functions
satisfying f(Az*) = Af(a*) for all A > 0 and 2* € E*). Given f € H[F], define
the quantity

1P = Sup{z i) in e Noai,.. a) € B sup Y [aj(a)] < 1 }
k=1

r€BE k=1
One can readily check that

Hy[E]={f:|fll <00}

is a sublattice of H[E], and that [|-|| defines a complete lattice norm on H;[E].

For every x € E, define 0, € H[E] by 0,(x*) = 2*(x) for * € E*. Note that
02| = ||z|| for every z € E. Let FVL[E] denote the sublattice generated by
{0, :x € E}in H[E], and let 0p: F — FVL[E] be the linear map defined by
dp(z) =4, for all z € E. The space FVL[E] consists of all expressions that can
be built from finitely many elements of the form ¢, using finitely many linear
and lattice operations. The pair (FVL[E], dg) has the universal property of the
free vector lattice generated by E: for every linear map T: F — X into a vector
lattice X, there exists a unique lattice homomorphism 7' FVL[E] — X such
that 7 =T o d.

Let FBL[E] be the norm closure of FVL[E] in H;[E]. The map g naturally
extends to a linear isometry ¢p: £ — FBL[E]. The space FBL[E], together
with the map ¢g, satisfies the universal property of the free Banach lattice:

Theorem 1.35 ([ART18, Theorem 2.4|). Let X be a Banach lattice, and
let T: E — X be an operator. There is a unique lattice homomorphism
T: FBL[E] — X such that T o ¢y =T and ||T|| = |||

The results we will cite from [OTTT24] are always stated in greater gen-
erality, because in that paper the object of study is the free p-convex Banach
lattice. In this text we will not work with convexity conditions, so our interest
will focus on the case p = 1.

The elements of FBL[E] are weak* continuous on bounded sets. Since they
are also positively homogeneous, we can isometrically embed FBL[E] as a sub-
lattice of C'(Bg+). Most of the time we will regard the elements of FBL[E] as
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functions on Bg- using this identification. Moreover, if E' is finite-dimensional,
then the restriction of the functions of FBL[E] to the unit sphere Sg« is onto.
Hence, when F is finite-dimensional, the free Banach lattice generated by E
can be identified with C(Sg«). This is the only case in which the free Banach
lattice has a strong unit.

Proposition 1.36 ([OTTT24, Propositions 9.1 and 9.4]). Let E be a Banach
space.

(i) E is finite-dimensional if and only if FBL[E] has a strong unit.
(ii) E is separable if and only if FBL[E] has a quasi-interior point.
The following are some basic properties of the free Banach lattice.
Proposition 1.37 ([OTTT24, Proposition 2.11]). Let E be a Banach space.
(i) For every x € E, x # 0, |d,| is a weak order unit in FBL[E].

(ii) If E has dimension strictly greater than one, then FBL[E]| has no non-
trivial projection bands.

(iii) If E has dimension strictly greater than one, then FBL[E] is not o-order
complete and has no atoms.

1.6.2  Operators and their extensions

Every bounded linear operator 7': £ — F between Banach spaces extends
uniquely to a lattice homomorphism 7": FBL[E] — FBL[F] making the follow-
ing diagram commute:

FBL[E] —~— FBL|F]
o] o]
E—Lt——F
To be more precise, T = @w\T ; in particular, || T|| = ||T||. One can even provide

an explicit expression of 7.

Lemma 1.38 ([OTTT24, Lemma 3.1]). Given an operator T': E — F between
Banach spaces, the extension T: FBL[E] — FBL[F] is given, for f € FBL[E],

by B
T(f) = foT"

There exists a close relation between the properties of 7 and 7.

Proposition 1.39 ([OTTT24, Proposition 3.2]). Let T': E — F be an operator,
and let T': FBL[E] — FBL[F] be its extension. Then

(i) T is injective if and only if T is injective.

(ii) T has dense range if and only if T has dense range.
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(iii) T is onto if and only if T is onto.

If T: E — F is an isomorphism (resp. isometry) between Banach spaces,
then T: FBL[E] — FBL[F] is a lattice isomorphism (resp. isometry). Thus
isomorphic (resp. isometric) Banach spaces generate isomorphic (resp. isometric)
free Banach lattices. Whether the converse holds is an important open question.
For the isometric version, the answer is affirmative whenever E and F' have
smooth duals.

Theorem 1.40 ([OTTT24, Theorem 10.18]). Let E and F be Banach spaces
with smooth dual. A map T: FBL[E] — FBL[F| is a surjective lattice isometry
if and only if T = U, for some isometry U: E — F. Consequently, E and F
are isometric if and only if FBL[E] is lattice isometric to FBL[F].

This result uses the following description of lattice homomorphisms between
free Banach lattices.

Proposition 1.41 ([OTTT24, Proposition 10.1]). Let E and F be Banach
spaces, and let T: FBL[E] — FBLI[F| be a lattice homomorphism. Then there
exists a map ®r: F* — E* such that Tf = f o ®p for every f € FBL[E].
Moreover, ®r satisfies the following properties:

(i) For every y* € F* and x € E, Or(y*)(x) = (T6,)(y*).
(ii) ®r is positively homogeneous.
(1ii) ®p is weak® to weak* continuous on bounded sets.
(i) Fory" € F*, we have | Pry*|| < [Tyl

(v) For every yi,...,ys € F* we have

sup Z D7 (yi) (2)] < |7 sup Z 193:(y

2€BE = Br =

1.6.3 Projective and injective Banach lattices

Projective Banach lattices were also introduced for the first time in [dPW15].

Definition 1.42. Let A > 1 be areal number. A Banach lattice P is A-projective
if whenever X is a Banach lattice, J a closed lattice ideal in X, and ¢: X — X/J
the quotient map, then for every lattice homomorphism T: P — X/J there is
a lattice homomorphism T: P — X with T = ¢T and ||T|| < A||T||. A Banach
lattice is projective if it is (1 4 €)-projective for every £ > 0.

Projective Banach lattices can be characterized using free Banach lattices
as follows.
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Theorem 1.43 ([dPW15, Theorem 10.3]). A Banach lattice P is projective if
and only if for every € > 0 there exist an index set I', a closed sublattice H of
FBL[(,(T)], a lattice isomorphism T: P — H with |T||,[|T7!| < 1+¢, and a
lattice homomorphism R: FBL[¢;(T')] — H that is a projection and has norm
|R|| <1+e.

In particular, FBL[¢;(I")] is projective for every set I'. Further natural ex-
amples of projective Banach lattices are the following.

Theorem 1.44 ([dPW15, Theorem 11.1)). Ewvery finite-dimensional Banach
lattice is projective.

More generally, we have the following characterization of the C'(K) spaces
that are projective.

Theorem 1.45 ([AMCRA20, Theorem 1.4]). Let K be a compact Hausdorff
space. Then C(K) is projective if and only if K is an absolute neighbourhood
retract.

The free Banach lattices that are projective must be close to /5.

Theorem 1.46 ([AMCRA20, Theorem 1.3]). Let E be a Banach space. If
FBL[E] is A-projective, for some X\ > 1, then E has the Schur property.

The notion dual to projectivity is that of injectivity. However, as already
noted in [dPW15, Footnote 1], there are no injective objects in the category
of Banach lattices and lattice homomorphisms. For this reason, injective Ba-
nach lattices have traditionally been defined with respect to positive operators
[Hay77]. More recent work [AT23] has also considered injective objects in the
category whose objects are separable Banach lattices and whose arrows are lat-
tice homomorphisms.
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BAND PROJECTIONS IN SPACES OF
REGULAR OPERATORS

David Munoz Lahoz and Pedro Tradacete, Band projections in
spaces of reqular operators, Trans. Amer. Math. Soc. 377 (2024),
no. 7, 5197-5218. MR 4778072

In this chapter we start our study of the algebraic and lattice structures
that coexist in £,(X), where X is an order complete Banach lattice. We will
do so by studying bands and band projections in L,.(X) exploiting the algebraic
structure of the space.

Probably, the most important band in £, (X) is the center, which has been
extensively studied in the literature (see Section 1.2.3). Other simple band
projections on £,(X) can be obtained as follows: If P and () denote band
projections on the Banach lattice X, then the operator T — PT() also defines
a band projection on £,.(X). These band projections are particularly relevant in
the study of components of positive operators: if T is positive, its components of
the form PT'(), where P and () are band projections on X, are called elementary,
and are the building blocks of all components (under certain conditions, see
[ABO6, Section 2.1]).

In the finite dimensional situation, where every linear operator can be iden-
tified with multiplication by a matrix, and is automatically bounded and regu-
lar, the class of band projections can be easily described. Let (e;); denote
a basis of pairwise disjoint positive vectors of a Banach lattice X, so that
L,(X) is identified with n x n matrices with respect to this basis. For any
set AC{l,...,n} x{1,...,n} we can define a band projection

7)A : ['r‘ (X) — ET‘ (X)
(ij)fjmr > (ujxali, )=

where x4(i,j) = 1if (i,7) € A and xa(i,j) = 0 elsewhere. Equivalently, if for
1 <1 < n, P, denotes the band projection on the band generated by e; in X, we
can write P4 (1) = > (; jyea BTP;. 1t should be clear that all band projections
on L£,(X) when X is finite dimensional are of the above form.

Inner band projections on £,(X) will be induced in a similar way as in the
finite dimensional case by a band decomposition of the space: Given {P)}xen,
a family of pairwise disjoint band projections on X, for every subset I' C A x A,
the assignment T" \/(a,ﬁ)eI‘ P, TPs for T > 0 can be extended (in a unique
way) to a band projection on L,.(X). Our aim here is to study this family of
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

band projections and see how they can encode information about the underlying
Banach lattice X.

In addition, given that the operator T — PT(Q defines a band projection
on L,.(X) when P and ) are band projections on X, a natural question arises:
can band projections on a Banach lattice X be characterized by the multipli-
cation operators they induce in £,.(X)? Recall that given operators A, B on a
Banach space F, the multiplication operator LyRp: L(E) — L(FE) is defined
as LyRp(T) = ATB. In this respect, a well-known result due to Vala [ValG7]
asserts that L Rp is a compact operator precisely when A and B are com-
pact. Properties of multiplication operators in terms of their symbols have a
long history. In particular, one can find results on spectral theory, Fredholm
theory, compactness properties, computation of norms, and several others. We
refer the interested reader to the survey articles contained in the proceedings
volumes [Mat92] and [CM11].

In the setting of regular operators, multiplication operators have been stud-
ied by Synnatzschke [Syn80] and Wickstead [Wicl5]. With a similar philosophy
to Vala’s result, we will show that, assuming that X is an order complete Ba-
nach lattice, the multiplication operator LaRg: L£.(X) — L.(X) is a band
projection precisely when A and B are band projections up to a scalar multiple
(Theorem 2.35).

In Section 2.1, we start by introducing the notion of inner band projections,
which are actually meaningful due to Theorem 2.1. In fact, Section 2.1.1 is
devoted to the details for the proof of Theorem 2.1 and some examples. In
Section 2.1.2, we show how the inner band projections associated to a pair-
wise disjoint family of band projections { Py }xea form a Boolean algebra which
is isomorphic to 22*4 (Proposition 2.10) and study some of their properties.
In Section 2.2, we study for which Banach lattices X all band projections on
L,(X) are inner, and show that this is the case precisely when X is atomic and
order continuous (Theorem 2.19). Finally, in Section 2.3, we characterize the
multiplication operators LaRp: L,.(X) — L,(X) that are band projections.

2.1 INNER BAND PROJECTIONS IN L,.(X)
2.1.1 Construction of inner band projections

The goal of this section is to prove the following result.

Theorem 2.1. Let X be an order complete Banach lattice and let {P\}xea be a
family of pairwise disjoint band projections on X. Let I' C A x A be any subset.
Then the map
Pr: Li(X) — L(X)
T — \/ PTP (2.1)

(e, B)€T

extends to a unique band projection Pr: L.(X) = L.(X).

This theorem motivates the following definition.
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2.1. Inner band projections in £, (X)

Definition 2.2. Let X be an order complete Banach lattice. We say that
a band projection P on L,.(X) is an inner band projection if there exists a
family of pairwise disjoint band projections { Py} ea on X such that P = Pr, as
defined in Theorem 2.1, for a certain I' C A x A. We will call inner projection
bands the bands associated with inner band projections, and we will denote
Br = range(Pr).

Theorem 2.1 will be a consequence of the more abstract and general The-
orem 3.31. However, we also provide here a more concrete proof using the
Riesz—Kantorovich formulae. Even though the present proof is more technical,
it also develops some tools that will be used throughout the chapter.

Remark 2.3. Before proceeding to the results, we need to introduce some nota-
tion to deal with the indices. Given I' C A x A, where A is a set, we will denote
the projection onto its first coordinate by

m()={aeA:(a,p) €T for some g € A},
and the projection onto its second coordinate by
m(l)={6€A:(a,p) €T for some a € A }.
For a fixed a € A we will write
Fo={feA:(a,p)el},
and similarly, for a fixed § € A,
IM={acA:(a,p) €T}
Lemma 2.4. Let X be an order complete Banach lattice and let { Py} en be a

family of pairwise disjoint band projections on X. Let ® C A x A be a finite
subset. Then given T € L (X):

\/ PTP;= Y P.TP;
(a,ﬁ)@b (OZ,B)E(I)

Proof. Let S1,Sy € L, (X). Given z € X and « # [, the Riesz—Kantorovich

formulae give

0< (PaSi A PyS)(w) = inf Pa(S1(u) + Po(Salar = )
< P(S1(x)) A Py(Sa(x)) = 0.

Hence P,S; A P3Ss = 0 whenever o # 3, for arbitrary Sy, 52 € £4(X). Using
this, and the fact that the finite sum of pairwise disjoint elements is equal to
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

their supremum, we have

> PTP= ) PJ(Z&)

(a,8)€P acm(P) BED,

- PT(Z )

aen(P) BED,

\/ nT\/ Ps (2.2)

aem (D) BED,

Fixed a € m(®), note that for every x € X, we can apply again the Riesz—
Kantorovich formulae to get

( \/ PaTP5> (z) =

BED,

:sup{ ZPQTPBIB:x5€X+for6€CI>aand ngzx

ﬁeq)a ,BGCI)Q }

sup{PaT Z Pgrg:xg € X for B € @, and Z Tg=1
BED BED,

< PaT(sup{ Z Pgxg:xg € Xy for g € @, and Z zg :x}>

BeD, BED,

rr( y n)o

BEP,

where the inequality is due to the fact that P, 7" > 0. Using this to continue in
(2.2) we get

> prIPi=\/ PT\ B>\ \ PTP:= \/ RTPs

(a,8)€P aem(P) BED, aem (D) BEPA (a,B)€P

To see the reverse inequality, we have to invoke once again the Riesz—
Kantorovich formulae for finitely many operators. For x € X, we have

<\/ PT\/PB)

acm(P) BeED,
= sup{ Z (PaT \/ PB) (Tao) 1 xo € Xy for a € m(P) and Z Ty = :13}
aem(P) BEDP

aem(P)
and using that the supremum of finitely many pairwise disjoint elements is equal
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2.1. Inner band projections in £, (X)

to their sum

( \/ T\ Pﬁ)(:p)_

a€em (D) BED,
—sup{ Z P, T Z Psxy : o € X, for a € m(P) and Z xa—m}
Ozeﬂ'l(q)) BED, a€7r1(<I>)

SSUP{ Z PaTZP5$aﬁixa5€X+for(a,B)GCDand Z {L'agzx}

aem (P) BEDPq (a,8)€P

= sup{ Z P, TPsxop : x5 € X4 for (a, f) € ® and Z Top = x}

(a,8)€D (a,B) €D
:( \/ PQTPﬁ)(x),
(e, 8)EP

where the inequality may be seen as follows: let z, € X for a € m1(®) be such
that > . (@) Ta = , for each o € m(®) fix a certain fo(a) € @, and define

Tap = Ps(xa) for B # Bo(a) and Tag, = Ta — 3545 (a) F8(Ta), then clearly

Z Top = and Z P, T Z Ps(z4p) = Z P.T Z Ps(z,). O

(a,B)e®@ acm (D) BeDy acm (D) BeD,

Given a set A, we will denote by Fin(A) the family of finite subsets of A.
Note that Fin(A) is partially ordered by inclusion, and with this order it is
upwards directed.

Lemma 2.5. Let X be an order complete Banach lattice and let {P\}ea be a
family of pairwise disjoint band projections on X. Let I' C A x A be any subset.
Then given T' € L(X) and x € X :

( \ PaTPB>(x): sup  »  P.TPsa.

(a.8)er PeFin(r) Ly
Proof. 1t is clear that
\/ PTP;= sup \/ P.TPs
(a.8)eT PEFIN(T) (, 5o
Note that {\/(aﬁ)@ P,TPs}ocrinm is a net in £,(X) bounded by T and in-
creasing, as
\/ P.TP;< \/ P.TP; whenever & C ®,.
(a,8)€P1 (a,B)€P

Since the supremum in £, (X) of increasing and bounded nets is taken pointwise,
we have that for any given x € X,

( \/ PaTPB)(x): sup ( \/ PQTPB)(JZ): sup  »  P.TPsz,

(a,8)el PeFin(T) (a,8)€® deFin(T) (a,B)€®

where in the last equality we have applied Lemma 2.4. O]
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

Even though the map Pr is defined in (2.1) using a supremum, it turns out
to be additive:

Lemma 2.6. Let X be an order complete Banach lattice and let {P\}en be a
family of pairwise disjoint band projections on X. Let I' C A x A be any subset.
Then the map Pr: L(X) — L4(X), defined in (2.1), is additive.

Proof. Given T, S € L,(X), we will check that Pr(T 4+ S) = Pr(T) + Pr(S) by
showing the two inequalities. Using that the supremum of the sum is less than
or equal to the sum of the suprema, we get the following inequality:

Pr(T+S)= \/ Pu(T+S5)Ps
(a,8)€l
= \/ (PTPs+ P.SPy)
(e,B)€T
< \/ RIP;+ \/ P.SP;
(a,B)el’ (a,B)el’
= Pr(T) + Pr(9).

For the reverse inequality, fix ®;, &5 € Fin(I"). Using Lemma 2.4 we have

\/ PTPs+ \/ PSPs< \/ PRTPh+ \/ P.SP

(@,B)eds (@,B)€@s (0,8)€21UD, (0,8)€D1 U,

= Y PTP+ Y. P.SPs
(,B)€P1UP2 (o, B)€®1UD

= Y PT+9)Ps
(a,B)EP1UD,

=\ R(T+5)P;
(Q,B)Eq)lu(bg

<Pr(T+59).

Taking supremum over ®; € Fin(I") in the previous inequality we get
Pr(T) + \/ PSPy < Pr(T + 9).
(O‘aﬁ)eq)Q

But ®, € Fin(I") is arbitrary, so taking again supremum over these sets we
arrive at Pr(T) + Pr(S) < Pr(T + 95). O

Now we can present the proof of Theorem 2.1.

Proof of Theorem 2.1. We have shown in Lemma 2.6 that the map
Pr: L (X) — L,(X) is additive. Therefore, it extends to a unique posi-
tive map, which we shall denote the same way, Pr: £,(X) — £,(X). From
the definition of Pr it is clear that 0 < Pp(T) < T for any 7' € L,(X), so
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2.1. Inner band projections in £, (X)

0 < Pr <idg,(x). For Pr to be a band projection it is enough to check that
PFPF - PF.

From 0 < Pr <idg, (x) immediately follows PrPr < Pr. It only remains to
show the reverse inequality. Fix ® € Fin(I'), then using Lemmas 2.4 and 2.5 we
have that for any 7' € £, (X) and z € X,

( \ PaPp(T)PB)(x): > P.Pr(T)Psx
( (

a,B)edD a,B)ed
= Z Pa( sup Z PVTP(;PB:L’)
(a,8)c® YeFin(T) (1,6)€W

=Y Pa( sup ZPWTPN)

(a,8)€® VeFin(T) ~ETB

> Y ( sup Py Y PWTPﬂx)

(a,8)€d YeFin(T") -~

-y PaTPB:c:<( \ PaTP/s)(x)-

(a,f)e® a,B)ed

Hence V, sco PaPr(T)Fs = V(4 pycs DT Pp for any ® € Fin(I'). With this

we arrive at

PrPe(T) = \/ PuPr(T)Ps

(a,B)€l’
= sup \/ P,Pr(T)Ps
PeFin(T") (a,B)€d
> sup \/ P,TP;s
eeFin(D) (, 5cp
= Pr(T),
as we wanted to show. O

Remark 2.7 (Order continuous case). Let us consider the case that X has an
order continuous norm. Let {B)}\ea be a family of bands in X such that
X =@, By that is, any # € X can be expressed uniquely as . = ), ., Pz,
where P\ denotes the band projection onto By, at most countably many of the
P,x are nonzero, and the series converges unconditionally. For example, if A is
a maximal family of disjoint positive elements of X, then X = @, , B,, where
B, is the band generated by a € A.

Fix ' C A x A. For any given T' € £, (X) and z € X, the set
{P,TPsx: (a,5) €'}

29



2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

has at most countably many nonzero terms. Let (a,)%2; be any enumeration of
those terms. Using Lemma 2.5 and the fact that a, > 0, we get

Pp(T)(a;):( \ PaTPf;)(x)

(e, B)€T
= sup Z P, TPsx
PeFin(T )( B)ed
= sup Zan Zan— Z P, TPgx.
PeFin(N n—1 (a,B)€T

We can conclude that, in the order continuous case, inner band projections are
computed using infinite sums.

Example 2.8. Let X be a space with a 1-unconditional basis (ey)aep (with A
a possibly uncountable set). For every A € A, consider the band projection

P X — X
r — x(N)ey

One can easily check that {Py}ica is a family of pairwise disjoint band pro-
jections on X, when X has the Banach lattice structure induced by the basis.
So we are under the conditions of Theorem 2.1. Moreover, it is also true that
=) .5 Pz for every x € X, in the sense of Remark 2.7. According to this
same remark, for each I' C A x A we have a band projection

Pr: LX) — LX)
T — Y PRTP
(a,B)€Tl

It will follow from Theorem 2.19 that these are all the band projections on
L,.(X).

Example 2.9. Consider the order complete Banach lattice /o (N). In this
space, the band projections P; onto the i-th coordinate satisfy the hypotheses
of Theorem 2.1. Fix some subset I' C N x N. We want to illustrate with some
examples how one can use Lemma 2.5 to compute Pr(T") explicitly for certain
operators T € L, ({y).

Fixed some a = (a,)22; € (f~)+, define the positive operator

T,: s —> loo
xr (alxl,aga:Q,...)

Let us denote by A = {(n,n) : n € N} C N x N the diagonal of N x N. For
any ¢ € Fin(N x N) and = € X we have

ant, ifneANo,
PQTP - PaT P =
S nines ¥ onryne-{e a0t

(a,B)e@ agm (@) BED,
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2.1. Inner band projections in £, (X)

which implies, by Lemma 2.5,

ifne ANT,

AnTn
Pr(T,)r = sup Z P, TPsx = {O fnd ANT

SeFin(l) 524

Therefore, Pr(T,) = Ty, where b, = a,, if n € ANT, and zero otherwise.
Now consider the shift operator

St A — (s
r +— ([Eg,l’g,...)

which is a positive operator. For any ® € Fin(N x N) and z € X, we have

{an if (n,n+1) € &,
0

P,SPzx =
Z o if (n,n+1) & ®.

(a,8)€®@

and using again Lemma 2.5

Pr(S)z = sup Z P,SPsz = {g"“

eeFin(l) Ty
2.1.2  Properties of inner band projections

Now that we have properly defined inner band projections, we can derive some
of their properties. The following result shows that inner band projections form
a Boolean algebra with the order and lattice operations inherited from the space
of regular operators.

Proposition 2.10. Let X be an order complete Banach lattice and let { Py} en
be a family of pairwise disjoint band projections on X. The inner band projec-
tions { Pr : ' C A x A} (resp. the inner projection bands {Br : ' C A x A})
form a Boolean algebra with the same order, suprema and infima as in*P(L, (X))
(resp. B(L,(X))). Moreover, this Boolean algebra is isomorphic to 22 through
the map I' — Pr (resp. I' — Br).

Remark 2.11. Even though inner band projections form a Boolean algebra with
the same operations as in PB(L,.(X)), they do not form, in general, a Boolean
subalgebra of PB(L,(X)). The reason for this is that the maximal element in
the Boolean algebra of inner band projections is Pyxa, which need not be the
identity, the maximal element in (L, (X)). This is true even if we assume that
{Pr}rea form a decomposition of X, so as to have the identity z = \/, ., Pz
for every x € X .

Let us illustrate this with an example. Consider the Banach lattice /., with
the disjoint band projections { P, },en, where P, is the projection corresponding
to the n-th coordinate. We have x =\/, . P,z for every x € X . Let ¢ € €%,
be a Banach limit, and consider the positive operator T' = ¢ ® ey, where e; =
(1,0,0,...). Then clearly TP, = 0, for every n € N, so Pyxn(T) = 0, while
T # 0. This implies, in particular, that Py is not the identity on £,.(X).
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

Proof of Proposition 2.10. It suffices to show the result for the inner band pro-
jections. Note first that the minimal and maximal elements in the family of
inner band projections are Py and Paya. As observed before the proposition,
Paxa need not be the identity, which is the maximal element of B (L, (X)).

Fix I') A € A x A and let us start by showing that the infimum of two inner
band projections Pr A Pa = PrPa is given by Praa. For this, let & € Fin(l'),
T e L, (X)and x € X;. Using Lemma 2.5 we have

Y PPA(T)Psx= Y Po sup > PTPPs

YeFin(A)

(a,8)€P (a,8)€P (7,0)ew
= Y P, sup Y PTPsu
(a,8)€® YeFin(A) -
SIS SR EL T
(a,8)€® PeFin(A) B—

where in the last identity we have used that {276\1,3 P, }werin(a) is an increasing
and bounded net. Note that

a( sup  » P ) a( sup \/P7>:Pa\/P7.

PeFin(A) - PeFin(A) YEUB VEAB

Using that the projection bands { Py} ep are pairwise disjoint, we can continue
in (2.3) to get

> PPA(l)Psx= > P.TPax= Y PJTPs

(a,B)e® (a,B)€P (a,B)ePNA
acAP

Applying this

Pr(Pa(T))(x) = sup > PyPa(T)Psx
PeFin(T") (a,f)€®

= sup Z P, T Psx

SEFInT) (, 5anA

= sup Z P, TPsx

PEFIn('NA) (524

== PFQA<T) (x)

For the computations on the complementary and the supremum, we need to
show first that Pr + Pa = Prua whenever ' N A = @. Indeed, take as usual
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2.1. Inner band projections in £, (X)

Te L, (X)and x € X, then

(Pr +Pa)(T)(x) = sup Z P, TPszr+ sup Z P,TPsx

PEFin(T) 52 veFin(a) T2y
> sup{ Z P, TPz + Z P,TPsz : ® € Fin(I'), ¥ € Fin(A)}
(a,B8)€P (v,6)ew

= sup Z P, TPsx = Proa(T)z,
PeFin(lUA) (2

where we have first used Lemma 2.5, then that the sum of the suprema is greater
than the supremum of the sum, and finally the disjointness of I' and A to be able
to apply again Lemma 2.5. To see the reverse inequality, fix first & € Fin(I")
and ¥ € Fin(A), then we have

> P.TPa+ Y PTPua < Proa(T)z,
(a,B)e® (v,0)ev

where we are using that ®NW = &. Since these finite sets were chosen arbitrarily,
one can take first supremum on ® € Fin(I') and then on ¥ € Fin(A) in the
previous expression, and thus arrive, according to Lemma 2.5, to

Pr(T)z + Pa(T)z < Proa(T)z.

We conclude that, whenever ' NA = &, Pr+Pa = Prua. In particular, taking
A =T = AxA\T, we get Pr = Paxa — Pr, thus giving the appropriate formula
for the complementary.

Next we have to check that the supremum Pr V Pa = Pr + Pa — Proa
is given by Prua. We have shown this formula in the case that the sets are
disjoint. In the general case we can write

Prua = Ppraa + Parr + Proas

since U A is the disjoint union of the sets TNA, ANT, and I'NA. Now using
the formulae for the infimum and the complementary

Prua = Pr(Paxa — Pa) + Pa(Paxa — Pr) + PrPa = Pr + Pa — Praa.

From all these computations we can conclude that { Pr: I' C A x A } forms
a Boolean algebra with the same order, suprema and infima as in B(L,. (X)),
and also that the map I' — Pr is a Boolean algebra homomorphism. Clearly
this map is surjective, so to establish the result it only remains to check that it
is injective. Let I') A C A x A be different subsets; without loss of generality,
we may assume that there exists some (A, pu) € I'\ A. Fix nonzero elements
z)y € (Byr)s+ and z, € (B,)+. Applying Hahn-Banach we can find a positive
functional z* € X7 such that 2*(z,) = 1. Then the positive operator T' =
Ty @ z* satisfies

Pr(T)(xz,) = sup Z P, TPsx, =z # 0,

PeFin(T") (a,)€®
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

whereas

Pa(T)(z,) = sup Z P, TPsz, = 0.
PeFin(A) (7,6)€W

Hence Pr(T") # Pa(T). O

Remark 2.12 (Order continuous case). In the order continuous case, inner band
projections do form a Boolean subalgebra of B (L, (X)), as long as the band pro-
jections { Py} ea form a decomposition of X. Indeed, according to Remark 2.7,
for every T € £,(X) and x € X, we have

Prasa(T)x = Z P, Tng—ZP TZng—ZP Tx =Tx.

(e, B)EAXA a€A BeEA acl

Hence Paxa(T) = T for every T € L, (X), so Paxa = idg,(x). This, to-
gether with the previous proposition, implies that inner band projections form
a Boolean subalgebra of PB(L,(X)).

The following is a partial characterization of inner projection bands. In the
order continuous case, this result can be improved to completely characterize
these bands.

Proposition 2.13. Let X be an order complete Banach lattice and let { Py} ea
be a family of pairwise disjoint band projections on X. Then, for any ' C Ax A,
the inner projection band Br satisfies

Br C{T € L.(X):T(Bg) C B({By:acT?}) for every € A }.

Proof. Let T € Br and x € (B,), for a certain A € A. Then, using Lemma 2.5,

= sup Z P,TPgx = sup ZPTx

PeFin(T deFin(T") acd
Note that for each given ® € Fin(T'), > cor PuTx € B({ By : @ € T*}), and
since a band is closed under taking arbitrary suprema, the result follows. O

Remark 2.14. The converse inclusion in Proposition 2.13 is not true in general.
Consider the operator T" presented in Remark 2.11: we have T'(span{e,}) = 0
for each n € N. Hence, for any I' € N x N, T satisfies

T(spanf{es}) € B({ By : € T7}) for every 3 € N.

However, T' ¢ Br for any I' C N x N, because Pr(T) = 0.

Remark 2.15 (Order continuous case). In the order continuous case, the other
inclusion in Proposition 2.13 does hold, giving the following characterization of
inner projection bands:

Br = {T €L, (X):T(Bg) C @ B, for every g € A}.

a€lB
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2.1. Inner band projections in £, (X)

Let us check the converse inclusion to Proposition 2.13. Let T € £,(X) be such
that T'(Bg) C @, crs Ba for every 8 € A. Then for any given z € X,

a€el’
Pr(T)z= Y PTPu= ) (ZPQ>TPﬁx= > TP,
(a,B)€T pem () ~ aelb Bema(T)

because Psx € Bjs and by assumption TPsr € @, s Bo. Now using that

T Psx = 0 whenever 8 & mo(I'), we get

PO = Y TR =S P =1( Y P ) =T

Bema(T) BEA BEA

ael

Hence T'= Pr(T) € Br, as wanted.

Example 2.16. Let us illustrate how one can use previous remark in a partic-
ular example. Let 1 < p < oo, let m denote the Lebesgue measure on [0, 1],
and let X = L,(m). For a fixed n € N, consider the dyadic partition of the
unit interval [0,1] = U;_, I, where I} = [(k — 1)/2",k/2"] for k = 1,...,2"™
Consider the band projections

P.: X — X
o Ixp’

which have associated bands
By, = range(P;) = { f € X :supp(f) € [}’ }.

Clearly, X = @iil By. Then, according to Remark 2.7, for any I' C
{1,...,2"} x {1,...,2"} the operator

Pri LX) — LX)
T — Y PRTP

(a,B)€l’

is a band projection.
Set n = 2 and I' = {(1,1),(2,1),(3,1),(1,2)}. Then, according to Re-
mark 2.15, T € Br if and only if the following three conditions are satisfied:

(i) T(By) € By & By @ Bs, i.e., supp(Tf) C [0,3/4] whenever supp(f) C
[0, 1/4];

(ii) T(B2) C By, ie., supp(T'f) C [0,1/4] whenever supp(f) C [1/4,1/2];
(iii) T(B3) = T(By) =0, i.e., T'f = 0 whenever supp(f) C [1/2, 1].
For example, the positive operator T': X — X given by
(Tf)(x) = f(x/2)X[0,1/2(x) for every f € X and = € [0, 1],

satisfies the previous conditions, so T' € Br.
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

For the next property we need first a definition.

Definition 2.17. Let X be a Banach space and let T,S5: X — X be two
operators. We say that T' is left orthogonal to S or that S is right orthogonal
to T if T'S = 0. Given two families of operators F and G from X to X, we say
that F is left orthogonal to G and that G is right orthogonal to F if T'S = 0 for
any T'e Fand S € G.

Proposition 2.18. Let X be an order complete Banach lattice and let { Py} ea
be a family of pairwise disjoint band projections on X. Let I';) A C A x A. Then
Br is left orthogonal to Ba if and only if mo(I') N (A) = 2.

Proof. Assume mo(I') N1 (A) = @. Let T' € Br and S € Ba, we first consider
the case T, S > 0. According to Lemma 2.5, for any x € X :

Sz = sup Z P,SPsx € B{B,:vem(A)}),

WeFin(A) 52y
and since the projection bands { Py} ep are pairwise disjoint
P3Sx =0 for every 8 € mo(I).

But then

T(Sx) =Pr(T)(Sx) = sup Z P,TPsSx =0,
ecFin(D) 52

and since x € X, was arbitrary, it follows that T'S = 0. In the general case,
when T and S are not necessarily positive, decomposing into positive and neg-
ative parts we get

TS - T+S+ — T78+ - T+Sf + Tfsf - 0,

because T'y,T_ € Br and S, S_ € Ba are all positive.

For the reverse implication, assume mo(I') N 7 (A) # &, and let us show
that Br is not left orthogonal to Ba. Let v € mo(I') N1 (A), so that there exist
a,p € A with (a,y) € I' and (v, 5) € A. Take nonzero elements z, € (B,)+,
zy € (By)4, and x5 € (Bg)+. As a consequence of the classical Hahn-Banach
theorem, there exist functionals f,g € X* such that f(z,) =1 while f(y) =0
for every y ¢ span{x,}, and similarly g(zg) = 1 while g(y) = 0 for every
y ¢ Span{zs}.
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Define the operators T' = f ® z, and S = g ® x,. Being rank one operators,
T and S are regular. Using Lemma 2.5:

Pa(S)zs = sup Z P\SP,xs

VEFn(A) (" 2y

= sup Z P\(24)g(P,xp)
YeFin(A) (e

= sup vag(PMxﬁ)

VEFn(A) i

= SUp Ty = T,
VeFin(A)
(v,8)ev

because by assumption (v, ) € A. Repeating the same computations

PF(T)J:’Y = sup Z P)\(xa)f(P,ux“/) = Tq,
erFin() (e

because («,7y) € I'. In conclusion,

Pr(T)Pa(S)zs = xa # 0,
so Br is not left orthogonal to Ba. O
2.2  WHEN ARE ALL BAND PROJECTIONS ON L, (X) INNER?

In the previous section, we have constructed a particular family of band pro-
jections on L,.(X), called inner band projections. It seems natural to try to
characterize the order complete Banach lattices X for which all band projec-
tions on £,(X) are inner. This is achieved in the following theorem.

Theorem 2.19. Let X be an order complete Banach lattice. All band projec-
tions on L.(X) are inner if and only if X is both atomic and order continuous.

The goal of this section is to prove Theorem 2.19. We do this by splitting
the result in several parts: first we show that, if X is not order continuous, there
exists a band projection on £,(X) that is not inner; then we show that, if X is
order continuous but not atomic, there is also a band projection on £, (X) that
is not inner; finally, we prove that if X is atomic and order continuous, then all
band projections on £,(X) are inner.

Let us start by recalling a well-known separation result on Banach lattices
that will be central in our proofs.

Proposition 2.20. Let X be a Banach lattice and let I be a closed ideal. If
xg & I, xg > 0, there exists a positive functional x* € X3 such that x*|; = 0
and z*(xg) = 1.
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The following procedure to construct band projections on the space of regular
operators will also be very useful.

Theorem 2.21. Let T': X — Y be a positive operator between Banach lattices,
with Y order complete. For every ideal I C X the formula

Tix=sup{Ty:0<y<zandyel}, forxeX,,
defines a positive operator from X to Y. Moreover, the extension of the map

Pri Lo(X,)Y) — Lo(X,Y)
T — T]

to the reqular operators is a band projection.

Proof. See [AB0G, Theorems 1.28 and 2.7]. O

Let us prove first that, when the underlying Banach lattice X is not order
continuous, there are band projections on £,(X) that are not inner:

Lemma 2.22. Let X be an order complete Banach lattice. If X is not order
continuous, there exists a band projection on L.(X) that is not inner.

Proof. Since X is not order continuous, by [LT79, Proposition 1.a.11] there
exists a closed ideal [ in X that is not a band. If we denote by B; = B(I) the
band generated by I, then we are saying that I # B;. If Py is not inner we
are done, so we may assume that Py is inner. In this case, there exists a family
of disjoint bands {Bj}xea and some I' C A x A such that P; = Pr; we may
assume, without loss of generality, that the band generated by {Bj},ea is X or,
in other words, that z = \/,., Paz for all z € X, where P, denotes the band
projection onto B,.

We claim that, for every A € A, if A € mo(I") then B, C I, while if A & mo(T")
then By N By = {0}. Indeed, suppose that A\g & m(I') but By, N By # {0}.
Given zy € By, N By, o > 0, we have

Pr(idx)zo = Pp,xg = 29 > 0

while
0 S Pp(idx)l‘o S \/ P)\QT() = 0.
AEAN£N
This contradicts the fact that P; = Pr. Hence By, N By = {0}.

If instead \g = By € mao(I), say (o, fo) € I', and we suppose that Bg, Z I,
fix o € Bg, \ I, o > 0. By Proposition 2.20 there exists * € X such that
z*|r = 0 and z*(z9) = 1. Fix also y € B,,, y > 0, and consider the positive
operator T'= z* ® y. Since T'|; = 0, it follows that P;(T") = T; = 0, whereas

Pr(T)zo > PoyTPsxo = Pay(y)x™(z0) =y > 0.

Hence Pr(T) # P;(T), contradicting the assumption that Pr = Py.
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So we must have By C I whenever By N B; # {0}. Since I is not equal
to By, by Proposition 2.20 there exists some y* € X7 such that y*|; = 0 while
y*(xo) = 1 for a given xg € By, xy > 0. Let P: X — X be the band projection
onto By, and define the positive functional z* = P*y*. Then z* is such that
2*|gs = 0 and 2*|; = 0, while 2*(z9) = 1. Pick any y > 0 and define the positive
operator T' = z* ® y. Clearly, we have that TPy, = 0 for every A € A because
for every X\ € A either By C I or By N By = {0}, which implies By C B{.

We claim that the band generated by T"in £,.(X), By, is not inner. To check
this, let {C¢}ecz be any family of disjoint bands in X, and let {Q¢}ecz be the
corresponding band projections. Suppose that the projection onto By is Pa for
some A C = x =Z. Since Br is not the zero band, A is not empty. Fix some
(70, 00) € A. Since the family {B)}xeca forms a decomposition of X, there exist
A, A2 € A such that D = By, N Cs, # {0} and D' = B,, N C,, # {0}. Fix
Yo € D, yo > 0, by Proposition 2.20 there exists f € X7 such that f|ps = 0 and
f(yo) = 1. Fix zp € D', zy > 0, and consider the positive operator S = f ® 2.
Then for every x € X, :

(TAS)(z)= inf Tu+ S(x—u)=0, takingu = Py,Qs,,

0<u<z

so S € B%. However

PA(S>(y0) Z Q’YOSQ50yO - Q’VQZO = 20 > 07

which implies Pa(S) # 0, a contradiction with the fact that S € B%. This
contradiction arises from the assumption that Pa is the band projection onto
Br. Therefore, the band projection onto By cannot be inner. O

When the Banach lattice X is order continuous, but not atomic, we can still
find band projections on the space of regular operators that are not inner.

Lemma 2.23. Let X be an order complete Banach lattice. If X is order con-
tinuous and not atomic, there ezists a band projection on L.(X) that is not
inner.

Proof. Since X is order complete, the center of X is the band generated by idx
in £,(X) (see [AAO2a, Theorem 3.31]). Let Pz be the band projection onto the
center. We are going to show that Py is not inner.

Let {By}xea be any decomposition of X into disjoint bands. Since X is not
atomic, there exists some A\g € A such that B), is not atomic. We may write

By, = B}, & B;,,

where B} is the band generated by the atoms contained in By, and Bj, is
its complementary; that is, B}\O does not contain any atom (of X, since atoms
relative to an ideal are also atoms in the whole space). By assumption, B}\O +#
{0}, so we can pick some e € B} , e > 0. Then B, is a band in X containing
no atoms; let P. denote the corresponding band projection.
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Since B, is an order continuous Banach lattice with weak unit e, by [L.T79,
Theorem 1.b.14] there exists a probability space (€2, %, 1), a (not necessarily
closed) ideal X in Li(9, %, 1) and a lattice norm |-|| ¢ in X such that B, is
order isometric to (X, ||| ¢) and we have continuous and dense inclusions

Loo(L,5, 1) = X < Li(Q,%, ).

Note that, if (2,3, ) had an atomic measurable set A € >, then x4 €
Loo(,%, 1) C X would be an atom, contradicting the fact that B, has no
atoms.

Consider the positive operator

T: Ll(Q,Z,u) — Ll(Q,E,M)
f — j5mfdﬂ/XQ .

Clearly, we can restrict T: X — X and, by means of the above-mentioned order
isometry, we can think of this operator as a positive operator T: B, — B..
Define S = TP.: X — X. We claim now that Pr # Py for every I' C A x A.
Clearly, if (A, Ao) € I', Pr(P,.) = 0 whereas Pz(P,) = P, (recall that 0 < P, <
idy). So we must have (\g, A\g) € I, in which case Pr(S) = S; we are going to
show that Pz(S) = 0, thus completing the argument.

For this, we will again think of T" as an operator acting on X and in the same
way we will identify idp, with id¢. Applying the Riesz—Kantorovich formulae
we have that for every A € ¥:

(T'Nidg)(xa) = inf Ty+ (xa—y)
0<y<xa

< f T
< BglAI,lBez XB T XA\B

— inf B .
ng}BEEM( )Xo + Xa\B

We have already observed that the measure space (€2, %, 1) has no atoms, so for
every n € N there exist pairwise disjoint By, ..., B, € X such that

" A
U 5, with p(B;) = Mil)forj—l,...,n

Applying these sets to the previous inequality gives

masoen < (42

Since this inequality holds for every n € N, it follows that (7" Aidg)(xa) = 0
for every A € ¥. But the linear span of the characteristic functions is dense in
Loo(Q, 3, 1), which is in turn dense in X, so T' A id ¢ is zero on X. Going back
to the space X, this means that 7" A idp, is zero on B.; but S is zero outside
B, and is T When restricted to B., so S Aidx = 0. In conclusion, Pz(S) = 0,
and this finishes the proof. m

A
Xa + A\B) = M(n )XQ-
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To complete the proof of Theorem 2.19 it only remains to show that, if the
underlying Banach lattice X is atomic and order continuous, then all the band
projections on £,.(X) are inner.

Let X be an order complete Banach lattice and let « € X be an atom.
The band generated by a is B, = Span{a}. Let P, be the projection onto B,.
Then for every x € X we can write P,(x) = A\,(z)a, where \,: X — Ris a
positive functional. Banach lattices that are both atomic and order continuous
are characterized by the following property.

Theorem 2.24. Let X be an atomic Banach lattice and let A be a maximal
family of pairwise disjoint atoms in X. Then X is order continuous if and only

if
T = Z Aa(T)a

a€A

for every x € X, where for each x the series has at most countably many
nonzero terms and converges unconditionally.

The following is the natural generalization of elementary matrices on M,,(R)
(i.e., those with one in a given entry and zeros everywhere else) to general atomic
Banach lattices.

Definition 2.25. Let X be an atomic Banach lattice and let A be a maximal
family of disjoint atoms. We call elementary operators the operators of the form
Ey = X\ ® a, where a,b € A.

Elementary operators have the following properties.

Lemma 2.26. Let X be an atomic and order complete Banach lattice, and let
A be a mazimal family of disjoint atoms.

(i) Elementary operators are atoms of L.(X).

(i) If P: L.(X) — L.(X) is a band projection, P(Eq4) is either Eq, or 0 for
any a,b € A.

Proof. (i) Given a,b € A, by definition a > 0 and also A\, > 0, so E, =
M ®a>0. Let 0<T < Ey. For every x € X, we have

Ong—TPbx:T( \/ Pax—Pbx>

acA
= T( \ (Poz — Pbx))
a€A
< T< \/ Pax>
acA,a#b
< Eab( \/ Pax) :Ab( \/ Pax>a:O.
ac€A,a#b acA,a#b
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Therefore Tw = T(Pyx) = A\p(x)Th. But 0 < Tb < Eu(b) = a, and since
a is an atom, it follows that Tb = va for a certain v € Ry. So

Tx = My(x)ya = yEqu(x) for every x € X,
that is, T'= vFE 4.

(i) Since P is a band projection, 0 < P(Ey) < Ey for any a,b € A. Since
elementary operators are atoms, P(E,) = 7Ey for a certain v € R,.
Now using P? = P,

VEw = P(Eaw) = P(P(Ex)) = 7" Ea,
which implies that either v =0 or v = 1. [

Remark 2.27. Under the hypotheses of the previous lemma, fix a,b € A. Then
for any T € £, (X) and z € X; we have:

P, TPz = M\(x)P,(Th) = My(2) Ao (Th)a = Ao (Th) Egpx.

Hence P,TP, = A,(Tb)E,. The previous lemma implies that, whenever
P(Ew) = Ew, P(P,TP,) = P, TP, for every T € L,(X) (and therefore for
every T € L,(X)), whereas, if P(E,) = 0, then P(P,TP,) = 0 for every
T e L, (X).

Lemma 2.28. Let X be an atomic and order continuous Banach lattice. Then
every band projection on L.(X) is inner.

Proof. Let A be a maximal family of pairwise disjoint atoms in X. Let P, be
the band projection onto the band generated by a. We are going to consider
inner band projections with respect to the family {P,},ca. For a given band
projection P: L,.(X) — L,(X), define

F:{(a,b)EAXAZP(Eab)ZEab}.

Note that, using Remark 2.27, we have for any 7' € £, (X):

P(Pr(T))ZP( \/ PaTPb) > \/ P(RTR)= \/ R.TP =PrT)

(a,b)el’ (a,b)el’ (a,b)el’

Hence P APr = PPr > Pr, which implies PrP = Pr and also P > Pr. We are
going to show that P = Pr. Suppose, on the contrary, that they were different.
Then there would exist some S € £, (X) such that P(S) > Pr(S) = Pr(P(95));
in other words, T' = P(S) € range(P) satisties T > 0 and 7" — Pr(T") > 0. Let
x € X4 be such that (T'— Pr(T"))z > 0, then by continuity and linearity of the
operators

(T = Pr(T))x = (T —Pr(T))Pux > 0.

a€A
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2.3. The multiplication operator L, Rp

It follows that there exists some b € A such that (7' — Pr(7)) Pz > 0. This, in
turn, implies that there is some a € A for which P,(T — Pr(T)) P,z > 0. Hence

Po(T — Pr(T))B, > 0. (2.4)

If (a,b) € T', by definition of the inner band projections P,Pr(T)P, = P,T P,
contradicting (2.4). Therefore (a,b) &€ I, so P,Pr(T) P, = 0, which by (2.4) gives
P, TP, > 0. But since 0 < P,TP, < T, P, TP, is also an element of the band
range(P), which implies P(P,TP,) = P,TP, > 0. According to the remark after
Lemma 2.26, this is equivalent to P(E,,) = Eu, which contradicts the definition
of I'. This contradiction arises from assuming that P and Pr are different, so
we must have P = Pr. O

From Lemmas 2.22, 2.23 and 2.28 it immediately follows Theorem 2.19. We
end this section with a couple of consequences of Theorem 2.19 (although, to
be more precise, these are only consequences of Lemma 2.28).

Corollary 2.29. Let X be an atomic and order continuous Banach lattice. Let
A be a maximal family of disjoint atoms in X. Then we have an isomorphism

of Boolean algebras
24— P(L(X))
r — PF

Proof. By Lemma 2.28, B (L, (X)) contains only the inner band projections that
arise from the band projections {P,}sca on X. According to Proposition 2.10,
the family of inner band projections forms a Boolean algebra that is isomorphic
to 24%4 through the isomorphism given. O]

Corollary 2.30. Let X andY be atomic and order continuous Banach lattices.
Let A and B be mazimal families of disjoint atoms in X and Y, respectively. If

|A| # |B|, then the Banach lattice algebras L,.(X) and L,.(Y') are not isomorphic
as Banach lattices.

Proof. This follows from the fact that the Boolean algebra formed by band
projections is invariant under lattice isomorphisms. Il

2.3 THE MULTIPLICATION OPERATOR L4Rp

Multiplication operators are defined in the following way.

Definition 2.31. Let X;, X5, X3, X4 be Banach spaces. Fixed A € £(X1, X5)
and B € L(X3, Xy) we define the multiplication operator

LARBZ E(X4,X1) — £(X3,X2)
T — ATB

These operators have been an extensive object of research in different set-
tings. Here we are going to characterize, assuming that X = X; = Xy, =
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2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

X3 = X, is an order complete Banach lattice, when the multiplication operator
LaRp: L.(X) — L.(X) is a band projection.

Our results will frequently rely on adaptations of the following observation,
which can be found in [MT20].

Remark 2.32. Let X1, X5, X3, Xy be Banach spaces and let A € L( X7, X5) and
B € L(X3,X4) be nonzero bounded operators. Consider the multiplication
operator LaRp: L(Xy, X1) — L(X3,Xs) given by LyRg(T) = ATB. Choose
Ty € Xy, x5 € X3, x3 € X3 and z} € X such that 25(Az,) = 1 = x}(Bzs).
Then the operators

szi X1 — £(X4,X1) Jx1: XZ — L(X4,X1)
r — ez o= rx

53531 /;(Xg,XQ) — Xy 5z*: £<X37X2) — X;

2

T — Tz’ T — Tl
make the following diagrams commute

YAy, X; P X

J,;Zl Tazg lel T% . (2.5)

LaRp LARB

L(X4,X1> E— £<X3,X2) £(X4,X1) _— ;C(X3,X2)

Let us start by characterizing when L4 Rp is positive.

Proposition 2.33. Let X1, X5, X3, Xy be order complete Banach lattices and
let A € L(X1,Xs) and B € L(X3,X4) be nonzero operators. Then LaRp is a
positive operator if and only if A and B are both positive or both negative.

Proof. If A and B are both positive or negative, then clearly L4 Rp is positive.

To see the converse, suppose first that both A and B are not negative. Then
there exist x3 € (X3); and 27 € (X7)4 such that (Bzs). # 0 and (Axy)4 # 0.
By the Hahn-Banach theorem for positive functionals there exists x5 € (X3)+
such that

25((Azy)4) = 1 and a5((Azy)-) =0, that is, z3(Azy) = 1;
and there exists x} € (X})4 such that
3 ((Bz3)y) =1 and x3((Bx3)_) = 0, that is, z(Bxs) = 1.

It immediately follows that the operators J,», Ju,, Ouss 5955 are all positive. Since
the composition of positive operators is positive, by (2.5) we have A > 0 and
B* > 0, which implies B > 0.

Now suppose that A is negative. Take x; € (X7)y such that Az; # 0, and
let —25 € (X3); be such that x3(Ar;) = 1. Now it is clear that d,; < 0,
while J,, > 0, so B* = 5I§LARBJ$1 < 0, and this again implies B < 0.
Similarly, if B is negative, take z3 € (X3), such that Bxz # 0, then there
exists —x} € (XJ)4 with 2}(Bxs) = 1. It follows that J,» < 0 while d,, > 0 so
A=0,,LaRpJr; < 0. [
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The previous result is stated but not proved in [Syn80, Satz 2.2], although
with the further assumption that X, is total.

If A,B € L.(X) are positive projections, it is not difficult to check that
LaRpg is a positive projection. Naturally, one can ask whether the converse is
true. Note that if A € R\ {0}, LaxaRp/» = LaRp, but AA and B/X are no
longer positive projections (in general). It turns out, however, that this is the
only obstruction.

Proposition 2.34. Let X be an order complete Banach lattice, and let A, B €
L(X) be nonzero operators. The multiplication operator LaRg: L.(X) —
L,.(X) is a positive projection if and only if there exists A € R\ {0} such that
AA and B/X are positive projections.

Proof. Suppose first that AA and B/\ are positive projections for a certain
A€ R\ {0}. Then LyRp(T) = (AMA)T(B/AX) >0 for any T € L, (X) and

LuRp(LARE(T)) = ALARp(T)B = AT B2
= (ANA)2T(B/)\)? = (AA)T(B/\) = LaRg(T).

Hence L4Rp is a positive projection.

Conversely, if Lo4Rp is a positive projection, by the previous proposition
A and B are either both positive or negative. Assume first they are both
positive. Suppose there exists some x € X, such that Bx and B2z are linearly
independent. Then for any y € X there is a T' € £,(X) such that T'(Bz) =y
and T'(B%z) = y (just take z* € X* such that z*(Bz) = z*(B%*r) = 1, which
exists by Hahn—Banach, and set T'= 2* ® y). The fact that A>T’ B%z = AT Bx
implies A%y = Ay, so A = A?. Since A is not constant (it is a nonzero operator),
there are some y, z > 0 such that Ay # Az, but then choosing T' € L,.(X) such
that T'(Bx) = y and T(B?z) = z contradicts the fact that AT Bx = AT B?z.

So for each x € X with Bz # 0 there exists some real A(z) > 0 satisfying
B?z = \(z)Buz; in fact, since Bz = 0 readily implies B?z = 0, we may assume
that this relation holds for any x € X, setting A(x) to be any positive number
whenever Bx = 0. For any =,y € X, we have the following relation:

Az 4+ y)(Bzx + By) = Mz +y)B(z +y) =
= B*(r +y) = B’x + B*y = A(z)Bx + \(y)By.
Now we can distinguish two different possibilities:

(i) If Bx and By are linearly independent, the previous relation readily im-
plies A(z) = Az + y) = A(y).

(ii) If Bz and By are linearly dependent, there exist puq, o € Ry, not both
zero, such that uy Bx + us By = 0. Applying B to this relation we get

(@) Bz + paA(y) By = 0.
If iy #0, Bx = —ps/puy By, and dividing by p; the previous equation
Ax)Bx — Ay)Bz =0,

45



2. BAND PROJECTIONS IN SPACES OF REGULAR OPERATORS

so AM(z) = Ay) whenever Bx # 0. If us # 0, similarly A(z) = A(y)
whenever By # 0.

So A(x) = A is constant for any x € X, with Bx # 0. We conclude that
B? = \B, i.e., B/ is a positive projection. Then NA?*TB = AT B, and given
x € X, with Bx # 0, for any y > 0, choosing T € L,.(X) such that T'(Bx) =y
we get from NA*T Bz = AT Bx that AA%y = Ay. Therefore A2 = A/\ and thus
AA is a positive projection.

When A and B are both negative, applying the previous argument to
L 4R p = LasRp we conclude that there exists some g > 0 such that
(=B)? = u(—B) and (—A)?> = 1/u(—A), so the constant in this case is
A= —p. O]

If in the previous proposition we replace positive projections by band pro-
jections, everything works.

Theorem 2.35. Let X be an order complete Banach lattice, and let A, B €
L(X) be nonzero operators. The multiplication operator LaRp: L.(X) —
L,.(X) is a band projection if and only if there exists A € R\ {0} such that
AA and B/X are band projections.

Proof. If AA and B/ are band projections, then LyRg = LyaRp/y is a positive
projection as we have already seen. If T' € £, (X):

LaRg(T) = AA)T(B/)) <idx Tidy =T,

which proves LyRp <idg,(x). It follows that L4Rp is a band projection.

Conversely, if L4 Rp is a band projection, by the previous proposition there
exists A € R\ {0} such that P = AA and ) = B/\ are positive projections.
Also, for any T' € L, (X),

PTQ = LaRp(T) <idg,(x)(T) =T (2.6)

so, multiplying by @) on the right, PT'Q) < T(). This means that the mul-
tiplication operator Liq, —pRq(T) = (idx —P)T'Q = TQ — PT(Q is positive,
and by Proposition 2.33 this implies that idx —P > 0 (because @ > 0). So
0 < P < idx and P? = P, that is, P is a band projection. In the same
way, multiplying (2.6) on the left by P we get PT'QQ < PT, which implies that
LpRi4, —o(T) = PT — PTQ > 0. Applying Proposition 2.33 we conclude that
also @ <idy, that is, @ is also a band projection. O]

As a consequence, we can characterize band projections in terms of their
multiplication operators.

Corollary 2.36. Let X be an order complete Banach lattice, and let A €
L.(X). Then the multiplication operator LaRa is a band projection if and
only if A is a band projection.
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Proof. Suppose that L4R,4 is a band projection. If A = 0 the result follows,
so assume A # 0. By the previous theorem, there exists A € R\ {0} such that
AA and A/ are band projections. Since A is positive, A must also be positive.
Using that AA is a projection,

AMN2 (M2 A
)T T T

But MA/A\? = A/ is also a projection, so (AA/A\?)? = A/\. Join both equations
to arrive at \2A = A. Since A # 0, it must be the case that A2 — 1 = 0. But
A > 0 implies A = 1, and therefore A is a band projection. Il

This result points at an abstract way to study band projections in Banach
lattice algebras without identity. This is the idea pursued in the next chapter.
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BAND PROJECTIONS IN BANACH LATTICE
ALGEBRAS

David Munoz Lahoz, Band projections and order idempotents in
Banach lattice algebras, J. Math. Anal. Appl. 543 (2025), no. 2,
part 3, Paper No. 129045, 27. MR 4824648

The aim of this chapter is to explore results analogous to those of Chapter 2
in the more general context of Banach lattice algebras. Besides contributing
to the theory of these structures, this serves the purpose of showing that some
properties of spaces of regular operators hold for arbitrary Banach lattice alge-
bras.

Even though the definition of inner band projections uses only the lattice
and algebraic operations of £,.(X), the proof that (2.1) actually defines a band
projection relied heavily on the expression of the Riesz—Kantorovich formulae
for the lattice operations in £,(X). One of the main goals of this chapter is to
provide an abstract construction of inner band projections that works on any
order complete Banach lattice algebra.

The first step towards an abstract formulation of inner band projections
is to determine which elements of a Banach lattice algebra A should play the
role of the band projections { Py} ea. It is a classical result that an operator
P: X — X on a Banach lattice X is a band projection if and only if P? = P
and 0 < P <idyx. When A has an identity e, it seems then natural to regard
the elements p € A satisfying p?> = p and 0 < p < e as the analogue of band
projections. These elements, called order idempotents, were already considered
by E. A. Alekhno in the context of ordered Banach algebras (see [Alel2]). For
instance, Alekhno showed that the set of order idempotents forms a Boolean
algebra, just like the set of band projections on a Banach lattice does. We shall
give an alternative proof of this fact (Proposition 3.11), and show that the set
of order idempotents is order closed (Proposition 3.12).

But for this we will need to study the ideal generated by the identity element
in A. This ideal can be regarded as the abstract analogue of the center of
an order complete Banach lattice. We will collect results by L. Martignon
[Mar80], C. B. Huijsmans [Hui95] and E. Scheffold [Sch84] to show that this
ideal possesses the most fundamental properties of the center: it is lattice and
algebra isometric to a space of continuous functions on a compact Hausdorff
space, it is a projection band, and it is an inverse closed subalgebra of A.

And what happens if we don’t have an identity? Can we still define elements
that play the role of band projections? It was proved in Corollary 2.36 that band
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projections are characterized by their multiplication operators in the following
way: a positive operator P: X — X defined on an order complete Banach
lattice X is a band projection if and only if the multiplication operator

LpRp: ,CT(X) — ET(X)
T — PTP

is a band projection. Band projections could be therefore defined as those
elements p € A, for which the operator

L,R,: A — A
a +— pap

is a band projection. This is analogous to the approach taken by K. Vala in
[Val67] to define compact elements in normed algebras.

Several properties of band projections, in this sense, are studied. It is shown
that the set of band projections need not be order closed (Example 3.16) or even
commute (Remark 3.19); in particular, when we have an identity, band projec-
tions and order idempotents may not be the same (Example 3.18). The relation
between order idempotents and band projections appears to be subtle, as it is
illustrated with several finite-dimensional examples (Examples 3.18 and 3.21).
Some conditions guaranteeing that a band projection is order idempotent are
also given (Proposition 3.22).

Much better behaved is the set of left and right band projections, defined
as those positive elements in A for which both the left and right multiplication
operators are band projections. These elements coincide with order idempotents
when an identity is present, and they always commute (Remark 3.19). Moreover,
they provide the appropriate generalization of band projections that allows for
the abstract construction of inner band projections we were looking for. Our
main result (Theorem 3.31) is that an analogous formula to (2.1) defines a band
projection in any order complete Banach lattice algebra as long as the {Py}aea
are taken to be left and right band projections satisfying P, Ps = 03P, (Where
dqp is the Kronecker delta). To prove it, we cannot resort directly to the Riesz—
Kantorovich formulae, as done in the previous chapter; instead, we have to
work with the multiplication operators Lp, Rp, to translate properties from
elements in A to operators acting on A (i.e., to elements in £,.(A)). Even before
reaching inner band projections, many of our results will use this technique,
that allows for the generalization of properties from spaces of regular operators
to Banach lattice algebras. We are not aware of any other systematic use of
this idea in the context of Banach lattice algebras, but one can find it already
mentioned or implicitly used in some parts of the literature (for instance, in
[BHI0b, Hui88, Mar80, WiclT7al).

This chapter is organized as follows. In Section 3.1 we study the ideal
A, generated by the identity in a Banach lattice algebra A, showing that it
is lattice and algebra isometric to a C'(K) space, is a projection band, and
is an inverse closed subalgebra of A (Theorem 3.1). In Section 3.2 we intro-
duce order idempotents and band projections in Banach lattice algebras, study
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the Boolean algebra structure of OI(A), and investigate the relation between
order idempotents and band projections, presenting several finite-dimensional
examples and introducing left and right band projections. Finally, Section 3.3
introduces the complexification of a Banach lattice algebra and uses spectral
techniques to further clarify the relation between order idempotents and band
projections (Theorem 3.24), culminating in the abstract construction of inner
band projections in Section 3.4 (Theorem 3.31).

3.1 THE IDEAL GENERATED BY THE IDENTITY ELEMENT

As explained in Section 1.2.3, the ideal generated by the identity element in
L,(X), when X is an order complete Banach lattice, is the center of X. It turns
out that the notion of the ideal generated by the identity element in Banach
lattice algebras has also been studied, and that properties analogous to those
in Theorem 1.8 hold in general.

If A is a Banach lattice algebra with identity e, we denote by A, the (order)
ideal generated by e in A. The main properties of this ideal are collected in the
following result.

Theorem 3.1. Let A be a Banach lattice algebra with identity e.

(i) The space (Ae, ||-||e), with the order and product of A, is a Banach lat-
tice algebra, lattice and algebra isometric to C(K), for a certain compact
Hausdorff K .1

(i) The ideal A, is a principal projection band in A.
(iii) The space A, is an inverse closed subalgebra of A.

The contents of the previous theorem are scattered through the literature:
the first assertion follows from the results by L. Martignon in [Mar80], the
second assertion is due to E. Scheffold [Sch84, Theorem 3], while the third is
mentioned by C. B. Huijsmans in [Hui95] without any further reference. Since
this result will be central in our exposition, we devote the rest of this section to
present a full proof of it.

To prove the first part of the theorem, we need to talk about Banach lattice
algebras that are AM-spaces with unit, in which the order unit coincides with
the algebraic identity.

Definition 3.2. Let A be a Banach lattice algebra with identity e. If A is also
an AM-space with unit e (i.e., if A. = A and ||z|| = inf{ A > 0: |z| < Ae } for
every x € A), we say that A is an AM-algebra with unit e.

fNote that the analogy with Theorem 1.8 is not complete: here we are endowing the ideal
generated by the identity with its associated norm, whereas in Theorem 1.8 one works with
the operator norm. As it turns out, assumption ||e]| = 1 implies that both norms are equal.
Yet we need spectra to show this and it will have to wait until Section 3.3. For the time being,
it suffices to know that A, is closed in A. This apparent inconvenience has an advantage: all
the contents of this section are valid under the weaker hypothesis e > 0, which is another
common definition of Banach lattice algebras with identity.
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The following theorem asserts that AM-algebras with unit are nothing but
algebras of continuous functions.

Theorem 3.3. Every AM-algebra with unit is algebra and lattice isometric to
C(K), for a certain compact Hausdorff space K.

The previous result is a direct consequence of Kakutani’s representation
theorem for AM-spaces with unit, and the following characterization of the
pointwise product in C'(K) due to L. Martignon.

Proposition 3.4 ([Mar80, Proposition 1.4]). Let K be a compact Hausdorff
space and let x: C(K) x C(K) — C(K) be a binary operation such that
(C(K),*) with pointwise order is a Banach lattice algebra. Suppose also that
the constant one function is the identity for x. Then x is the pointwise multi-
plication.

The proof of this last result relies heavily on Banach lattice techniques.
Here we want to provide an alternative proof of Theorem 3.3 in the style of
the Gelfand transform: working with maximal (order and algebraic) ideals and
real-valued (lattice and algebra) homomorphisms.

There are two kinds of ideals present in Banach lattice algebras: the ideals
as a Banach lattice and the ideals as a Banach algebra. There are also subspaces
that are ideals in both senses. There does not seem to be a common terminology
for these spaces in the literature. We will refer to ideals in the Banach lattice
sense as order ideals, and to ideals in the Banach algebra sense as algebraic
ideals (these, in turn, can be left or right ideals, or both). Ideals will be the
subspaces that are at the same time an order ideal and a (two-sided) algebraic
ideal. The following is a simple characterization of the ideal generated by an
element (that is, the intersection of all the ideals containing the element) in a
Banach lattice algebra with identity.

Lemma 3.5. Let A be a Banach lattice algebra with identity and let a € A,.
Then the ideal generated by a is

{x e A:|x| <rar' for somer,r' € A, }.

Proof. Call the displayed set I. Let us check that this set is indeed an ideal. If
x,y € I, say |z| < rar’ and |y| < sas’ for some r,r',s,s" € A, then

|z +y| < |z| + |y| < rar’ +sas’ < (r+s)a(r’ +§)

so z+y € I. Clearly, —z and |z| are elements of I, so [ is a sublattice. From
the definition it follows that I is an order ideal. To check that it is also an
algebraic ideal, let z € A. Then we have

22| < |z]|l2| < (Jz|r)ar’ and  |zz| < |2|2] < ra(r]2])
so both zx,xzz € I, and we have thus shown that [ is an ideal.
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Since A has an identity, a € I. Let J be any ideal of A containing a. Then,
since J is a sublattice and an algebraic ideal, rar’ € J for all r,r’ € A,. Since
J is an order ideal, x € J whenever |z| < rar’. Hence I C J, and so [ is the
ideal generated by a in A. O

As usual, we say that an ideal in a Banach lattice algebra is maximal if it is
not contained in any proper ideal. The following is pure routine.

Lemma 3.6. In a Banach lattice algebra with identity, any proper ideal is
contained in a mazximal ideal.

Proof. Let I be a proper ideal in a Banach lattice algebra A with identity e.
Let Z be the family of proper ideals in A containing I, ordered by inclusion. Let
{J,}yer be a chain in Z. Then it is straightforward to check that J =, J,
is again an ideal containing /. Moreover, if J = A, then e € J and so e € J,
for a certain v € I'. Being J, an algebraic ideal, this would imply J, = A,
contradicting the definition. So J is proper, and therefore is an upper bound of
the chain in Z. By Zorn’s lemma, there exists a maximal element in Z, and this
element is a maximal ideal containing /. O

Let A be a Banach lattice algebra and let I be a closed ideal. Perform the
usual quotient A/I. Being I a two-sided closed ideal, A/l is again a Banach
algebra, and the quotient map Q: A — A/I is an algebra homomorphism. Since
I is an order ideal, (A, ) is a cone in A/, and the order it induces makes A/
into a Banach lattice, and ) into a lattice homomorphism. It is direct to
check that the product of positive elements in A/I is again positive. Hence
A/I admits a natural Banach lattice algebra structure, making ) a lattice and
algebra homomorphism.

Since the closure of an algebraic ideal is again an algebraic ideal, and the
closure of an order ideal is again an order ideal, the closure of an ideal in
a Banach lattice algebra is again an ideal. It is then routine to check that
maximal ideals in Banach lattice algebras with identity are closed. Moreover,
we have the following.

Lemma 3.7. Let A be an AM-algebra with unit e and let M be a mazimal ideal
in A. Then A/M is lattice and algebra isomorphic to R.

Proof. By the discussion preceding the lemma, A/M is a Banach lattice algebra.
Suppose that dim(A/M) > 1. Then there would exist two non-zero disjoint
elements Qz,Qy € A/M. We are going to show that the ideal I generated by
|Qx| in A/M must be proper. Indeed, if Qy € I, by Lemma 3.5 there would
exist r, 7" € Ay such that |Qy| < Q(r)|Q(x)|Q(r'), and then

Qul = (Q(MIQ@)IQM)) AQy| < [I7lllF Q)| AQ(y) = 0,

which is a contradiction. Hence [ is proper. It is not difficult to check that
Q7 (I) C A is again an ideal, because @ is both a lattice and algebra ho-
momorphism. Moreover, M C Q7 *(I) € A, and since z € Q~*(I), the first
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inclusion is proper. This contradicts that M is maximal. So dim(A/M) must
be 1. Then A/M is spanned by Qe and the map

R — A/M
A — AQe
is a lattice and algebra isomorphism. O]

Lemma 3.8. Let A be an AM-algebra with unit e and let g € Ay. If xg £ e,
there exists a lattice and algebra homomorphism ¢: A — R such that ¢(xo) > 1.

Proof. We have (xg —e); # 0. Let I be the ideal generated by (zg —e)_. We
claim that (xg —e)y & I. Indeed, if it were the case, according to Lemma 3.5
there would exist r,r" € A, such that

(zo =€)y < r(wo —e)r" < |Irl[lr"[|(z0 — )

which contradicts the fact that (xg —e)y and (zg — e)_ are disjoint. Hence I is
proper, and by Lemma 3.6 it is contained in a maximal ideal M. The quotient
map associated with M is a lattice and algebra homomorphism A — A/M.
Let ¢: A — R be the composition of this quotient map with the isomorphism
between A/M and R given in Lemma 3.7. This homomorphism satisfies

P(zo —€) = ¢((wo — €)4) > 0,
so ¢(zg) > ¢(e) = 1. O

With this set of rather standard tools, we can proceed to the proof of The-
orem 3.3.

Proof of Theorem 3.5. Let A be an AM-algebra with unit e. Let K be the
set of all lattice and algebra homomorphisms ¢: A — R with ¢(e) = 1. We
can view K as a subset of R4. Equip R* with the product topology and K
with the subspace topology. This topology is Hausdorff, because the product
topology is. Note that, for every ¢ € K, |¢(z)| < ¢(||z||e) = ||z|| holds, which
means that K C [] . ,[—[lz|.[lz]|]. By Tychonoff’s theorem, the latter product
is compact. Moreover, K is closed in this subspace, for if (¢,) is a net in K
pointwise convergent to ¢, this means that ¢(z) = lim ¢, (x) for all z € A, and
then by continuity of the algebraic and lattice operations it is easy to check that
¢ is again a lattice and algebra homomorphism with ¢(e) = 1. Therefore K is
a compact Hausdorff space.

It is useful to note that K has sufficiently many elements. Indeed, for every
xr € Ay with ||z|| > 1, we have £ e, and by Lemma 3.8 there is some element
¢ € K such that ¢(z) > 1.

Now consider the map T: A — C(K) where Tx(¢) = ¢(x) for v € A and
¢ € K. It is easy to check that Tx is indeed continuous. Since operations in
C(K) are computed pointwise, and Te(¢) = ¢(e) = 1 for all ¢ € K, it follows
that T is a lattice and algebra homomorphism that preserves the identity.
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We claim || Tz| = ||z|| for all z € A. On one hand, |Tz(¢)| = |¢(x)| < ||z,
so ||Tz|| < ||z||. On the other hand, if ||z|| > 1, we have seen that there exists
some ¢ € K such that ¢(|z|) > 1, so that ||Tz| > |Tx(¢)| = o(Jz|) > 1.
If |Tz| < ||z| for some z € A, the element |z|/||Tz| would contradict the
previous observation. So || Tz|| = ||z| for all z € A.

Finally, note that T'(A) is a closed subalgebra of C'(K) that contains the
constants and separates points: if ¢ # v in K, there is some z € A such
that (Tx)(¢) = ¢(z) # ¥(z) = (Tx)(¢). By the Stone-Weierstrass theorem,
T(A) = C(K), and the result is proved. O

Some preliminary remarks before presenting the proof of Theorem 3.1. For
the second assertion we will provide an argument similar to [Hui88, Theorems 1
and 2] instead of the original one appearing in [Sch84] because it serves as a first
illustration of what will be our main trick in the coming sections, namely, to
consider multiplication operators on a Banach lattice algebra, and then exploit
the known properties of the space of regular operators. Recall that, on a Banach
lattice algebra A, operators of the form

L, A — A R: A — A
r — ax’ x — xb’

for certain a,b € A, are called left and right multiplication operators, respec-
tively. Operators of the form L, R, for some a,b € A, are called multiplication
operators.

Proof of Theorem 3.1. (i) We are going to check that (A, ||-|lc) is an AM-
algebra with unit e. Then the result will follow from Theorem 3.3. That
(Ae, |Ille) is an AM-space with unit e is clear. Moreover, it is a subalgebra,
for if z,y € A.:

|yl < lzllyl < [|lzllellyllce-
From this also follows that ||zy|l. < ||z|lc]|ylle, so it is a Banach algebra.
Its algebraic identity is obviously e.
(ii) We prove this fact in two steps. First, we show that B,, the band generated

by e, is a projection band. And then we show that A, = B..

To prove that B, is a projection band, it suffices to check that sup,, a A ne
exists for every a € A, (in fact, we show a little more, because we will
need it later on). Denote a,, = a/Ane, and observe that for any m > n > 1:

(@ — a,) A (ne — a,) = (am Ane) — a, = a, — a, = 0.

Using the representation of A, as a C(K) space, and seeing a,,, a, and
ne as continuous functions in K, we are saying that (a,, — a,)(t) A (ne —
a,)(t) = 0 for every t € K. It follows that a,, — a, and a,, — n"'a,a, =
n~ta,,(ne — a,) are also disjoint, so

(am — an) A (am — n’laman) =0
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which implies

U = G V (N L apmay).

It follows that
0 < flam — anll = [(n7 aman — an) 4|l < n7aman|| < n Hlal?,  (3.1)

so (ay) is a Cauchy sequence. It therefore converges to some b € A,.
Since (a,) is increasing, we must have b = sup, a A ne, and this shows
that B, is a projection band.

To prove that A, is a band we need to show that A, = B,, and for this it
suffices to check that a € A, whenever a € (B,),. For every a € (B.),
inequality a A ne < ne implies that Ly, is a central operator for every
n > 1. In particular, it is an orthomorphism. If z,y € A are such that
|z| A'ly| = 0, then |z| A|(a A ne)y| = 0 for every n > 1. But since a is an
element of the band generated by e, we have a = sup,, a Ane. Then a Ane
converges to a by (3.1). Since both multiplication and lattice operations
are continuous for the norm, it follows

0= lim |z| A|(a Ane)y| = |z| A |ay|.
n— oo

This shows that L, is an orthomorphism. By Theorem 1.9, L, must be
a central operator, that is, there exists some A € Ry such that —\idy <
L, < Xidy. In particular, a = L,(e) < Xe, and a € A, as wanted.

(iii) Let a € A, and suppose that a~! exists in A. By the previous assertion

we can decompose a' = a; + ay with a; € A, and a; € A% Then
e = aa"! = aa, + aay. Since A, is a subalgebra, aa; € A.. Also

0 < |aas| A e < (|allas]) Ae < |alle]az| Ae =0,

S0 aag € AZ. But aas = e — aa;, € A, so it must be aay = 0. Multiplying
by a=! we get a; = 0 and a~! = a; € A,, as wanted. O

Example 3.9. Let A be a Banach lattice algebra with identity e that is an
AL-space as a Banach lattice. Then (A, ||||.) is an AM-space, but at the same
time is closed, so that (A, ||||e) is also isomorphic to an AL-space. It follows
that A, must be finite-dimensional. In fact, it will follow from our study of
spectra that, under the assumption |e|| = 1, ||-|| = ||‘|le (see Theorem 3.24).
This implies A, = R. Without the assumption |le|| = 1, however, A, need not
be one-dimensional: just take ¢7 with the coordinate-wise order and product.

3.2 BAND PROJECTIONS AND ORDER IDEMPOTENTS
Band projections play a prominent role in the theory of Banach lattices. These
operators are characterized among regular operators by Theorem 1.5. The goal

of this section is to define elements in a general Banach lattice algebra that play
the same role as band projections do in spaces of regular operators. When an
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identity is present, this generalization is straightforward from Theorem 1.5, and
has already been considered by E. A. Alekhno in the context of ordered Banach
algebras (see [Alel8, Alel2]).

Definition 3.10. Let A be a Banach lattice algebra with identity e. We say
that p € A is order idempotent if p*> = p and 0 < p < e. We denote by OI(A)
the set of order idempotents in A.

What follows is the generalization of Theorem 1.6. This result appears, with
a different proof, in [Alel2, Corollary 2.2].

Proposition 3.11. Let A be a Banach lattice algebra with identity e. The set
of order idempotents OI(A) forms a Boolean algebra with operations

p=e—p, pVqg=p+q—pq, pAq=pqg, forp,qe OI(A),

with zero as the minimum and the identity e as the mazximum. Moreover,
suprema and infima coincide with those in A.

Proof. By definition, OI(A) is contained in A.. Represent A, as a C'(K) space
using Theorem 3.1. Then p € OI(A), seen as a continuous function in K,
satisfies p?> = p; that is, p is a characteristic function of a clopen set in K.
Conversely, any characteristic function of a clopen set is an order idempotent
in C(K), and therefore in A. This exhibits an identification of OI(A) with
{xc : C C K clopen }. The result now clearly follows. [

Proposition 3.12. In a Banach lattice algebra with identity, the set of order
tdempotents is norm and order closed.

Proof. Let A be a Banach lattice algebra with identity e. Let (p,) be a sequence
of order idempotents converging to p in norm. Then p? = p, and 0 < p, < e
for each n € N, and since the product is continuous and the positive cone is
closed, it follows that p is an order idempotent. This shows that the set of order
idempotents is norm closed.

To show that it is also order closed, let (p,) be a net of order idempotents
converging to p in order. The product need not be order continuous, so one has
to proceed with more care now. Since the positive cone is always order closed,
0 < p < e follows from 0 < p, < e for each a. By Theorem 3.1, p and p,
commute, so

P> — P2 < (p+pa)|p — Pal < 2[p — pal,

where the first inequality follows from the submultiplicativity of the modulus.
This implies that p? converges in order to p?. Since also p? = p,, for every «,
and the order limit is unique, p> = p. So p is an order idempotent, and this
shows that the set of order idempotents is also order closed. Il

The notion of order idempotent seems to abstract some of the most impor-
tant properties of band projections, but it relies on the existence of an identity
element. Of course, this poses no limitation in spaces of regular operators,
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where the identity operator is always present. However, this is not the case for
general Banach lattice algebras. Can we somehow still abstract the definition
and properties of band projections to Banach lattice algebras without identity?

Faced with a similar problem, K. Vala gives in [Val67] a notion of compact
and finite rank elements in arbitrary normed algebras as follows: for a normed
algebra A, he defines an element a in A to be compact (resp. of finite rank) if
the operator L,R, is compact (resp. of finite rank). In view of Corollary 2.36,
it makes sense to take Vala’s approach and set the following definition.

Definition 3.13. Let A be a Banach lattice algebra. An element a € A, is
called a band projection if L,R,: A — A is a band projection. The set of band
projections in A is denoted

BP(A)={a€ A, : L,R, is a band projection }.
It is also convenient to have the following notions.

Definition 3.14. Let A be a Banach lattice algebra. An element a € A, is
called a left band projection (resp. right band projection) if L, (resp. R,) is a
band projection. The sets of left and right band projections in A are denoted

BP/(A)={a€ A, : L, is a band projection },
BP,(A) ={a € A, : R, is a band projection }.

Remark 3.15. Let A be a Banach lattice algebra. According to Theorem 1.5,
a € Ay is a band projection if and only if

0 < aza < x and a®za®

=azxa forallx e A,.
Similarly, a € A, is a left band projection if and only if

0<ar <zand e’z =azx forallze A,
and a right band projection if and only if

0 < za<zand za® = za forall x € Ay.

In particular, the sets BP(A), BP,(A) and BP,(A) are all norm closed.

If the multiplication in A is jointly order continuous, it follows from the
previous remark that BP(A), BP,(A) and BP,(A) are order closed. In general,
however, this will not be true, as the following example shows.

Example 3.16. Consider the Banach lattice ¢ of convergent real sequences,
with the product defined by

Ty = (nh_{IOlOZEn) (Jl_{goyn)e where e = (1,1,1,...).
Associativity of this product follows from

Jan () = (i o) (i )
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bilinearity is clear, and it is not difficult to check that, under the usual supremum
norm, ¢ with x is a Banach algebra. Moreover, the product of positive elements
is positive, so c¢ is actually a Banach lattice algebra (without identity).

It is clear that ¢o = BP(c) = BP(c) = BP,(c). In particular, z, = Y . e,
where e; denotes the ith coordinate vector, is a (left and right) band projection.
Also, z,, T e. However, e is not a (left or right) band projection, because for
T = e — e} we have

exrxe=eLuwx.

It is natural to ask what is the relation between the sets BP(A), BF,(A),
BP,.(A) and, in the case with identity, OI(A). From the definition, it should
be clear that BP(A) N BP,(A) C BP(A), and that, in the case with identity,
BP,(A) = OI(A) = BP,(A) (for p € BP,(A), just evaluate L, at the identity
element, and similarly for p € BP,(A)). In particular, OI(A) = BPF(A) N
BP.(A) C BP(A). Is it true that OI(A) = BP(A)? This seems to be the case
at least for the classical examples of Banach lattice algebras.

Example 3.17. (i) Let X be an order complete Banach lattice. If P €
BP(L.(X)), by Corollary 2.36, P is a band projection, that is, P €
OI(L,(X)).

(ii) Let f € BP(C(K)), for a certain compact Hausdorff space K, and let 15
be the constant one function in C'(K). Then L;R;(1x) = (L;Ry)*(1k)
implies f2 = f%, so f must be the characteristic function of a clopen set.
It follows that f is an order idempotent.

(iii) Let G be a locally compact group and consider the Banach lattice algebra
M (G). Since the identity 6. is an atom, if p € OI(M(G)), inequality
0 < pu <6, implies p = N, for some A\ > 0. Then p? = p (we denote
p? = p x ) forces either A = 1 or A = 0. Hence OI(M(G)) = {0,4.} is
trivial.
We are going to show that BP(M(G)) is also trivial. If p € BP(M(G)),

evaluating L,R,, at d. yields that y? must be an order idempotent. That
is, either y? = 0 or pu? = §,. By direct computation

@ = [ xalst) du(s)autt) = [ n(s76) duls) = w(@)*

so if u? = 0, u(G)? = 0, and since p > 0, this implies = 0. Now suppose
p # 0, that is, u? = d,. We can decompose p = jig + pe, where g > 0 is
discrete (i.e., is contained in the band generated by the atomic measures,
which is precisely the closed linear span of said measures, because M (G)
is order continuous) and p. > 0 is continuous (i.e., is contained in the
disjoint complement). Since

W2 ({g}) = /G 1e({s7g}) diae(s) = 0 for every g € G,
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the measure ,ug cannot have any discrete component. However,

O = p1° = pi + p1 4 fra * fie + pe * fia

and since every measure involved is positive, we must have u? = 0. Equal-
ity p.(G)? = p2(G) = 0 implies . = 0 and so p is discrete. Write

= Zx\g5g

geG

for some A\, € R. By definition,

be=p>=> <Z AhAh_lg> Sy,

geG N heG

and since the \j, are positive, this can only happen if A\, = 0 for all h # e.
Therefore p1 = A\.J., and from p? = p* it follows that A\, = 1. We have
thus shown that if p € BP(M(G)) is different from 0, it must be d., as
wanted.

(iv) A. W. Wickstead provided in [Wicl7c| an explicit list of all unital two-
dimensional Banach lattice algebras. One can check, by means of direct
computation, that the order idempotents coincide with the band projec-
tions in all two-dimensional Banach lattice algebras.

Contrary to this evidence, it is not true that in Banach lattice algebras with
identity all band projections are order idempotents, and an example already
exists in dimension 3.

Example 3.18. Consider R? with the usual lattice structure and any lattice
norm, and let £,(R?) be its space of regular operators. The space L,.(R?) is a
Banach lattice algebra, which we may identify with My(R), the space of 2 x 2
real matrices, where the order is defined entry-wise and the product is the
composition (that is, the usual matrix product). Consider the set of upper

triangular matrices
A — span 1 0 0 1 00
— P 00)\o o) \o 1
a b
—{(0 C).a,b,ce[R}.

Being spanned by disjoint elements, A is a 3-dimensional sublattice of Ms(R).
Moreover, one can easily check that the product of upper-triangular matrices
is again upper-triangular. Hence, A is a Banach lattice algebra with identity
when equipped with the order, product, and norm inherited from Ms(R).

Now consider p = (8 (1)) Clearly p > 0 and, for all a,b,c € R,

a b 00
Lyt (o c> - (0 o)‘
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3.2. Band projections and order idempotents

Hence L,R, = 0; in particular, p € BP(A). However, p £ idge, so p & OI(A).
Let us compute exactly BP(A) and OI(A). It is direct to check that

orn={(5 o) (5 0)- (0 V) (6 D}

Now let p = (%1 52) € BP(A). For any a,b,c € R
3

prop2) (a b\ (p1 p2) _ (pia pip2a+pipsb+ papsc) _ fa b
= 5 < _
0 p3 0 ¢ 0 p3 0 cps 0 ¢
Setting b = 0 we get the inequality in the upper right entry

pa(apy + cp3) < 0.

Since a and ¢ can take any positive value, and pq, ps, p3s are positive, either
p2=0o0rp; =p;=0.

(i) If po = 0, equality p?> = p* implies p? = p}, so py = 0 or p; = 1, and
similarly ps3 = 0 or p3 = 1. The only band projections in this case are the
order idempotents.

(ii) If po # 0, then p; = p3 = 0, and p is a band projection for any py > 0.

Putting together these computations:

BP(A) = OI(A) u{<8 g) ‘pe [R+}.

Remark 3.19. This example already illustrates a difference between BP(A) and
OI(A): while order idempotents commute by Theorem 3.1, band projections
need not commute. After this observation, it is not surprising that BP(A) need
not be a Boolean algebra: in the previous example, BP(A) is not closed under
taking suprema.

By contrast, the elements of BF,(A) N BP,(A) always commute. Indeed,
let a,b € BP(A) N BP,(A). Since Lg, Ly, Ry, Ry, are band projections, they
commute, so aba = L,Ly(a) = LyL,(a) = ba® and aba = R,Ry(a) = RyR,(a) =
a’b, which gives ab = a%b = aba = ba® = ba.

One could think that previous example is somewhat pathological, because
p?> =0 and L,R, = 0. Maybe this is the only reason a band projection is not
an order idempotent. It is not, and a counterexample is coming. But first an
observation.

Remark 3.20. Let {A;}icr be a family of Banach lattice algebras indexed on a
set 1. Consider A = ¢,(A;) for some 1 < p < co. We claim that

BP((,(A;)) = [ BP(A)).

el
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Indeed, a positive element (p;);cr is a band projection in ¢,(A;) if and only if

for all (z;)ier € £,(A;)4:

0 < (pi)(xs)(pi) < (x3) and  (pi)(xi)(pi) = (i) () (ps)*.

This is the same as saying that 0 < p;z;p; < x; and p;x;p; = p?xip? whenever
z; € (A;)4, for all ¢ € I. That is, (p;) € BP({,(A;)) if and only if p; € BP(A4;).

Similarly, one can check that

BP(6,(A;) = || BRA(A)) and BP.(4,(A)) = [ [ BP.(A).

icl iel
If each A; has an identity, then also
OI(lo(A)) = | [ O1(A)).
el

Example 3.21. Let A be the Banach lattice algebra of Example 3.18, and
consider /., (A, A). By previous remark, the element

- 10 01
7= \o o) '\o o
is a band projection that is not order idempotent. In this case, ¢> # 0 and

LR, # 0.

At this point, it is clear that the relation between order idempotents and
band projections in Banach lattice algebras with identity is not trivial. The
forthcoming results aim at a better understanding of it.

Proposition 3.22. Let A be a Banach lattice algebra with identity e, and let
p € BP(A). Then the following are equivalent:

(i) p € OI(A),
(7i) p is idempotent,
(iii) p € A,
(iv) (Ae +p)~t >0 for some X > ||p||.

Proof. Condition (i) clearly implies (iz). If p is idempotent, L,R,(e) = p* = p,
and since 0 < L,R,(e) < e, we have p € A.. So (i7) implies (iii). If p € A, then,
using that A, is a subalgebra and sublattice of A, we can consider the restriction
L,R,: A. — A.. This operator is a band projection on A.. Represent A, as a
C(K), for a certain compact Hausdorff space K. Since BP(C(K)) = OI(C(K)),
it follows that p € OI(A.). But the order and product in A, are the same
as those in A, thus p € OI(A). This shows that (i) implies (¢ii), and also
representing A, as C(K) it is direct from BP(C(K)) = OI(C(K)) that (ii7)
implies (7).
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It only remains to show the equivalence between (i7i) and (iv). Since p €
BP(A), we have p* = L,R,(e) = (L,R,)*(e) = p*. Inductively, p* = p** and
p? = p*"*L for all n > 1. Using this fact and the Neumann series, for every

A >max{1, [[p[},

Ae+p) = (e tp/N) =Y

n=0 )\n
2 3
p ., p I p 1
SNt L vl
2 3
. b, P p
X1 a2 —1)

Suppose that p € A.. Then p < ||p|lee and, by the previous computation,
(IIplle + 2)e + p is invertible with positive inverse. This shows that (izi) implies
(iv). Conversely, if (Ae +p)~' > 0 for some A > ||p||, either p = 0, in which
case the result is trivial, or p # 0, in which case A > ||p||. > 1* and then

(Ae +p)(Ae — p) = N2e —p* > 0.
Multiplying by (Ae + p)~! on the left
de —p=(Ae+p)~'(Ne—p*) >0
because the product of positive elements is positive. Hence p € A.. Il

In order to delve deeper into the relation between band projections and order
idempotents, we need to introduce spectra in our study.

3.3 COMPLEXIFICATION AND SPECTRA

To talk about spectra and see their relation with band projections and order
idempotents, we need to work over the complex field. So first we need to “com-
plexify” some of the notions introduced so far.

Let A be a Banach lattice algebra. Applying the procedure for the complex-
ification of Banach lattices, as exposed in Section 1.2.4, one obtains the complex
Banach lattice A¢c with norm ||z||c = |||2]|]. With the natural product

(21 +ix2) (Y1 + iy2) = (x1y1 — 22y2) + i(T1y2 + T2y1)  Where 21, T2, y1, Y2 € A,

the space Ac becomes a complex algebra, that has an identity precisely when
A does. This product is compatible with the complex lattice structure in the
sense that |z129| < |21]|22|, for all z1,20 € Ae. This fact is not trivial, and
a proof may be found in [Hui85]. The submultiplicativity of the norm on A

fDue to the fact that the spectral radius of p is 1, see Section 3.3.
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immediately implies ||z122||c < ||z1]|el|22]|c for 21,22 € Ac. Hence Ac is also a
complex Banach algebra with norm ||-||c. The space A¢ with its structures of
complex Banach lattice and complex Banach algebra is called a complex Banach
lattice algebra. When A has an identity, we emphasize it by saying that A¢ is a
complex Banach lattice algebra with identity.

Example 3.23. (i) If K is a compact Hausdorff space, the complexification
of C'(K) may be identified with C'(K, C), the space of continuous complex-
valued functions on K.

(ii) If X is an order complete Banach lattice, the complexification of L, (X)
may be identified with the space of regular operators over X¢ (see Sec-
tion 1.2.4).

Next we want to present a result analogous to Theorem 3.1 in complex
Banach lattice algebras. If X is a Banach lattice, a subspace I C X¢ is called
an ideal if x € I and |y| < |z| imply y € I. It is not difficult to check that I
is the complexification of the ideal I N X of X, and that the intersection of all
the ideals containing z € X¢ is given by

(I,)c ={w € X¢ : |w| < A|z| for some A € Ry }.

This is called the ideal generated by z.

An ideal B C X¢ is called a band (resp. projection band) if BN X is a band
(resp. projection band) in X. Again, one can check that an ideal B C X is a
projection band if and only if X¢ = B @ B¢, where

BY={z¢€ X¢c:|w/Alz]=0foral we B}.

Finally, some common notation: for z € A¢ denote its spectrum by o(2)
and its spectral radius by 7(z).

Theorem 3.24. Let Ac be a complex Banach lattice algebra with identity e and
let (Ac). be the ideal generated by e in Ac. Then (Ac)e = (Ae)c, i.e., (Ac)e is
the complexification of the Banach lattice algebra A.. Moreover:

(i) The space (Ag)e can be isometrically identified with C(K,C), for some
compact Hausdorff K.

(ii) The ideal (Ac). is a projection band in Ac.
(iii) The space (Ac)e s an inverse closed subalgebra of Ac.

Proof. Since (Ag)e N A = A,, it follows that (A¢)e = (Ae)e. It is then a direct
consequence of Theorem 3.1 that (Ac)e, with the complexification of the norm
I||le, is isometric to C(K,C). To prove (i) it only remains to check that the
norm ||-|le.c is equal to ||-||c. Being A. an inverse closed subalgebra, it is easy
to check that the spectrum of an element in A, (i.e., its range when viewed as a
function in C(K, C)) is the same as its spectrum in Ag. Therefore ||z]| > r(z) =
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|z|le, and since we are assuming |le]| = 1 in our definition of Banach lattice
algebras, [|z|| < ||z]|e- Joining both inequalities, ||z|| = ||z]|le = r(2) and (i) is
proved. From Theorem 3.1 clearly follows (i), and exactly the same proof as
in Theorem 3.1 can be used to show (7). O

The previous result completes the generalization from Theorem 1.8 to The-
orem 3.1. It also completes Example 3.9. Some remarks regarding the spectrum
of order idempotents and band projections are in order.

Remark 3.25. (i) Let p be an order idempotent. When we represent (Ag). as
a space of continuous functions, p is the characteristic function of a clopen
set. As such, o(p) = {0,1} whenever p # 0,e. By previous theorem,

Ipll =7(p) = 1.

(i) If p € BP(A), either p* = 0, in which case r(p) = 0 and o(p) = {0}
(the complexification of Example 3.18 serves as an example of this), or
p* # 0, in which case ||p|| = r(p) = lim, ||p*"|'/*® = 1 (because p? is
order idempotent, so ||p?| = 1, and also (p*)* = p?). In both cases,
o(p*) C {0,1} implies o(p) C {—1,0,1}.

(iii) For p € BP(A) to be an order idempotent, it is necessary that o(p) =
{0,1}. However, it is not sufficient: one can easily check that the element
q in Example 3.21 satisfies o(q) = {0, 1}, yet it is not an order idempotent.

The following is an example of a band projection with spectrum {0, 1, —1}.

Example 3.26. In the Banach lattice algebra M3(R) of 3 x 3 real matrices (with
entry-wise order and the usual matrix product, as in Example 3.18), consider
the 3-dimensional subspace:

1
A = span 0
0

0

z

0

S O =
o O O
S = O
o O O

0 0 0
0 0],(0
0 1 1
(Y
0| : z,y,2z€R
x

Being generated by pairwise disjoint elements, A is a sublattice. Moreover, the
identities

o O O

I
< o8

x 0 vy 0 v xx' +yy 0 xy +2y
0 2z 0 0 2 0] = 0 zz' 0 ,
y 0 =z y 0 2 xy +2y 0 xx' +yy

z 0 y - 1 T 0 —y

0 2 0 =50 z'@*-y) 0],

y 0 x Y\ —y 0 x

when both 22 # y? and 2z # 0, prove that A is an inverse closed subalgebra, with
identity because the identity matrix is contained in A. Therefore, A is a Banach
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3. BAND PROJECTIONS IN BANACH LATTICE ALGEBRAS

lattice algebra with the inherited product, order and norm. Its complexification
consists in taking matrices with complex entries.
Set

p:

_ o O
o O O

1
0
0

It is not difficult to check that pap = a for every a € Ag.'" Therefore L,R, =
id4., and this implies p € BP(A). The spectrum of p is the set of roots of its
characteristic polynomial

-2 0 1
det(p—Aidgs) =0 =X 0 |=-AA+1)(A-1),
10 =X

which is o4(p) = o(p) = {—1,0,1}.

Next we want to provide a result that relates spectra with order idempotents.
We start with a simple observation.

Remark 3.27. In C'(K) order idempotents are characterized by their spectrum.
More precisely, p € OI(C(K)) if and only if o(p) C {0, 1}.

We also need the generalization of Theorem 1.10 to arbitrary complex Ba-
nach lattice algebras with identity.

Corollary 3.28. Let Ac be a complex Banach lattice algebra with identity. Let
a € Ay be an invertible element with positive inverse. Then a € A, if and only
if o(a) CRy.

Proof. Let a € A, be an invertible element such that a=* € A,. Then R,: A —
A, being a positive operator with positive inverse R,-1, is a lattice isomorphism.
Note that

(R, — Adao)(z) = z(a — Ae) = Ro_ye(x) for all z € Ag,

where e denotes the identity element of A¢. It follows that o(R,) C o(a), since
R, is invertible whenever a — Ae is. Suppose o(a) C Ry. Then o(R,) C Ry
and R, is a lattice isomorphism. By Theorem 1.10, R, € Z(A), which readily
implies a € A.. The converse is direct if we see a € A, as a positive continuous
function on a compact space. n

Proposition 3.29. Let Ac be a complex Banach lattice algebra with identity.
Let a € Ay be an invertible element such that:

(Z) a_l € A+,

tUsing elementary matrix theory: right multiplication by p swaps the first and third
columns of a € Ag, while left multiplication swaps the first and third rows of a; that is, pap
is the reflection of a with respect to both of its diagonals. The elements of A, however, are
invariant under this operation.
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(ii) o(a) C{\ X+ 1} for some X € R,.
Then a — Ae € OI(A), where e is the identity of A.

Proof. Since a has positive spectrum, and a=! € A, from previous corollary it
follows that a € A.. Then a— Xe € A., and its spectrum satisfies, by hypothesis,
o(a— Xe) € {0,1}. Since A, is essentially a space of continuous functions, it
follows that a — Ae is an order idempotent. O

3.4 INNER BAND PROJECTIONS

In this section the construction of inner band projections explained in Sec-
tion 2.1.1 is extended to general Banach lattice algebras. Let A be an order
complete Banach lattice algebra and let {px}xen € BP,(A) N BP,(A) be such
that paps = dappa for all a, f € A (in particular, if A has an identity, we can
take the py to be pairwise disjoint order idempotents). For I' C A x A define
the map
Pr: A+ — A+
x — \/ paquﬁ . (32)
(a,B)el

Note that this is well-defined, because p,rps = Ly, Rp,(7) < x (recall that
Ly, Ry, is a band projection on A), and A is order complete. If we do not
assume that A is order complete, the coming results work just fine, as long as
we ask for this supremum to exist. In particular, if I is finite, everything works
out.

Lemma 3.30. Let A be a Banach lattice algebra, and let (px)ren € BP(A)N
BP,(A) be such that paps = dappa- If © C A X A is finite, then

\/ PaXPp = Z PaxDs, forallx e Ay.
(a,8)€P (a,8)EP

Proof. For every (o, 3) € ®, L,,R,, is a band projection; to ease the notation,
denote it by L,Rsz. Whenever (v,0) # (o, f):

(LaRg)(LyRs)(x) = papywpsps = 0

because either p,p, = 0 or psps = 0. Therefore (L,Rp)(L,Rs) = 0. Being
band projections, this implies that the bands determined by L,Rg and L,R;
are disjoint. Thus

PaTps A pyrps = (LoRg)(z) A (L Rs)(z) = 0,

or, equivalently, poxps V pyxps = patps + pyps. Since this is true for any pair
of indices, the result follows by induction. m

Theorem 3.31. The map Pr, as defined in (3.2), extends to a unique band
projection on A.
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Proof. Note first that, using the previous lemma,

Prx=\/ pazps= sup \/ parps= wp > Datps.  (33)
(a,8)€T PeFin(T )( B)ed deFin(T (a,8)€®

It follows from the definition that Pr(z+y) < Pr(z) + Pr(y). For every @, ¥ €
Fin(T):

Z Patps + Z PyYPs < Z Papg + Z PyYPs

(a,8)€@ (7,0)ew (o, 8)EPUT (v,0)ePUT
= > palz+y)ps < Pz +y).
(e, 8)EPUT

Taking suprema separately in ® and ¥ we conclude that Pr is additive. Hence it
extends to a unique positive operator Pr: A — A. It is clear from the definition
that 0 < Pr < id4. To show that it is a band projection, it only remains to
prove that it is idempotent. By previous inequality, PZ < Pr. To see the other
inequality, note that for an arbitrary ® € Fin(I'):

Z palr(z)ps > Z pa( Z p»yxp(s)pa
(

(a,3)e®@ (a,8)€® 7,6)€P

> D Dabyrpsps

(a,B)ED (v,0)eP

Z Papg.

(a,8)EP

Inequality P2 > Pr follows from taking supremum on ® € Fin(T"). ]

Definition 3.32. Let A be a Banach lattice algebra and let P: A — A be a
band projection. If there exist (px)aca € BF,(A) N BP,(A) such that p,ps =
0apPa for all o, 8 € A, and such that P = Pr for some I' C A x A as defined
n (3.2), then we say that P is an inner band projection. We say that the band
P(A) is an inner projection band.

Example 3.33. Let K be a compact Hausdorff space. Even though C'(K) may
not be order complete, it still makes sense to consider inner band projections, as
long as the supremum in (3.2) is well-defined. In fact, in C'(K), any band pro-
jection is inner, because it consists in multiplying by the characteristic function
of a clopen set, which is an order idempotent.

Remark 3.34. Let A be an order complete Banach lattice algebra. Since in
L,(A) the supremum of an increasing net is taken pointwise, equation (3.3)
implies

Pr = o-lim Z L, Rg,

<I>€Fin(F
(a,8)EP
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where o-lim denotes the limit of the net in the order convergence. In particular,
if A is order continuous, we have

Pr(z) = lim Z PaTPs = Y PalPp.

PdeFin(T
a,B)ed (a,8)€l

Proposition 3.35. Let A be an order complete Banach lattice algebra, and let
(pa)rea € BP(A) N BP.(A) be such that papg = 0apPa. The set {Pr: T C
A x A} forms a Boolean algebra with maximum element Pyyy, minimum Py
and operations

Pr N Pxn = Proa, PrV Pa = Proa, ?szﬁ for ' A C A XA,
where T = A x A\ T denotes the complementary set.

Proof. On the set of inner band projections, consider the usual order of oper-
ators. Let I A C A x A. We first want to prove that Pr A Pn = Prna. For
every x € Ay, the net (Z(%é)e\ljp,\/l'p(s)qjepm(A) increases to Pa(x). For every
(ar, B) € I, using that band projections are order continuous:

parpp if (o, B) € A,
Ly Ry, (Pa(z)) = olim. > Ly Ry, (pyaps) = { s 1 (o, 5)

YeFin(A (% Tew 0 if (Oé, 5) ¢ A
Therefore
Pe(Pa(x)) = \/ Lp.Rp,(Pa(@)= \/ pazps = Proal),
(e,B)€r (a,B)€TNA
as wanted.

To check the formula for the supremum, first consider the situation 'MA =
@. In this case, PrPan = 0, and

Pr+ Ppn =PV Pa < Proa

because both Pr < Prya and Pa < Prya. To see the reverse inequality, take
finite sets ® € Fin(I') and ¥ € Fin(A). Using that they are disjoint:

Pr(z)+ Pa(®)> Y patps+ > Pyaps= Y,  PalDs.

(a,8)EP (7,0)ew (a,8)EPUT

The right hand side is an arbitrary finite subset of I' U A; taking supremum
over these yields Pr + Pa > Prua. In particular, when A = T, we get the
desired formula for the complementary. Finally, for arbitrary I' and A (not
necessarily disjoint), write their union as the three disjoint unions I' U A =
TNA)U(NA)U(I'NA) and apply the previous formulae. O

Remark 3.36. When A = L,.(X), for some order complete Banach lattice X,
the Boolean algebra of inner band projections is isomorphic to 24*A according
to Proposition 2.10. In the general case, however, this need not be true. In
Example 3.16, the only inner band projection is the zero projection, even though
there are many pairwise disjoint left and right band projections.
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We finish with an illustration of inner band projections in a Banach lattice
algebra without identity. This example also shows that an analogue of Theo-
rem 2.19 for this general setup is not straightforward.

Example 3.37. Consider the 3-dimensional Banach lattice algebra

1 000 0 00
A = span oo o 1 0], (o0 0
0 0 00 100
z 0 0
= 0y 0 :z,y,2z€R ) C M;3(R),
z 00

where the order, product and norm are inherited from M;5(R) (with the conven-
tions as in Example 3.18). It is not difficult to check that this Banach lattice
algebra does not have an identity. By direct computation, one can also check
that

BP(A)N BP,(A) =

000 100 000 100
00 0],pi=[000],po=[010],{010
000 000 000/ \0oo0oO

Since piaps = 0 = psap, for a € A, the only inner band projections besides the
zero projection are a — piapi, a — peaps, and their sum; explicitly, the only
inner band projections are

x 0 0 x 0 0 x 0 0 0 00
0Oy O] — 10 0 O], 0 0Ol — (0 vy 0],
z 00 0 00 z 0 0 0 00

x 0 0 x 0 0

0Oy Ol — |0 uv O

z 00 0 0O

It is easy to check that

z 0 0 0 0O
0Oy 0 — 1[0 OO
z 00 z 0 0

defines a band projection that is not inner.

This chapter has translated much of Chapter 2 into the abstract setting:
order idempotents play the role of band projections on the underlying lattice,
the ideal A, plays the role of the center, and Pr generalizes the inner band
projections Pr. What the abstraction leaves open is whether any of it is actually
needed—whether every Banach lattice algebra already embeds faithfully, as a
sublattice-algebra, into £,.(X) for some order complete Banach lattice X. We
turn to this question in Chapter 4.
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David Munoz-Lahoz, Wickstead's conjecture on positive projec-
tions and non-representable banach lattice algebras, Preprint,
arXiv:2604.14697, 2026

The two preceding chapters took £,(X), for X an order complete Banach
lattice, as the guiding example of a Banach lattice algebra, and isolated which
of its lattice and algebraic features—inner band projections, the ideal generated
by the identity, the Boolean algebra of order idempotents, the interplay between
order idempotents and band projections—can be formulated and proved in an
arbitrary order complete Banach lattice algebra. This line of work leaves open
the converse question: does that abstraction introduce genuinely new objects,
or is every Banach lattice algebra already a sublattice-algebra of some £, (X)?
Put differently, does every Banach lattice algebra A admit a faithful lattice and
algebra homomorphism into £,.(X), for some order complete vector lattice X7
This is the representation problem for Banach lattice algebras, flagged in the
introduction as one of the central open problems in the area and posed explicitly
by Wickstead as [Wicl7a, Question 5.3] and [Wicl7b, Problem 3].

The interest in a positive answer parallels the role played by concrete rep-
resentation theorems in operator algebras, where abstractly defined structures
are shown to embed faithfully into bounded operators on a Hilbert space. The
paradigmatic instance is the Gelfand—Naimark—Segal theorem, which represents
any C*-algebra as a closed *-subalgebra of bounded operators on some Hilbert
space. A faithful representation theorem for Banach lattice algebras would offer
the analogous structural cornerstone, reducing the study of an abstract Banach
lattice algebra to the concrete, well-understood machinery of regular operators
on order complete Banach lattices.

The main goal of this chapter is to settle the representation problem in
the negative. We exhibit Banach lattice algebras with identity of dimension
2 that admit no faithful representation on any order complete vector lattice
(Example 4.22).

The obstruction we exploit passes through a question on positive projections,
also due to Wickstead. Suppose ®: A — L,.(X) is a faithful representation of a
Banach lattice algebra A, with X order complete, and suppose A contains two
non-zero positive idempotents e and p together with a scalar « > 0 for which
ep = pe = p and p — ce is disjoint from e. Setting Y = ®(e)(X)—itself an order
complete vector lattice when endowed with the order inherited from X-—the
operator ®(p) restricts to a positive projection P: Y — Y satisfying

(i) aidy < P, and
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(ii) whenever T' € L,.(Y) is a positive operator such that 7' < Xidy for some
A>0and T < P, then also T' < aidy.

Thus a faithful representation of A forces the scalar o to appear as a parameter
of a concrete positive projection on an order complete vector lattice satisfy-
ing (i) and (ii). Ruling out certain values of a here accordingly rules out the
corresponding Banach lattice algebras from being representable.

Precisely this restriction on a was conjectured by Wickstead in [Wicl7c].
When X is finite-dimensional, conditions (i) and (ii) force the diagonal entries
of the matrix representing P to be all equal to a. We shall accordingly say that
such a P has constant diagonal o whenever the two conditions are satisfied.
Wickstead conjectured that the only values of o compatible with (i) and (ii) are
a=0and a =1/n, for n € N, and he proved it when X is finite-dimensional.
The infinite-dimensional case was left open. In Corollary 4.15 we show that the
conjecture holds on every order complete vector lattice. The non-representable
examples announced above then fall out at once: Wickstead listed in [Wicl7c,
Section 7] an explicit family of Banach lattice algebras on R? that take values
of a outside {0} U {1/n:n € N}.

The positive-projections result is itself obtained from a sharper theorem
for C(K) spaces (Theorem 4.3). On the other hand, Proposition 4.16 extends
Wickstead’s explicit description of contractive positive projections with constant
diagonal on finite-dimensional Banach lattices to £,-spaces over arbitrary index
sets, for 1 < p < 0.

4.1 PRELIMINARY DEFINITIONS AND NOTATION

Before diving into the material, let us review some standard notational conven-
tions that will appear intensively in this chapter. For a compact Hausdorff space
K, we denote as usual the space of continuous functions on K by C(K) and its
dual, which we identify with the space of all finite signed regular Borel measures
on K, by M(K). For every f € C(K) and u € M(K), we denote the dual pair-
ing by (u, f), whilst the value of 1 at a Borel set B will be denoted by u(B).
The point mass measure at t € K will be denoted by ¢;. Every f € C'(K) has an
associated multiplication operator My: C(K) — C(K) defined by M¢(g) = fg,
for all g € C(K).

It is also convenient to introduce a couple of definitions. Let X be an order
complete vector lattice. Recall from Section 1.2.3 that the diagonal projection
D: L.(X)— L.(X) is the projection onto the center of X.

Definition 4.1. Let X be an order complete vector lattice, and let T: X — X
be a regular operator. We say that 7" has constant diagonal o if D(T) = aid.

Notice that T" having constant diagonal « is the same as aidx being the

supremum of all the central operators that lie below T'. This is the characteri-
zation we used at the beginning of the chapter.
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Definition 4.2. A representation of a lattice-ordered algebra A is a lattice and
algebra homomorphism ®: A — £,(X), for some order complete vector lattice
X. We say that ® is faithful if it is injective. In the case that A has an algebraic
identity e and ®(e) = idx, we say that ® is unital.

These and other kinds of representations will be studied in more detail in
Chapter 5.

4.2 THE MAIN THEOREM

This section is devoted to proving the following.

Theorem 4.3. Let K be a nonempty compact Hausdorff space. Let P: C(K) —
C(K) be a positive projection with Pl = 1. Suppose there exists some o > 0
satisfying:

(i) aidexy < P, and
(it) if 0 < My < P, then || f|l < a.
Then either a« =0 or o = 1/n for some n € N.

We will construct the proof incrementally along this section. We start with
some lemmas that may be of interest by themselves.

Lemma 4.4. Let X be a Banach lattice, and let P: X — X be a positive
projection. Let S C X, be a set, and let I be the ideal generated by S. If
P(S) C 1, then also P(I) C I and P(I) C I.

Proof. If x € I, then there exist sq,...,s, € S and \y,..., A\, € R, such that
lz] < Aysp 4+ AnSa.
Using the positivity of P it follows that
|Px| < Plx| < M Ps;+ -+ A\, Psy.

Since P(S) C I, the right hand side in the previous equation belongs to I, and
therefore Px € I. Thus P(I) C I and, since P is continuous, P(I) C 1. O

Lemma 4.5. Let X be a Banach lattice with a quasi-interior point. Let P: X —
X be a positive projection satisfying aidx < P, for some a > 0. If BC X is a
projection band invariant under P, then so is B?.

Proof. Let e be a quasi-interior point of X, and let f = Pe. Since f = Pe > «e,
and a > 0, f is also a quasi-interior point. Let @): X — X be the band
projection onto B. Then using the positivity of P, and the fact that Qf < f,
it follows that

PQf<Pf=]
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Since PQf € B, applying @ to this equality yields PQf < Qf. Thus

0=PQf - PQf) 2 a(Qf —PQf) 20

and the equality PQ f = Qf follows. Using this, the computation
(dy —Q)f =f—-Qf =Pf - PQf = P(idx —=Q)f

shows that (idx —Q)f belongs to the image of P. By Lemma 4.4, the closed
ideal generated by (idx —Q)f is invariant under P. Since f is a quasi-interior
point, this closed ideal is precisely B¢. Indeed, for every z € X, find a sequence
(z,,) contained in the ideal generated by f and such that x,, — x (this we can
do because f is a quasi-interior point). Then (idx —Q)z, — (idx —Q)z, where
the sequence ((idx —Q)x,) belongs to the ideal generated by (idx —Q)f. O

Recall that a projection P: X — X on a vector lattice X is said to be
strictly positive if x > 0 implies Px > 0.

Lemma 4.6. Let X be a Banach lattice, and let P: X — X be a strictly positive
projection. If the only closed ideals invariant under P are the trivial ones (that
is, {0} and X ), then P has rank 1.

Proof. Since P is strictly positive, by [AA02a, Lemma 5.43] P(X) is a (closed)
vector sublattice of X. If P(X) didn’t have dimension 1, then there would exist
two positive disjoint vectors z,y € P(X). The closed ideal generated by x in X
is non-trivial (because y does not belong to the band generated by z), and yet
invariant by Lemma 4.4. This contradicts the assumption. O

Let K be a compact Hausdorff space, and let P: C(K) — C(K) and a > 0
be as in Theorem 4.3. If &« = 0 we are done, so we may assume from now on
that @« > 0. The adjoint P*: M(K) — M(K) is again a positive projection
satisfying avidy gy < P*. For every t € K, let p; = P*d,. Notice that the map

K — M(K)
bt iy

is continuous for the weak* topology on M (K); this fact will be used several
times later on.
Decompose

e = Z A(t,s)0s + 1,
seJy

where v, is a positive continuous measure (i.e., it is disjoint from every point
mass measure), J; C K is an at most countable set of points, and A(¢,s) > 0 for
every s € J;. Moreover, since aidpxy < P* and a > 0, we must have ¢ € J,
and a < A\(¢,t) for all t € K. Also, it is important to keep in mind that pu; is
positive and

sl = s (K) = (P75, 1) = (05, Plic) = (05, 1) = L.
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Lemma 4.7. For every s € J;, Js C J;.

Proof. Using that P* is a projection, we have

Z At,s)0s + v =y = Py = Z At, s)ps + Py (4.1)

seJt seJt

Notice that all the coefficients are positive. Hence, for this equality to hold,
the discrete part of each u, cannot contain any point mass measure supported
outside J;. O

Fix an arbitrary t € K. Denote by I the order ideal generated by { us :
s € Jy} in M(K). Since P*us = us for every s € J;, Lemma 4.4 guarantees
that both I and I are invariant under P*. Since M (K) is order continuous, I
is actually a projection band.

Lemma 4.8. The only closed invariant ideals of P*|; are the trivial ones.

Proof. We want to use Lemma 4.5. For this, first note that I, being a band in
M (K), is itself an order continuous Banach lattice (actually, it is an AL-space).
Also note that I has a quasi-interior point: if J, = {t;}2°, is an enumeration of
Ji, then e = 3" 271, is a quasi-interior point of I (recall that ||us]| = 1).

Suppose I’ C I is a closed ideal invariant under P*|;. The order continuity
of I implies that I’ is a projection band in I. By Lemma 4.5, its disjoint
complement in I is also invariant under P*|;. Now 4, € I is an atom, and
therefore must belong to either I’ or its disjoint complement. Without loss of
generality, assume it belongs to I’. Then the invariance of I’ under P* implies
that

P*5, = py = Zz\(t,s)&g +uyel.

seJy

Since A(t,s) > 0 for every s € J;, and I’ is an ideal, §, € I" and, using again
invariance, pgs € I’ for all s € J;. But I is precisely the closed ideal generated
by s, so that I’ = I. O]

By Lemma 4.6, P*(/) has rank one. That is, there exist a measure p €
M(K)y and scalars A\; € Ry such that us = P*us = Agp for all s € J,. But
since us(K) = 1 for every s € J;, As does not depend on s, and therefore
s = p for every s € J;. This implies that the family of all distinct sets J;
forms a partition of K.

Lemma 4.9. For all s € K, either J3 = J; (when s € Jy) or JsNJ; = & (when
S g Jt)

Proof. When s € J;, we have noted already that pus = p, so obviously J; = J;.
If s € J,N J;, then again we would have ps = g = p¢, and therefore s € J, =
Jy. O
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The fact that pus = p; for all s € J; has further implications on the expression
of p;. First, since the continuous parts of p; and ps must be equal, v, = v, holds
for every s € J;. Second, since the coefficient of each point evaluation must be
equal, A(t,s) = A(s, s) holds for every s € J;. Hence A(t, s) > « for every s € J;.
Moreover, since o > 0 and ||pus]] = 1, J; must be finite and satisfy |J;| < 1/a.

Next we want to show that v, = 0. For this we need the following topological
lemma.

Lemma 4.10. For every ¢ > 0 and t' € J;, there exists an open neighborhood
V oof t' such that (P*vy)(V) < €.

Proof. Let J, = {t1,...,t,}, and let U],..., U/ be pairwise disjoint open neigh-
borhoods of t1,. .., t,, respectively. Let U' = UjU---UUj,. Since 1, is a regular
continuous measure, we may choose these neighborhoods small enough so as to
have 1,(U’) < €/2. Let also U; be an open neighborhood of ¢; satisfying U; C U
fori=1,...,n, and denote U =U; U ---UU,,.

Fix t' € J,. For every s & U, J, does not contain any of the points in J,
by Lemma 4.9. Therefore there exists an open neighborhood V; of #' such that
ws(Vy) < /2. Recall that the map s’ — s is continuous in the weak* topology.
Hence there exists an open neighborhood W; of s such that puy(V;) < ¢/2 for
all s € Wi.

This way the {W}scx\v form an open covering of the set /K \ U. Since the
latter is compact, we can extract a finite subcovering:

K\UCWg,U---UW, .

Consider the set V =V, N---NV; , which is again an open neighborhood of

t'. Notice that, if s & U, then s € W, for some i € {1,...,m}, and therefore
(V) < (Vi) < /2

To prove that V' is the set we wanted to construct, we need to show that,
for every f € C(K) satisfying 0 < f < 1x and supp f C V, we have

<P*Vt7f> = <Vt>Pf> <E.
Fix such an f € C(K). Let Uy = U’, Uy = K\ U, and let {fi, fo} be a partition

of unity subordinate to the open covering {U, Us}. On the one hand, for every
s¢U:
(Pf)(s)f2(s) < (P05, f) = (ps, [) < ps(V) <e/2.
Since fy(s) =0 for s € U, this shows that (Pf)fs < €/21f. In particular,
(v, (Pf) fa) <e/21(K) <e/2.

On the other hand, since ||Pf|loo < || fllool|Pli]le < 1,

(v, (Pf) 1) < (v, ) S w(U') < g/2.

Therefore

(ve, Pf) = (v, (Pf) 1) + (v, (Pf) f2) <e. =
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Lemma 4.11. For everyt € K, v, = 0.

Proof. Expanding the right hand side of (4.1), we have the following identity:
DSOS A=) At s)A(s, 80y + > At )+ Py, (42)
seJy s€Jy s'edy seJt

where we are using that J; = J; and also that v, = 1, for every s € J,.
Fix t' € J;. According to Lemma 4.10, for every € > 0 there exists an open
neighborhood V' of ¢’ such that (P*14)(V) < e. By making V' smaller, we can
assume that also 14(V) < € and that t” ¢ V for every other " € J; different
from ¢’. Evaluating the above expression at V' yields

At A) + (V) =D Mt )N, 1) + Y AL s)u(V) + (Pru)(V).

s€Jy s€Jy

Using that ) _; A(t,s) < 1, rearrange the previous expression to get

’ Zz\ts

Since € > 0 was arbitrary, it follows that A(t,2') = > ., A(t, s)A(s,t').
Using these identities for every t’ € J;, (4.2) becomes

< 3e.

- Z A(t, s)vy + Py,

seJt

Applying P* to the above equation, and the fact that »_
P*v, = 0. Therefore

ses, Mt ) >0, yields

and either v; = 0, in which case we are done, or »___, A(t,s) = 1. But since

L= u(K) =Y At s) + n(K),

in the latter case we also end up having v, = 0. O]
So far we have proved that, for every t € K,
=3 At,s)d,,
seJy

where a < A(¢, s) and J; is finite with uniformly bounded size |J;| < 1/a. Up to
this point we have not used that aidg(k) is the biggest multiplication operator
below P, only that aide(xy < P. Now this fact has to come into play.
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Lemma 4.12. For every n € N, there exists a dense set D,, C K such that
At t) <a+1/n forallt € D,.

Proof. Let n € N. In order to get a contradiction, suppose there exists an open
set U C K such that A(t,t) > o+ 1/n for all t € U. Let V' be an open set with
V C U. By Urysohn’s lemma, there exists a continuous function f € C(K)
such that 0 < f < 1k, supp f C U, and f|y = 1.

Set g = (a+1/n)f. Then for every h € C(K), and t € U:

g()h(t) < (a+1/n)h(t) < A, 1)h(E) < (Ph)(D).

Also, g(t)h(t) = 0 < (Ph)(t) whenever t ¢ U. Hence M, < P, but ||g||ec =
a+ 1/n > «, contradicting the assumption. Il

We can now use this fact to obtain the final lemma.
Lemma 4.13. There exists t € K such that A(t,s) = « for all s € J;.

Proof. Since |Jg| < 1/a for all s € K, we can choose t € K for which the
cardinality of J; is maximal. We claim that A(¢,s) = « for all s € J;. To show
this, we will proceed by contradiction: suppose there exist some t; € J; and
some n € N for which A(t,¢1) > a + 1/n.

Since Jy, = J;, Ji, also has maximal cardinality. Write J, = {t1,...,t},
and let Uy,...,U,, be pairwise disjoint open neighborhoods of t¢i,...,t,,. By
the weak™ continuity of s — u,, there exists an open neighborhood U of ¢; such
that, whenever s € U, us(Uy) > o+ 1/n (recall that u, (Uy) > o+ 1/n) and
ws(Ui) > a/2 (recall that py, (U;) > «) for i = 2,...,m. This means that, for
every s € U, J, must contain at least a point in each Uy,...,U,,. Since these
sets are pairwise disjoint, .J; contains at least m points. The maximality of
m implies then that J, must contain exactly m points, one in each of the sets
Ul, <oy Um

In particular, for the s € U N Uy, the point of J; that belongs to U; is
precisely s. And since p5(Uy) > a+ 1/n, and the only point of J; that belongs
to Uy is s, it follows that A(s, s) > a+1/n for every s € UNU;. This contradicts
Lemma 4.12. O

Pick t € K as in the lemma above. Then

Mt = Zaés

sEJt

so that

1 =w(K)= Za:a|Jt|

seJt

which implies o« = 1/|J;|. This completes the proof of Theorem 4.3.
We conclude this section with a general example showing how each of the
values 0 and 1/n, for n € N, can be attained.
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Example 4.14. Let K be a compact Hausdorff space. Let G be a finite sub-
group of the homeomorphism group of K. Then the map P: C(K) — C(K)
defined by

Pf= iZfoa, for f € C(K),

G| =
is a positive projection that satisfies the conditions of Theorem 4.3 with o =
1/|G]. Indeed, it is immediate to check that P is a positive projection such that
1/|Glidexy < P and Plg = 1g. Suppose 0 < M;, < P for some h € C(K);.
Given t € K, choose an open neighborhood U of ¢ such that o(¢) & U for all
o € G\ {idk}, and let f € C(K) be a continuous function satisfying f(¢) = 1,
0< f<1g, and supp f C U. Then

h(t) = Ma(f)(t) < (Pf)(t) = il
Since this is true for every t € K, |||l < 1/|G|.
To construct an example with @ = 0, let © € M(K), be a continuous
measure with u(K) = 1, and define

sz]lK/fd,u for f € C(K).
K

It is immediate to check that P is a positive projection satisfying Plx = 1.
Suppose 0 < M, < P, for some h € C(K),. Fixt € K and € > 0. Let U be
an open neighborhood of ¢ for which pu(U) < e. Let f € C(K) be a continuous
function satisfying f(t) =1, 0 < f < 1k, and supp f C U. Then

h(t) = Mu(f)(t) < (Pf)(1) < u(U) <e.

Since ¢ > 0 and t € K were arbitrary, h = 0.
4.3 WICKSTEAD’S CONJECTURE AND OTHER CONSEQUENCES

Theorem 4.3 can now be used to answer [Wicl7¢, Question 7.3].

Corollary 4.15. Let X be a non-zero order complete vector lattice. Let P: X —
X be a positive projection with constant diagonal «. Then either o = 0 or
a = 1/n, for somen € N.

Proof. If a = 0 we are done, so assume a > 0. In particular, P # 0, so there
exists some e € X, such that Pe # 0. Then Ip., the ideal generated by Pe, is in-
variant under P by Lemma 4.4. Use Kakutani’s theorem to identify (Ipe, ||-|| pe)
lattice isometrically with C'(K), for some nonempty compact Hausdorff space
K, in such a way that Pe is identified with the function 1x. We are going to
show that the restriction of P to Ip, satisfies the conditions of Theorem 4.3.

It is clear that the restriction is a positive projection satisfying aideo(xy < P.
Moreover, Pl = P(Pe) = Pe = 1k. Since X is order complete, and the
diagonal of P is aidyx, we can express P = «aidyx +7T, where T is a positive
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operator disjoint from idy. By the Riesz—Kantorovich formulas, this means
that

0= (T nidx)(z) = Inf Ty+(z—y)

holds for every x € X, . Note that T'= P—«idy also leaves Ip. invariant. More-
over, since Ip, is itself an order complete Banach lattice, the Riesz—Kantorovich
formulas also hold in L,.(Ip.). Therefore, for every x € (Ip),

(T'|1p, Ndx)(x) = yefpi%fgygm Ty+(r—vy)= oéﬁ}ix Ty+ (x—y) =0,

where in the second equality we are using that /p is an ideal. Hence, in L,.(Ip.),
P|;,. = aidy,, +T)|;,,, with T disjoint from the identity. Now, if f € C(K),
is such that My < P, then because of the previous decomposition and the fact
that My is a central operator My < avide(k). Hence || f|l < o O

The previous result applies, in particular, to conditional expectations with
constant diagonal. We can use this fact, together with the ideas in the proof of
Theorem 4.3, to characterize all contractive positive projections with constant
diagonal on £, spaces. Given a set A, xp will denote the characteristic function
of B C A, and e, will denote the characteristic function of the singleton {a} C A.

Proposition 4.16. Let A be a nonempty set, let 1 < p < oo, and let
P:l,(A) — (,(A) be a contractive positive projection with constant diagonal
a>0. Thenn =1/a € N, and there exists a partition {A;}; of A into sets of

size n such that
P<Z)\a€a> = OZZ (Z )‘a)XAiy

a€A ) acA;

whenever Y 4 [Aa|P < 00. In particular, if A is countable, then there exists an
enumeration of A such that the matriz associated with P is

ol, 0, O,
0, ol, 0,

0, 0, al, ---|°
where 0, denotes an n by n block of zeros, and 1, denotes an n by n block of

omnes.

Proof. For every a € A, we can express

Pe, = Z A a, b)ey,

beJ,

where A(a,b) > 0 and J, C A is at most countable. Moreover, that the diagonal
of P is a implies (Pe,)(a) = «, that is, a € J, and A(a,a) = .

80



4.3. Wickstead’s conjecture and other consequences

Fix a € A. We claim that, for every b € J,, J, C J,. Indeed, since P is a
projection,

Z)\abeb Pe, = P(Pe,) = ZAabZAbc

beJa beJq c€Jy

Since all the coefficients are positive, it cannot be the case that .J,, for b € J,,
introduces a new coordinate. Hence J, C J,.

Let I be the closed linear span of {¢e, : b € J, }. Notice that I is a closed
ideal, and therefore a band. By the above observation and Lemma 4.4, this ideal
is invariant under P. We are going to show that the restriction P|;: I — I has
rank 1 just like in Lemma 4.8. By Lemma 4.6, it suffices to show that the
only invariant closed ideals are the trivial ones. Let I’ C I be a closed ideal
invariant under P|;. Since [ is order continuous and has a quasi-interior point
(in fact, it is lattice isometric to £,), it follows from Lemma 4.5 that the disjoint
complement of I’ in [ is also invariant. But e, is an atom: it must belong to
either I’ or its disjoint complement. Suppose, without loss of generality, that
eq, € I'. Then by invariance Pe, € I’ and, being I’ an ideal, e, € I’ for all
b € J,. Since [ is the smallest closed ideal containing all the e, for b € J,, it
follows that I’ = I. Hence P|; has rank one.

Let = be a positive norm-one element in P(I). Notice that, in particular,
x(b) > 0 for all b € J,. Define a probability measure p on J, by u(b) = x(b)?,
for b € J,. Then [ is lattice isometric to L,(x) through the map

J: I — L,(1)
y — (0)z(0) s

Define P = JP|;J~': L,(1) — L,(p). This is still a contractive positive pro-
jection, and it satisfies

P(1,)=JPJ Y1;)=JPx=Jr=1,,

By the Andd-Douglas theorem [AA02a, Corollary 5.53], P is the conditional
expectation with respect to some o-algebra ¥ on .J,. Since J, is at most count-
able, ¥ must be generated by a partition {A4;} of J,. Hence the conditional
expectation has the form

ZXA Z (b for all f € L,(n).

bEA

From P(L,(1)) = span{1,,} it follows that the partition must be trivial, so
that actually

P(f) =14, u(b)f(b) forall f e Ly(p),
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for all y € I. In particular, « = (Pep)(b) = z(b)P for all b € J,. Since o > 0,
and ||z||, = 1, this means that J, must be finite with |J,| = 1/a. Also, the
expression for P|; ends up being

Pli(y) = xJ,« Z y(b) forallye I. (4.3)
beJa

Therefore, for every b € J,, Pe, = axy, = Pe,. Hence J, = J, whenever b € J,,
and J, N J, = & otherwise.

Consider then the partition {A;} formed by the sets of the form J,, a € A,
that are different. Using (4.3) we arrive at

P(ZAaa) :P<ZZM1> ZQZ(ZAG)M‘

acA i a€A; 7 acA;

whenever ), |AqP < oco. In the case that A is at most countable, to get the
desired matrix first enumerate the partition { Ay }ren, and then enumerate A in
such a way that Ay = {n(k —1)+1,...,nk}, where n = 1/a. O

Remark 4.17. Following the ideas of the previous proof, it is not difficult to check
that the only contractive positive projection P: £,(A) — £,(A) with constant
diagonal 0 is P = 0.

4.4 ON THE REPRESENTATION OF BANACH LATTICE ALGEBRAS

In this section we use Corollary 4.15 to settle the representation problem for
Banach lattice algebras in the negative. We begin with two preparatory lemmas:
the first records that the range of a positive projection is itself an order complete
vector lattice, and the second shows that disjointness from a positive idempotent
in £,.(X) becomes disjointness from the identity on its range. These lemmas
will let us apply Corollary 4.15 on the range of an arbitrary positive idempotent
of L,.(X).

In the following lemmas, when X is a vector lattice, Y is a sublattice, and
S C Y is a set, we denote by supy S the supremum of S in X (whenever it
exists) and by supy S the supremum of S in Y (whenever it exists).

Lemma 4.18. Let X be an order complete vector lattice, and let E: X — X be
a positive projection. Then Y = E(X), endowed with the order inherited from
X, is an order complete vector lattice with supremum Vy given by

y1 Vy y2 = E(y1 Vya)  for all y1,y2 €Y.

Proof. Let y1,y> € Y. Since F is positive and Fy; = y; for ¢ = 1,2, we have
E(y1Vy2) > Ey; = y;, so E(y1 Vo) is an upper bound of {y;, 92} in Y. If z € Y
satisfies z > y; and z > v, then z > y; Vys in X, whence z = Ez > E(y; Vxy2).
This shows that y; Vy yo = E(y1 V ya).

For order completeness, let (y,) be an increasing net in Y that is bounded
above by some yy € Y. By order completeness of X, z = supy y, exists. Then
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Ez > By, =y, for all v, so Ez is an upper bound of (y,) in Y. If w € YV
also satisfies w > g, for all v, then w > 2z in X, and so w = Ew > Ez. Hence
Ez = supy y,. Il

Lemma 4.19. Let X be an order complete vector lattice, and let E,T € L,.(X)
be positive operators satisfying:

() B =F,
(ii) ET =TE =T, and
(iii) EAT =0 in £,(X).
Set Y = E(X), endowed with the order inherited from X. Then
idy ATy =0 in L,(Y).

Proof. By Lemma 4.18, Y is an order complete vector lattice, so £,(Y") is itself
an order complete vector lattice and the Riesz—Kantorovich formulas hold in
it. Note also that T = ET = TFE implies that T leaves Y invariant, so the
restriction T’y : Y — Y is a well-defined element of £,.(Y).
Fix y € Y.. We compute (E A T)(y) using the Riesz—Kantorovich formula
in £,(X):
(ENT)(y) :iQf{Ea—l—T(y—a) 0<a<y}.

Since T'=TFE, for any a € X, with a <y,
Ea+T(y—a)=Fa+Ty—TEa= (idy —T|y)(Ea) + T|y(y).

As a ranges over {a € X : a <y}, the element w = Ea ranges over the order
interval [0,y]ly = {w € Y, : w <y} in Y. Therefore

(EAT)(y) = mf{ (idy =Tly)(w) +T|y(y) : w € [0,y]y }. (4.4)
On the other hand, the Riesz—Kantorovich formula in £,(Y") gives
(idy ATIy)(9) = inf { (idy ~Tly)(w) + Th() s w € 0gly ). (45)

The set whose infimum is taken is the same subset of Y in both (4.4) and (4.5).
The only difference is that the first infimum is taken in X while the second is
taken in Y C X. Therefore

(idy ATly)(y) < (EAT)(y) = 0.

Since this holds for every y € Y, we conclude that idy AT|y =0 in £,.(Y). O

We can now state the criterion for non-representability. The proposition
below generalizes the criterion implicit in [Wicl7¢, Section 7] in two ways: the
algebra A need not have an algebraic identity, and the conclusion does not
require the representation to be unital.
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Proposition 4.20. Let A be a lattice-ordered algebra. Suppose there exist non-
zero positive elements e,p € A satisfying:

(i) e =e, p* =p,
(ii) ep = pe = p, and
(iii) p = ae + z, for some x € A with x Ne =0, and some o € R,..

If a ¢ {0} U{1l/n:n € N}, then A has no faithful representation on L,.(X), for
X any order complete vector lattice.

Proof. Suppose that ®: A — L£,(X) is a faithful representation of A, where X is
an order complete vector lattice. Set E' = ®(e), P = ®(p), and T' = ®(z). Since
® is a lattice and algebra homomorphism, £ and P are positive projections, and
they are non-zero because @ is faithful and e, p # 0. The relations

er = re =z,
which follow from ep = pe = p together with p = ae + z, give
ET=TE=T.

Applying ® to (iii) yields P = aF + T, and the disjointness e Ax = 0 in A
transfers via ® to EAT =0 in L,.(X).

By Lemma 4.19, setting Y = E(X), we obtain idy AT|y = 0 in L.(Y).
Restricting the equality P = aFE + T to Y yields

P‘y = Oéidy +T‘Y7

where, by Lemma 4.18, Y is an order complete vector lattice (non-zero, since
E #0), Py is a positive projection on it, and 7|y is disjoint from idy. That is,
Ply has constant diagonal . By Corollary 4.15, « € {0} U{l/n:n e N}. O

Remark 4.21. When e is an algebraic identity and ® is unital, Lemma 4.19 is
not actually needed: ® being unital then forces £ = idx, so Y = X, and the
operator P = ®(p) already has constant diagonal o in £,(X), allowing one to
apply Corollary 4.15 directly. The role of Lemma 4.19 is precisely to handle
the case in which E = ®(e) is not the identity of £,(X), which is what one
encounters either when the algebra has no identity or when the representation
is not required to be unital.

The following example, due to Wickstead [Wicl7c, Section 7], exhibits Ba-
nach lattice algebras of dimension 2 satisfying the conditions of Proposition 4.20.
In its original form it answered [Wicl7a, Question 5.3] and [Wicl7h, Problem 2]
in the case of unital representations; with the strengthened proposition above,
the conclusion no longer depends on the representation being unital.
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Example 4.22. Let —1 < 3 < 0. Consider R? with pointwise multiplication
and positive cone

Péz{(m,y)E[R2:0§$,593§y§$}.

It is shown in [Wicl7c, Theorem 3.1 that this is a lattice cone for which the
product of positive elements is positive. Moreover, (R?, Pﬁl) can be endowed
with a norm so as to make it a Banach lattice algebra [Wicl7c, Proposition
8.3]. Also, the algebraic identity e = (1,1) is positive.

Let p = (1,0) and z = (1, 3). Note that p* = p, p > 0, and that

15} 1
5_16—1—1_53:.

Let us check that x Ae =0. If y = (y1,y2) and x,e > y, then

p:

Bl—wp)<f—1y2<1l—yrand f(1—y) <1—y <1—y,

which give By; > yo > y1. Thus y; < 0, which together with Sy, > yo > vy,
implies that y < 0.
By Proposition 4.20, applied with e = (1,1) and p = (1,0), if

b .

that is, if # ¢ {0} U{-1/(n —1) : n € N,n > 2}, then (R? Pj) admits no
faithful representation on any order complete vector lattice.
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REPRESENTATION THEORY

Marcel de Jeu and David Munoz-Lahoz, Representation theory of
vector lattice algebras, Manuscript in preparation

The previous chapter settled the representation problem for Banach lattice
algebras in the negative: we exhibited Banach lattice algebras with identity
of dimension 2 that admit no faithful lattice and algebra homomorphism into
L,(X), for any order complete vector lattice X. This rules out the hope of a
universal, GNS-style representation theorem embedding every Banach lattice
algebra into a concrete algebra of regular operators. It does not, however, rule
out a representation theory. What closes with that result is one particular
route to the study of lattice-ordered algebras—via a concrete ambient £, (X)—
but the intrinsic representation-theoretic questions, those concerning modules,
submodules, quotients, and the structure of semisimple objects, are untouched
by it. The present chapter takes up those questions systematically. All the
contents in this chapter are joint work with M. de Jeu, and will be part of a
manuscript that is still in preparation.

For associative algebras, the analogous theory is classical and well developed:
modules and submodules, quotients, simple and semisimple modules, Schur’s
lemma, the Wedderburn—Artin classification of semisimple algebras with iden-
tity, Fitting’s lemma and the Krull-Schmidt theorem on indecomposable mod-
ules fit together into a coherent body of results (see, for instance, [EH18]). For
lattice-ordered algebras, by contrast, very little is known. Some preliminary
work on representations of groups on vector lattices is available and supplies a
shared vocabulary, but the corresponding programme for algebras has not been
carried out.

Already at the level of the basic definitions it becomes apparent that the in-
teraction between the lattice and algebra structures forces each classical notion
to split into several distinct grades. A representation of a lattice-ordered alge-
bra A on a vector lattice X is, in the weakest sense, an algebra homomorphism
¢: A — L(X) that happens to be regular; one obtains progressively stronger
notions by requiring ¢ to be positive, or, when X is order complete, a lattice ho-
momorphism into £,(X). Submodules, in turn, admit several natural choices:
A-invariant subspaces, sublattices, ideals, and bands. Quotients are well be-
haved modulo A-invariant ideals in the positive case, and modulo A-invariant
bands in the regular and lattice cases. These distinctions are not cosmetic:
whether an algebraic result survives the passage to the ordered setting depends
on which grade is taken.
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The chapter is organised as follows. Section 5.1 introduces the three grades
of ordered module—regular, positive, and lattice—and collects the basic exam-
ples. Among these we include a bounded algebra homomorphism from a Banach
lattice algebra into a space of regular operators that is not itself regular, an-
swering a question raised in [Bla25, Page 7]. Section 5.2 studies A-invariant
ideals and bands, and the associated quotients, direct sums and products. Sec-
tion 5.3 introduces the ordered analogues of simplicity and semisimplicity, for-
mulated in terms of A-invariant ideals, and characterizes semisimple modules
by the existence of invariant complements (Theorem 5.11). Section 5.4 gives
an ordered version of Schur’s lemma, and Section 5.5 an ordered version of
the Wedderburn—Artin theorem (Theorem 5.27). In the normed case the latter
takes a particularly clean form: every order semisimple normed lattice-ordered
algebra with identity is lattice-algebra isomorphic to a finite product of matrix
algebras over R, and in particular admits a faithful lattice-algebra representa-
tion on some finite dimensional vector lattice (Corollary 5.30). For the algebras
in this class, the representation problem has a positive answer after all.

5.1 ORDERED MODULES

Let A be a real algebra. Recall that an A-module is a real vector space V
together with an algebra homomorphism ¢: A — L(V), where £(V) denotes
the linear operators on V. Such a map is also called an algebraic representation
of A on V. When no confusion can arise we omit the explicit mention of ¢
and denote ¢(a)(x) simply by az. When A has an identity 14, we adopt the
convention that ¢(14) must be the identity map on V.

Our goal is to study A-modules in the ordered context. A direct way to
do so is to work with a vector lattice X that also has an A-module structure.
For some results this will suffice. For others, we need the order structure to
also appear in A (making it into a lattice-ordered algebra) and in ¢. There are
several natural ways to do so:

Definition 5.1. Let A be a lattice-ordered algebra, let X be a vector lattice
and let ¢: A — L(X) be an algebra homomorphism.

(i) We say that X is a reqular A-module if ¢ is regular. In this case, ¢ is
called a reqular representation of A on X.

(ii)) We say that X is a positive A-module if ¢ is positive. In this case, ¢ is
called a positive representation of A on X.

(iii) Suppose that X is order complete. We say that X is a lattice A-module
if p(A) C L,(X) and ¢: A — L,(X) is a lattice homomorphism. In this
case, ¢ is called a lattice representation of A on X.

Note that for regular and positive representations, ¢(a) is automatically a
regular operator. In the case that A is a Banach lattice algebra and X is a
Banach lattice, we speak of reqular/positive/lattice Banach A-modules. In these
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cases, X is a Banach A-module, in the sense that ¢(a) is a bounded operator
on X for every a € A and the map ¢ is itself bounded. According to [Bla25,
Section 2], the notion of regular Banach A-module was first introduced by M.
Roelands (with the name regular Banach lattice A-module) and the notion of
positive Banach A-module by the author himself (with the name Banach lattice
A-module). Here we adopt a different nomenclature to make it more consistent.

Every lattice A-module is a positive A-module and every positive A-module
is a regular A-module. It is easy to see that each of these notions is strictly
stronger than the next. However, is every A-module satisfying ¢(A) C £,.(X)
a regular A-module? In other words: is every algebra homomorphism ¢: A —
L,.(X) regular? At least in the bounded case, this was an open question. In
[Bla25, Page 7] it is mentioned that no example is known of a continuous algebra
homomorphism from a Banach lattice algebra A to a Banach lattice algebra of
the form £,(X), with X an order complete Banach lattice, which is not regular.
The following is an example of such a map.

Example 5.2. This example is partially based on Krengel’s example of a com-
pact operator that does not have a modulus. Let us recall the construction
following [AB06, Example 5.6]. Let X,, = 2" for n = 0,1,2,.... Identify X,
with X,,_1 @2 X,,_1 in the natural way. Define T},: X,, — X,, inductively as
follows: Tj is the identity operator and

T — L Tnfl Tnfl
" \/§ _Tn—l Tn—l
for n > 1. The first three operators of the sequence have matrices:

1 1 1 1

1 1 1 I1-1 1 -1 1

T0:(1)7 le_ (_1 1> ) TQZE -1 -1 1 1
1 -1 -1 1

It can be shown by induction on n that each 7;, is an isometry.

Identify X,, with the subspace span{ean, ..., egn+1_1} of £5, that is, embed X,
in /5 in the coordinates that go from 2" to 2"*! — 1. All of these identifications
together yield a decomposition of ¢ into blocks @®;° ,.X,,, where the direct sum
has the /5-norm. Define the block-diagonal operator T' = @22 (7T,,. Again, it is
not difficult to check that T is an isometry.

If T had a modulus, the matrix entries of the modulus would have to be
at least |(e;, Te;)|, where (-,-) denotes the inner product of ¢5. However, the
matrix (|(e;, Te;)|);; does not define an operator on f,. Indeed, define u, =
egn + -+ + egnri_y. Then u = @2 ,272"3y,, is an element of f, whose image
through (|(e;, Te;)|);; would be

S (i e 7o)} e = D2/, = 2o, (5.)
=1 \ j=1 n—0 0

Since ||u,||3 = 2", this sequence does not define an element of /5.
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We are now going to construct an isometric embedding S: ¢y — L, ({3 ® {5)
such that the product of any two elements in S(¢3) is zero. This idea works
more generally to give an embedding from a Banach lattice X to £,(X* & X*)
with the stated property.

For every x € {5, define

Se: laBly —> ly @ Lo
(aa b) — (07 <CL,.CE>€1) .

Note that this is a regular operator. The map S: ¢y — L,.(ls @ {5) that sends
x € ly to S, is a positive linear map (it is, in fact, an isometric embedding).
Moreover, if ¢5 is endowed with the zero product (which makes it into a Banach
lattice algebra), then S is an algebra homomorphism, because S,S, = 0 for all
T,y € EQ.

Consider the operator ST: o — L,({y @ f3). This is an algebra homomor-
phism as long as /5 is equipped with the zero product. It is also an isometric
embedding. We are going to show that ST is not regular.

If it were, there would exist a positive operator A: o — L,.(ly @ f3) such
that 57 < A. This would mean that for all z,a € ({3);:

(Az)(a,0) > £(STx)(a,0) = (0,+(a, Tz)ey).
Let P: {5 & {5 — {5 be the projection onto the second coordinate. Then
(P[(Az)(a,0)], e1) > [{a, Tz)]. (5.2)
Observe that the map

B: nggg — R
(z,a)  — (P[(Az)(a,0)], 1)

is bilinear and positive (in the sense that x,a > 0 implies B(z,a) > 0). Inequal-
ity (5.2) yields B(e;, e;) > [{e;, Te;)|. Let N € N, and put M = 2" — 1. Using
that v > 0, compute:

B(u,u)

Y

M
(u,e;)e;, g u, e;)e )
J=1

B(ei> €j><u? ei) <u7 ej>

M= =

@
Il

—_
<
Il

—

'Mi HM:

[{ei, Tej) [(u, ei)(u, e5)

M
Z| e, Tej)|(u ej>ei>

Jj=1

.
M=

@
Il
i
<.
Il
—

u,

M:

I
—

%

é 2—2n/3un’ @ 2—n/6un>’
=0 n=0

|
T~ P
3
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where in the last equality we have used the definition of v and (5.1) truncated
to the first M = 2V — 1 coordinates (i.e., to the first N blocks). Computing
the last inner product yields:

N N
B(U,, U) Z Z 2—n/62—2n/32n — ZZ’R/G.
n=0 n=0

Since N € N was arbitrary, this is a contradiction.

Now for some examples of ordered modules. This first example collects the
“natural” module structures.

Example 5.3. (i) Every lattice-ordered algebra A is a positive A-module
through the left regular representation L: A — L,.(A), where L(a)(b) = ab
for all a,b € A.

(ii) Let X be a vector lattice and let A be a subalgebra of £,.(X). Suppose
that A is also a lattice with the operator order. Then X has a natural
positive A-module structure given by the inclusion map of A in £,.(X).
When X is order complete, and A is also a sublattice, this map makes X
into a lattice A-module.

(iii) Scalar multiplication makes every vector lattice into a lattice R-module.
More precisely, this module structure is provided by the representation

¢: R— L,(X), where ¢(\) = Aidx.
The following is also a standard example that will be useful later.

Example 5.4. Consider the algebra of polynomials R[z] with positive cone

Rlz]+ = Ryfz] = { Zaixi:ne N, ag,...,a, € [R+}.
i=0

This is a lattice-ordered algebra. Let X be a vector lattice and let T: X —
X be a regular operator. Then there exists a unique algebra homomorphism
¢: Rlz] = L£.(X) satistying ¢(z) = T and ¢(1) = idy. This map makes X
into a regular R[z]-module. Indeed, if T' =T, —T_, with T, T € L,(X), then
¢(z™) = (T —T_)™ is a regular operator for all n € N. Let ¢(z™), and ¢(z™)_ be
positive and such that ¢(z™) = ¢(2™); —¢p(a™)_. Then the unique positive linear
maps 6., ¢_: Rlz] = L.(X) defined by ¢, (") = o(z"),, 6_(2") = $(a")-,
and ¢, (1) = idx, ¢_(1) = 0 are such that ¢ = ¢, — ¢_. Note that X is a
positive R[z]-module if and only if T" is positive.

The final example is characteristic of Banach lattice algebras and appears
naturally in the theory.

Example 5.5. Let A be a Banach lattice algebra with an identity e € A of norm
one. As seen in Chapter 3, the ideal A, generated by e is a projection band and
a subalgebra that, with the norm induced by e, is lattice-algebra isometric to
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C(K), for some compact Hausdorff space K. Its disjoint complement A¢ need
not be a subalgebra. However, if z € A, and y € A%, then zy € A? because

lzy[ Ae < (lzllyl) e < (lzlleelyl) A e = ([lx]lelyl) Ae=0.

Hence we can restrict the left multiplication operators L,: A? — A% Then the
map L: A, — L,(A%), Lz = L,, makes A¢ into a positive A.-module.

5.2 INVARIANT SUBSTRUCTURES, QUOTIENTS AND PRODUCTS

Let A be a lattice-ordered algebra, let X be a vector lattice, and let ¢: A —
L(X) be an algebraic representation. A subset S of X is said to be A-invariant
if ¢p(a)(S) C S for all a € A. If we denote, as usual, the action of a family of
operators F C L(X) on a set S C X by

F(S)={Tx:TeF,zelS},

then S is A-invariant if and only if ¢(A)(S) € S. An A-invariant vector sub-
space is also called a submodule. For every A-invariant subspace Y there is an
associated algebraic representation A — L(Y") sending a € A to ¢(a)ly.

Since X is a vector lattice, there are three other common substructures of
X: sublattices, ideals, and bands. This section is devoted to the A-invariant
versions of ideals and bands, and the quotients associated with them. We start
with some examples.

Example 5.6. (i) Let X be a vector lattice. With the natural R-module
structure on X all subspaces, sublattices, ideals and bands are R-invariant.

(ii) Let K be a compact Hausdorff space. If X is a positive C(K)-module,
then every ideal is C'(K)-invariant. Indeed, denote by ¢: C(K) — L,(X)
the positive representation of C'(K) on X. Then ¢ maps the constant one
function to the identity map of X. Positivity of ¢ implies that ¢(C(K))
is a subspace of the center of X. Since central operators leave ideals
invariant, every ideal is C'(K)-invariant.

More generally, we have the following.

Proposition 5.7. Let A be a lattice-ordered algebra, let X be a vector lattice
and let ¢: A — L,.(X) be an algebraic representation.

(1) If o(A) C Z(X), then every ideal is A-invariant.

(ii) Suppose X is order complete. If Z(X) C ¢(A), then every A-invariant
sublattice is an ideal.

(iii) Suppose X is order complete. If ¢(A) = Z(X), then ideals and A-
invariant sublattices coincide.

Proof. (i) It follows from the fact that ideals are invariant under central op-
erators.
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(ii) According to [AB06, Theorem 2.49], for every z € X, we have Z(X)x =
I, where I, denotes the principal order ideal generated by x. Let Y be
an A-invariant sublattice. For every xz € Y, :

I, =Z(X)x Cop(A)z CY.
This shows that Y is an ideal.
(iii) It follows from (i) and (). O

For every A-invariant sublattice, ideal or band Y there is an associated
algebraic representation A — L(Y) sending a € A to ¢(a)|y. This algebraic
representation is regular (resp. positive) as long as ¢ is. The case of lattice
representations is treated in the upcoming proposition.

If A is a real algebra, and ¢: A — L£(X) is an algebraic representation of
A on a vector space X, then for every A-invariant subspace ¥ C X the map
¢: A — L(X/Y) defined by

da)(z+Y)=¢(a)(zx)+Y forallae Az € X, (5.3)

is an algebraic representation of A on X/Y. The space X/Y, with this particular
module structure, is called the quotient module of X modulo Y. In the case of
ordered modules, the following can be said about quotients.

Proposition 5.8. Let A be a lattice-ordered algebra, let X be a vector lattice,
and let ¢: A — L(X) be an algebraic representation of A on X. Let Y C X be
an A-invariant subspace, and let ¢p: A — L(X/Y") be the map defined in (5.3).

(i) Suppose ¢ is a positive representation. If Y is an A-invariant ideal, then
¢: A— L.(X/Y) is a positive representation of A on X/Y .

(ii) Suppose X is order complete and ¢ is a reqular representation. If Y is an
A-invariant band, then ¢: A — L.(X/Y) is a regular representation of A
on X/Y.

(7ii) Suppose X is order complete and ¢ is a lattice representation. If Y is an
A-invariant band, then ¢: A — L.(X/Y) is a lattice representation of A
on X/Y . Moreover, the representation A — L,.(Y) given by restriction of
operators is also a lattice representation.

Proof. (i) We need only check that ¢ is positive. Let a € A, and let z+Y €
(X/Y);. There exists y € X, such that y +Y = x + Y. Since ¢ is
positive, ¢(a)(y) € X, and therefore

¢(a)(x +Y) = dla)(y +Y) = d(a)(y) +Y € (X/Y)4.
(ii) Since we are assuming X to be order complete, so is £,(X), and therefore

|| exists and is given by the Riesz—Kantorovich formula. We want to
show that Y is invariant under |¢|(a) for every a € A, . For this, in turn,
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(iii)

94

we need to show that Y is invariant under |¢(b)| for every b € A. If
x €Y., then

|6(b)|(z) = sup [¢(b)(y)]-

ly|<z

Since x € Yy, we also have y € Y, for every |y| < z; A-invariance of
Y implies that ¢(b)(y) € Y. Using that Y is a band it follows that

|6(0)|(2) € Y5

Fix a € A;. According to [AB06G, Theorem 1.21], we can express |¢|(a)
as the supremum of an increasing net:

|¢|(a) :SUP{Z|¢(bZ>| n e D\],bl,...,bn - A-l—azbi :a}.
=1 i=1

Recall from [ABO06, Theorem 1.19] that the supremum of an increasing
net of operators on an order complete vector lattice can be computed
pointwise on positive elements. Hence, for every x € Y, |

|¢|(a)(x) = sup { Z |6(by)|(x) :n € N,by,.... b, € A+,Zbi = a}.

We have already observed that |¢(b;)|(z) € Y. Since Y is a band, the
supremum defining |¢|(a)(x) also belongs to Y, .

This completes the proof that Y is invariant under |¢|(a) for every a € A,
(and, in fact, for every a € A). Since Y is also invariant under ¢(a), adding
and subtracting these quantities it follows that it must also be invariant
under ¢ (a) and ¢_(a) for every a € A. Even though ¢, and ¢_ need not
be algebraic representations, it is immediate to check using the argument
of (i) that the maps ¢, ¢_: A — L,(X/Y), defined as in (5.3), are well-
defined positive maps. It is also direct that ¢ = ¢~>+ — ¢_. Therefore
$(A) C L,(X/Y) and ¢ is a regular representation of A on X/Y.

First note that the image of ¢ is indeed in £,(X/Y") because ¢ is positive
by (i). Being X order complete, Y is a projection band, and the quotient
X/Y is again order complete (it is, in fact, lattice isomorphic to Y9).
Moreover, the quotient map ¢: X — X/Y is an order continuous lattice
homomorphism; in particular, it preserves arbitrary suprema. With these
facts, we can now use the Riesz—Kantorovich formulas to show that ¢ is
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a lattice homomorphism: if a € A and x € X, then

6(a)|(q(x)) = sup |o(a)(q(y))|

la(y)I<q(z)

= sup |q(o(a)(y))]

la(y)1<q(x)

= sup q(|o(a)(y)])

la(y)|<q(z)

=q( sup |o(a)(y)])
@)l <q()

Since this holds for every element of (X/Y),, it follows that |p(a)| >
#(|al). The reverse inequality is a consequence of the positivity of ¢.
Hence ¢ is a lattice homomorphism.

Finally, it is direct from the Riesz—Kantorovich formulas that the modulus
of ¢(a)ly in £,(Y) is precisely (|¢(a)])ly = o(|a])ly- O

If X is an order complete vector lattice and Y C X is a band, then X/Y
is lattice isomorphic to Y?. We have shown in the previous proposition that,
whenever X has a lattice A-module structure, so does X/Y. However, this does
not mean that V¢ is A-invariant, as the following example shows.

Example 5.9. Let A be the sublattice-algebra of R[x] consisting of the poly-
nomials with zero constant term. Consider the unique algebra homomorphism
¢: A — L(R?) defined by ¢(x)(\, p) = (11,0) for all (A, u) € R% Let us check
that this is a lattice homomorphism. Note first that ¢(z?) = ¢(z)? = 0. Let
p=aix+- -+ a,x" € A. We then have ¢(p) = a16(x), and since ¢(z) > 0, it
follows that

6(p)| = laa|o(x) = ¢(|as|x).
Similarly,
o(Ipl) = d(lar|z + - + lan]z") = ¢(|as|z).

Hence R? is a lattice A-module. Denote by {e;,es} the canonical basis of R?.
Note that ¢(x)(e1) = 0, so that the span of e; is an A-invariant band. Its disjoint
complement is the span of es, which is not A-invariant because ¢(x)(es) = e;.

The A-modules in which every A-invariant ideal is a projection band and
has an A-invariant complement are central to the theory and will be studied in
detail in Section 5.3. In preparation, we first have to introduce products and
direct sums.
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5. REPRESENTATION THEORY

Let A be an algebra and let ¢,: A — L£(X,) be algebraic representations of
A on vector spaces X, indexed by «. Let X =[], X, be their direct product.
Then the map ¢: A — L(X) defined by

¢(a)((xa)a) = (Cba(a)(xa))a for all a € A, (xa)a € X,

is an algebraic representation of A on X.

Suppose that A is a lattice-ordered algebra and that each X, is a vector
lattice. Then X is again a vector lattice, with the order defined coordinatewise.
If each ¢o: A — L,(X,) is a regular (resp. positive) representation, then it is
immediate to check that ¢ is also a regular (resp. positive) representation. If
each X, is order complete and ¢,: A — L£,(X,) is a lattice representation, then
X is order complete and one can check, using the Riesz—Kantorovich formulas,
that ¢: A — L£,(X) is also a lattice representation.

The direct sum €@, X,, consisting in the elements of X with finite support,
is an A-invariant ideal of X. The associated representation A — L, (@, X, ) is
a regular, positive or lattice representation whenever ¢ is.

Now let X be an arbitrary vector lattice, and let {X,}, be a family of
vector subspaces of X. Then X is said to be the order direct sum of {X,}q
if, for every x € X, there exist z, € (X,)4, only finitely many of them non-
zero, such that x = ) _ x,, and moreover this decomposition is unique. In this
case, the X, are automatically bands [Zaa97, Theorem 11.3], and X is vector
lattice isomorphic to €, X,. When this is the case we will simply denote
X = @, X.. As usual, the uniqueness of the decomposition is equivalent to
checking that X, N3 5., Xp =0 for every a.

a

5.3 SEMISIMPLE ORDERED MODULES

From this point on, we will assume that all vector lattices are Archimedean.
Recall that, in the purely algebraic context, a non-zero A-module is simple
if the only A-invariant subspaces are zero and the whole space. An A-module is
semisimple if it is the direct sum of simple A-invariant subspaces. In the ordered
context, the following seem to be the natural analogues of these notions.

Definition 5.10. Let A be an algebra, and let X be a vector lattice that is an
A-module. We say that X is simple for A-invariant ideals if it is non-zero and
if it does not have any A-invariant ideal other than 0 and X. We say that X
is semisimple for A-invariant ideals if it can be expressed as the order direct
sum of A-invariant subspaces that are simple for ideals. When there is no risk
of confusion about the underlying module structure, we will write simple for
ideals and semisimple for ideals, respectively.

One of the most fundamental results about semisimple modules is that they
are characterized by the fact that every A-invariant subspace admits an A-
invariant complement. In the ordered context, the following is true.

Theorem 5.11. Let X be a non-zero vector lattice that is also an A-module.
Then the following are equivalent:
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(i) X is semisimple for ideals,
(ii) X is the sum of A-invariant ideals that are simple for ideals,

(iii) Every A-invariant ideal I of X is a projection band and its disjoint com-
plement 1¢ is A-invariant.

Before presenting the proof some preliminary lemmas are needed. In all
these lemmas, X denotes a non-zero vector lattice that is also an A-module. As
usual, the A-invariant ideal generated by a set is, by definition, the intersection
of all the A-invariant ideals that contain that set.

Lemma 5.12. Suppose there exists e € X, such that the A-invariant ideal it
generates is X. Then X has a mazximal A-invariant ideal.

Proof. The proof is a standard maximality argument. Let M be the family
of A-invariant ideals that do not contain e. The zero subspace belongs to M,
so that it is non-empty. Order M by inclusion. Let {/,}, be a chain in M.
It is standard to check that |, I, is again an A-invariant ideal that does not
contain e. By Zorn’s lemma, M has a maximal element J. We contend that this
element is a maximal A-invariant ideal. Indeed, suppose J' is an A-invariant
ideal such that J C J' C X. Ife € J', then J' = X. If e € J’', then J' belongs
to M. Maximality of J implies that in this case J = J'. O

Lemma 5.13. Suppose that every A-invariant ideal I of X is a projection band
and that I¢ is again A-invariant. Then every non-zero A-invariant ideal of X
has a further A-invariant ideal that is simple for ideals.

Proof. Let Y C X be a non-zero A-invariant ideal. Without loss of general-
ity, we may assume that it is generated by a single element. It follows from
Lemma 5.12 that Y contains a maximal A-invariant ideal Z C Y. By assump-
tion, Z9NY is again an A-invariant ideal. We claim that it is simple. First note
that it is non-zero, for if Z¢NY = {0}, then Y C Z, contradicting the fact that
Z CY is proper. Let Z' be an A-invariant ideal contained in Z¢NY. The sum
Z + 7' is also an A-invariant ideal. The maximality of Z inside Y implies that
cither Z +2'=Z or Z + 7' =Y ; that is, either Z/ =0or 2/ = Z¢NY. O

Proof of Theorem 5.11. That (i) implies (ii) is obvious. Suppose (i) holds, that
is, suppose that X is the sum of A-invariant ideals that are simple for ideals.
Let I be an A-invariant ideal of X. Consider the family

Z={JCX:Jisan A-invariant ideal and J NI =0}.

The family Z is non-empty because it contains the zero ideal. Order it by
inclusion. For any given chain in Z, its union belongs again to Z and is an
upper bound. By Zorn’s lemma there exists an element K in Z that is maximal.

We are going to show that X is the order direct sum of I and K. It will
then follow from [Zaa97, Theorem 11.3] that [ is a projection band and that K,
which is A-invariant, is its disjoint complement. Since I and K are ideals, and
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I N K = 0 by construction, we need only check that I + K = X from this and
[Zaa97, Theorem 7.6] it will follow that X is the order direct sum of I and K.

Proceed by contradiction: suppose I + K were not X. By assumption,
there would exist some A-invariant ideal S simple for ideals such that S is not
contained in I 4+ K. Since S N (I + K) is again an A-invariant ideal contained
in S, and it is not S, it must be zero. Then S + K is an A-invariant ideal
satisfying I N (S + K) = 0. Indeed, if t = s+ k € I, with s € S and k € K,
then s =x —k € SN (I + K), which implies s =0 and x = k € I N K. This, in
turn, implies x = 0. Thus S + K € Z, which contradicts the maximality of K
inside Z.

Finally, suppose that (i) holds. Let M be the family of collections {S, }a,
where every S, C X is an A-invariant ideal simple for ideals, satisfying > S, =
@D, So- Since we are assuming X # 0, Lemma 5.13 implies that X has an A-
invariant ideal that is simple for ideals, so that M is not empty. Order M by
inclusion. Given a chain in M, let {S,} be all the A-invariant ideals that appear
in the collections belonging to the chain. Once we show that {S,} belongs to
M., it will follow that it is an upper bound for the chain. Note that, since we
are dealing with sums of ideals, every direct sum is an order direct sum (see
[Zaa97, Theorem 7.6]). Thus we need only show that the sum of the {S,} is
direct. Suppose that s € Sg is expressed as s = s; + -+ + s, with s; € Sp,
and f,..., 3, all different from 3. Since Sg, Sg,, ..., Ss, all belong to a certain
family in the chain, their sum must be direct. Hence s = 0 and s; = 0. This
shows that the sum of {S,} is direct, and therefore that it belongs to M. By
Zorn’s lemma, M has a maximal element (S,),.

Put I = Zv S,. This is again an A-invariant ideal. By assumption, I is a
projection band and its disjoint complement I¢ is also A-invariant. If I # X,
then by Lemma 5.13, I% contains an A-invariant ideal S that is simple for ideals.
Then the family {S,} U {S} would violate the maximality of {S,} inside M.
Therefore X = I is semisimple. O

Corollary 5.14. Let X be a vector lattice, let A be an algebra, and suppose that
X is an A-module that is semisimple for ideals. Then the A-invariant projection
bands and A-invariant ideals of X coincide.

As a consequence of this theorem we recover a property of Archimedean
vector lattices first due to Huijsmans [Hui76].

Corollary 5.15. Let X be an Archimedean vector lattice. Every ideal in X is

a projection band if and only if X = @wer R for some set I

Proof. Consider X with its natural R-module structure. With this structure,
R-invariant subspaces are just subspaces, so that now Theorem 5.11 reads as
follows: every ideal of X is a projection band if and only if X is semisimple for
ideals. The latter is equivalent to saying that X = @wer S., with S, projection
bands in X that are simple for ideals. But every Archimedean vector lattice
of dimension greater than 1 has non-trivial ideals. Hence dim S, = 1 for every
vyel. [
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5.4 ORDERED SCHUR’S LEMMA

The classical Schur’s lemma states that the endomorphism algebra of a simple
A-module is a division algebra [EH18, Theorem 3.33]. The goal of this section
is to give an analogue of Schur’s lemma in the ordered context. Before doing
so, we need the following fact.

Proposition 5.16. Let A be a lattice-ordered algebra, let X be a positive A-
module and let S C X. Then the A-invariant ideal generated by S is

{$ e X: |[E| S Zai|si| +Z)\]|t]|, n,mec N,Si,tj S S,ai S A+,)\j € [R+ }
i=1 j=1

Proof. Denote by I the displayed set. It is direct to verify that I is an ideal.

Let us check that it is also A-invariant. Let x € I and a € A. Using that

multiplication by elements of A, is a positive map, it follows that

lazx| = layr —a_x] < layz| + |a_z] < (ay + a)]z] = |af|z],

If 2] <370 ailsil + 3202, Ajltl, then

laz| < (lalag)|sil + Y (lal)[t;]
i=1 j=1

and therefore ax € I. It is clear from the definition of I that every element of

S belongs to I, and that every A-invariant ideal containing S must also contain
I. O

Theorem 5.17 (Ordered Schur’s lemma). Let A be a lattice-ordered algebra.
Let X andY be A-modules that are simple for ideals. Let T: X — Y be a lattice
A-module homomorphism. Then either T'= 0 or T is injective and T'(X) is a
majorizing A-invariant sublattice of Y.

Proof. Being T a lattice and an A-module homomorphism, its kernel ker T is an
A-invariant ideal. Since X is simple for ideals, ker T’ must be 0 or X. Suppose
T # 0. Then T is injective and its image T'(X) is an A-invariant sublattice of
Y. It remains to check that it is majorizing.

Since Y is also simple for ideals, and T'(X) # 0, the smallest A-invariant ideal
generated by T'(X) in Y is Y. According to Proposition 5.16, for every z € Y
there exist aq,...,a, € Ay, A\,... ;A € Ry and xq,.. ., Z0, Y1, Ym € X
such that

o< ST+ Y AT
i=1 j=1

= T(ailzl) + Y T(\ly;)
i=1 j=1

_ T(Zaim\ n ij\yﬂ).
i=1 j=1
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This proves that 7'(X) is majorizing. O

For interval preserving lattice homomorphisms we recover the full strength
of Schur’s lemma.

Corollary 5.18. Let A be a lattice-ordered algebra. Let X andY be A-modules
that are simple for ideals. Let T: X — Y be a lattice A-module homomorphism
that is interval preserving. Then either T'=0 or T is a lattice isomorphism.

Proof. Tt follows from Theorem 5.17 using that the image of an interval pre-
serving operator is an ideal [DdJ23, Proposition 3.4]. O

Now we can derive some basic properties of A-modules that are semisimple
for ideals.

Proposition 5.19. Let A be a lattice-ordered algebra, and let X and Y be
vector lattices that are A-modules. Suppose that X is semisimple for ideals and
that there exists a non-zero lattice A-module homomorphism T: X — Y that is
surjective and interval preserving. Then'Y is semisimple for ideals.

Proof. Since X is semisimple for ideals it can be expressed as X =) S,, where
the S, are A-invariant ideals of X that are simple for ideals. By Corollary 5.18,
each T'(S,) is lattice A-module isomorphic to S,. In particular, T'(S,) is also
simple for ideals. Moreover, since T is interval preserving, T'(S,) is an ideal of
Y. By Theorem 5.11, Y =T(X) = Y T(Sa) is semisimple for ideals. O

Proposition 5.20. Let A be a lattice-ordered algebra. Let {X,} be a family of
vector lattices that are A-modules. Their direct sum @, X, is semisimple for
ideals if and only if every X, is semisimple for ideals.

Proof. Suppose first that X = @, X, is semisimple for ideals. Let m,: X — X,
be the projection onto the a coordinate. It is direct to check that this map
is a non-zero lattice A-module homomorphism that is surjective and interval
preserving. It follows from Proposition 5.19 that X, is semisimple for ideals.

Conversely, suppose that every X, is semisimple for ideals; put X, =
Zﬁe B, Sap, where each S,s is an ideal in X, that is simple for ideals. Let
to: Xo — X be the inclusion sending = € X, to the element of X that is zero
everywhere except in the coordinate «, where it is equal to x. This is a lattice
A-module homomorphism that is also interval preserving. In particular, ¢, (Sas)
is again an ideal of X that is simple for ideals. Since

X = ZLQ(XOC) = Z Z ta(Sap)

o [BEBy

we can apply Theorem 5.11 and conclude that X is semisimple for ideals. [
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5.5 ORDERED WEDDERBURN—ARTIN THEOREM

An algebra A is said to be semisimple if it is semisimple as an A-module. The
Wedderburn—Artin theorem [EH18, Theorem 5.9] states that, for every semisim-
ple algebra A with identity, there exist division algebras Dy, ..., D, and integers
ny,...,n, such that A is isomorphic, as an algebra, to

M,, (D) X -+ x M, (D,).

Conversely, any algebra of this form is semisimple.

The goal of this section is to give a version of this result in the case that A is a
lattice-ordered algebra. It seems natural that, in this case, the division algebras
are also lattice-ordered algebras, so that the M, (D;) have a natural lattice-
ordered algebra structure, and that the isomorphism would be a lattice-algebra
isomorphism. Note that M, (D;) is semisimple because it can be decomposed
into a direct sum of the matrices supported on each of its columns. In the
ordered case, this direct sum is an ordered direct sum. Hence, if such an iso-
morphism exists, then A must be the order direct sum of simple A-invariant
subspaces. This is the only additional assumption we need to construct the
ordered version of the Wedderburn—Artin theorem.

Definition 5.21. A lattice-ordered algebra A is said to be order semisimple if
it is the order direct sum of simple A-invariant subspaces.

Before presenting the result we need several preparatory lemmas. First two
elementary facts regarding ordered vector spaces and vector lattices.

Lemma 5.22. Let X be a vector lattice and let' Y be an ordered vector space.
If there exists a linear map T: X — Y that is surjective, positive and order
reflecting (i.e., Tx > 0 implies x > 0), then Y is a vector lattice isomorphic to
X.

Proof. Since T is an isomorphism of ordered vector spaces, Y is a vector lattice
if and only if X is. m

Lemma 5.23. Let X be a vector lattice and let Y be an ordered vector space.
Suppose there exist positive linear maps i: Y — X and p: X — Y such that
pi =1idy. Then Y is a vector lattice.

Proof. Let z,y € Y. We claim that their supremum is p(i(z) V i(y)). Indeed,
positivity of p implies

pli(z) Vi(y)) = pli(z)) = =,

and similarly for y. Suppose that z > z,y. Then positivity of ¢ implies i(z) >
i(x) Vi(y). Applying p to this inequality yields z = p(i(2)) > p(i(z) Vi(y)). O

For A-modules X and Y, denote by Hom4(X,Y") the set of A-module homo-
morphisms from X to Y. This set is a subspace of £(X,Y"). Furthermore, if X
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and Y are vector lattices, then Hom4 (X, Y) is an ordered vector space with the
positive cone inherited from £(X,Y). When X =Y, we denote Hom (X, X)
by End4(X). Note that End4(X) is an ordered algebra.

For every algebra A, denote by A°P its opposite algebra. Note that, if A is
an ordered or a lattice-ordered algebra, then so is A°P.

Lemma 5.24. Let A be a lattice-ordered algebra with identity. For everya € A,
let R,: A — A denote the right multiplication operator. Then End4(A) is a
lattice-ordered algebra and the map

R: A — End4(A)®
a +— R,

is a lattice A-module isomorphism.

Proof. 1t is standard that R is an A-module isomorphism ([EH18, Lemma 5.4]).
By Lemma 5.22, it suffices to show that R is positive and order reflecting. Since
the product of positive elements is positive, it is clear that R is positive. On
the other hand, suppose that R, > 0. Denote by 14 the identity in A. Then
0<R,(14) =a. O

The following is immediate to check.

Lemma 5.25. Let A be an algebra, and let X1, ..., X, be A-modules. The set A
of matrices where the (i,7) entry is an element of Hom4(X;, X;) is an algebra
with product given by the matriz multiplication. Moreover, if Xq,..., X, are
vector lattices, then A is an ordered algebra with order defined entrywise.

Whenever B is an algebra, M, (B) is again an algebra with the usual matrix
operations. In the case that B is an ordered algebra, so is M,(B) with the
order defined entrywise. If, furthermore, B is a lattice-ordered algebra, then so
is M,(B).

Lemma 5.26. Let A be a lattice-ordered algebra. Suppose that A is order

semisimple. Then there exist lattice-ordered division algebras D+, ..., D, and
positive integers ny, ..., n, € N such that End4(A) is lattice-algebra isomorphic
to

M,,(Dy) x -+ x M, (D,).

Proof. Let Sy,...,S, be simple A-invariant subspaces such that A =S5, &®---&
S,, where the sum is an order direct sum. Let k;: S; — A be the canonical
inclusion and let 7;: A — S; be the associated band projection.

Let A be the ordered algebra introduced in Lemma 5.25 for the A-modules
Si,...,S,. Consider the linear map ®: Ends(A) — A defined by ®(v) =
(7ij)ij» where 7;; = m; o~y o k. Since m; and k; are positive, ® is positive.
Moreover, if ®(v) is positive (i.e., all ;; are positive), then so is its preimage

V= E Ki © Yij © Tj.
'7j
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Hence @ is order reflecting. By Lemma 5.24 and Lemma 5.22, A is a vector
lattice and @ is a lattice isomorphism. It is also an algebra homomorphism: it
sends the identity to the identity, and for all 8,y € Enda(A), the (4, j) entry of

O(B)P(7) is
Zﬁz‘l%j = ZﬂioﬁoﬁloﬁlOWOﬁj
-1 =1

,
:Wioﬁo(g IilOﬂ'l)O’yOFLj
=1

=m0 (Boy)ok,
= (Bo7)ij-

By Schur’s lemma [EHI18, Theorem 3.33], Homa(S;,S;) is either zero or a
division algebra. Group together the S; that are isomorphic as algebras in the
decomposition A =S, @ --- @ S,. Then A can be expressed as

A=M,, (D)) x---x M, (D,),

where Dy,..., D, are ordered division algebras of the form End(S) for some
simple A-module S. There is a natural positive inclusion ¢: D; — M, (D;)
that sends € D; to the matrix with x in the (1,1) entry and zero elsewhere,
and a corresponding projection p: D; — M, (D;) onto the (1,1) entry. These
extend to an inclusion ¢: D; — A and a projection p: A — D, that are still
positive. Since A is a vector lattice, it follows from Lemma 5.23 that each D; is
a lattice-ordered algebra. O

Theorem 5.27 (Ordered Wedderburn—Artin). Let A be a lattice-ordered algebra
with identity. Suppose that A is order semisimple. Then there exist lattice-
ordered division algebras Dy, ..., D, and positive integers ny,...,n, € N such
that A is lattice-algebra isomorphic to

M, (D)) x -+ x M, (D,).

Proof. By Lemma 5.26, there exist lattice-ordered division algebras Dx, ..., D,
and positive integers ni,...,n, € N such that Ends(A) is lattice-algebra iso-
morphic to

M, (Dy) x - x M, (D,).

According to Lemma 5.24, A is lattice-algebra isomorphic to End 4(A)°P. Hence
A is lattice-algebra isomorphic to

[MM(DI) X X Mnr(br)]op = Mm(Dl)op Xoeee X Mnr(Dr)0p~
It is not difficult to check that transposition defines a lattice-algebra iso-
morphism between M, (D;)°® and M, (D;"). The result now follows setting
Di == D?p. D

103



5. REPRESENTATION THEORY

Using the additional lattice structure, we can now extract some consequences
that were not available in the purely algebraic context. These are based on the
following fact.

Proposition 5.28. Let A be a lattice-ordered division algebra. If A is a normed
algebra, then it is lattice-algebra isomorphic to R.

Proof. According to [BD73, Theorem 14.7], every normed division algebra is
algebraically isomorphic to either R, C or H. We will use the following fact:
there is no Archimedean order on C for which the positive cone is generating
and closed under multiplication [Wicl7¢, Proposition 4.1]. This immediately
discards the possibility that A is isomorphic to C. Suppose that H had an
Archimedean order for which the positive cone H, is generating and closed
under multiplication. Then there would exist @ € R and v € span{i, j, k}, with
v # 0, such that a +v € H, (otherwise, the cone would be contained in R, and
therefore would not be generating). Normalizing, we may assume that |[v]| = 1.
Then v? = —1 and C = span{1,v} is a subalgebra isomorphic to C. Define
C,. = CNH;. Ttis clear that C is a cone that induces an Archimedean order
on C' (namely, the order inherited from H) for which the product of positive
elements is positive. We claim that C is also generating. For this, it suffices
to check that v can be written as the difference of two elements in C;.. If a > 0,
then v = (a + v) — a is the difference of two elements of C. If instead a < 0,
then v > —a > 0, and thus v € C;. The existence of such a positive cone in C'
contradicts [Wicl7c, Proposition 4.1].

Hence A must be isomorphic, as an algebra, to R. There are only two cones
in R that make it into a vector lattice (namely, [0,00) and (—o0,0]), and only
in the standard one the product of positive elements is positive. Hence A must
be lattice-algebra isomorphic to R with the usual lattice structure. O]

The assumption that A be normed is necessary. In general, there exist
Archimedean lattice-ordered division algebras that are not finite-dimensional.

Example 5.29. Consider the real algebra of formal Laurent series:
A:{ Z akxk:NED\l,ake[R}.
k=—N

It can be checked that this algebra is a field. It is also an Archimedean vector
lattice with order defined by the positive cone

A+:{ Zakxk:NGD\Lakeﬂh}.

k=—N

It is clear that the product of positive elements is positive. Hence A is an
Archimedean lattice-ordered division algebra of infinite dimension.
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Corollary 5.30. Let A be an Archimedean lattice-ordered algebra with identity.
Suppose that A is a normed algebra that is order semisimple. Then there exist
positive integers nq, . ..,n, such that A is lattice-algebra isomorphic to

M, (R) x -+ x M, (R).
In particular, A is finite-dimensional.

Proof. By Theorem 5.27, A is lattice-algebra isomorphic to
My, (D1) x -+ x My, (Dy)

for some lattice-ordered division algebras Dy,...,D,. Let ¢;: Dj — M, (D;)
be the map that sends z € D; to the matrix that has z in the (1,1) entry and
zero elsewhere. Extend it to a lattice-algebraic inclusion ¢;: D; — A. Let |||
denote the norm in A. Then the map that sends x € D; to [|¢;(z)|| makes D;
into a normed algebra. It then follows from Proposition 5.28 that Dy,..., D,
are all lattice-algebra isomorphic to R. O]

For the family of order semisimple normed lattice-ordered algebras with
identity, the representation problem turns out to have a positive answer.

Corollary 5.31. Let A be a normed lattice-ordered algebra with identity. Sup-
pose that A is order semisimple. Then there exists a finite-dimensional vector
lattice X and an injective lattice-algebra homomorphism A — L,.(X).

Proof. According to Corollary 5.30, A is lattice-algebra isomorphic to M, (R) X
- X M, (R) for some ni,...,n, € N. This lattice-ordered algebra can be
embedded as blocks in the diagonal of M, (R), where n =ny + -+ + n,. O
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AM-ALGEBRAS

David Munoz Lahoz and Pedro Tradacete, Banach lattice AM-
algebras, Proc. Amer. Math. Soc. 153 (2025), no. 6, 2565-2577.
MR 4892628

The previous chapter studied representations of a Banach lattice algebra
A as operators: lattice-algebra homomorphisms ¢: A — L,.(X), together with
their weaker variants, into the algebra of regular operators on an order complete
Banach lattice. In this chapter we take a different viewpoint, replacing operators
by continuous functions. Rather than asking how the elements of A act on some
order complete Banach lattice, we ask when A can itself be identified with a
space of continuous real-valued functions on some compact Hausdorff space;
equivalently, when A is lattice and algebra isometric to a closed sublattice-
algebra of C'(K).

The template is the space C(K) of real-valued continuous functions on a
compact Hausdorff space K, with its uniform norm ||-||~, pointwise order and
pointwise operations. The Banach lattice and Banach algebra structures of
C(K) are very nicely interwoven: closed lattice ideals and closed algebraic ide-
als coincide (and are in correspondence with the closed subsets of K as zero sets);
closed subalgebras of C(K) are sublattices, while closed sublattices containing
the constant functions are automatically subalgebras (a fact behind some proofs
of the classical Stone—Weierstrass theorem); and multiplication by positive ele-
ments preserves disjointness (in fact, the center of C'(K) is precisely the set of
multiplication operators).

From the point of view of Banach lattices alone, C'(K)-spaces are very well
understood. Recall that a Banach lattice X is an AM-space if | zVyl|| = [|z|| V|||
for all z,y € X, and an AM-space with unit e when there exists a strong unit
e € X, such that ||z =inf{ A > 0: |z| < Ae} for all x € X. Kakutani proved
that AM-spaces are exactly the closed sublattices of C'(K) (Theorem 1.2). The
non-trivial implication in Kakutani’s theorem is particularly relevant in Banach
lattice theory, as it allows us to view elements in abstract Banach lattices as
true functions on some compact Hausdorff space, as seen in Section 1.1.3.

From a Banach lattice algebra point of view, it is natural to wonder whether
an analogous intrinsic characterization exists for those Banach lattice algebras
A which are, lattice and algebra isometrically, closed sublattice-algebras of some
C(K). The notion we need for the case with identity has in fact already appeared
in this thesis. In Section 3.1, while studying the ideal A, generated by the
identity of a Banach lattice algebra, we introduced an AM-algebra with unit
as a Banach lattice algebra which is also an AM-space with unit, the order
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unit being at the same time the algebraic identity. There the notion played an
auxiliary role — identifying the piece A, of A with a concrete C'(K)-space in
Theorem 3.1. Here, AM-algebras with unit return as the main object of study,
and we pair them with a counterpart for the case without identity: an AM-
algebra with approximate unit is a Banach lattice algebra with a net (e,) C Ay
that is simultaneously an approximate order unit (i.e., z*(e,) — ||z*|| for every
positive functional z*) and an approximate algebraic identity. The main result
of this chapter is the following analogue of Kakutani’s representation theorem
for Banach lattice algebras.

Theorem 6.1.

(i) Every AM-algebra with unit is lattice and algebra isometric to C(K) for
some compact Hausdorff space K, with the unit corresponding to the con-
stant one function 1k.

(i) Every AM-algebra with approximate unit is lattice and algebra isometric
to a closed sublattice-algebra of C(K) for some compact Hausdorff space
K. More precisely, there exists a closed set I C K such that the AM-
algebra is lattice and algebra isometric to the closed sublattice-algebra of
C(K):
{feC(K): f(t)=0 forallt € F}.

In particular, it embeds as an order and algebraic ideal in C(K).

Let us explain further the analogy between Theorems 1.2 and 6.1. By Kaku-
tani’s theorem, every AM-space with unit is lattice isometric to a C(K) space.
When we also have a Banach lattice algebra structure, it seems that the most
natural compatibility condition between the order unit and the algebraic struc-
ture is to ask for the order unit to be also an algebraic identity. According to
the previous theorem, this condition characterizes C'(K') spaces up to lattice
and algebra isometry, just like Kakutani’s theorem characterizes C(K) spaces
up to lattice isometry as those being an AM-space with unit.

Similarly, by Kakutani’s theorem, every AM-space is lattice isometric to a
closed sublattice of C'(K). Being an AM-space is equivalent to having a pos-
itive net (e,) such that z*(e,) — |lz*| for every positive functional z* (see
Lemma 6.9). Such a net is what we call an approximate order unit, establishing
an analogy with the fact that the norm of every positive functional is attained
at an order unit (see Lemma 6.7). When we also have a Banach lattice alge-
bra structure, it seems that the most natural compatibility condition between
the AM-space structure and the algebraic structure is to ask for such an ap-
proximate order unit to be an approximate algebraic identity. This property
characterizes the closed sublattice-algebras of C(K) up to isometry, just like
Kakutani’s theorem characterizes closed sublattices of C'(K), up to isometry, as
those having an approximate order unit (i.e., as those being AM-spaces).

In our proof of Theorem 6.1, the following result, which has already made
an appearance in Section 3.1, plays a key role.
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Proposition 6.2 ([Mar80, Proposition 1.4]). Let K be a compact Hausdorff
space and let x: C(K) x C(K) — C(K) be a binary operation such that C(K)
with pointwise order and product x is a lattice-ordered algebra. If in addition
1y is the identity of x, then x is the pointwise multiplication.

In other words, if we fix the lattice structure to be given pointwise and the
algebraic identity to be given by the constant one function 1, there exists a
unique lattice-ordered algebra structure on C'(K). Since this fact is fundamental
in our approach, one could wonder whether there might be other Banach lattice
algebras with the same property. In Section 6.2, it will be shown that this is
not the case. More precisely, we have the following.

Theorem 6.3. Let A be a Banach lattice algebra with identity e and order <.
Suppose that there is a unique product on A that makes it into a lattice-ordered
algebra with identity e and order <. Then A is lattice and algebra isometric to
C(K), with e corresponding to 1k.

Remark 6.4. Every closed subalgebra of C'(K) is automatically a sublattice.
We nevertheless speak of closed sublattice-algebras of C'(K) in Theorem 6.1 and
throughout the chapter, to emphasize that the identification preserves both the
lattice and the algebra structures, and is not merely an algebraic inclusion.

6.1 CLOSED SUBLATTICE-ALGEBRAS OF C(K)

Our goal is to characterize those Banach lattice algebras that are isometric to
a closed sublattice-algebra of C(K).

First note that if f Ag = 0in C(K), and h € C(K)4, then (hf) Ng =
0 = (fh) A g. Any sublattice-algebra of C'(K) must also satisfy this condition;
that is, any closed sublattice-algebra of C'(K) must be a Banach f-algebra. This
shows that not every Banach lattice algebra which is also an AM-space must
be a sublattice-algebra of some C(K): the Banach lattice ¢% , with product
(x1,11)(22,y2) = (0, z122), is an AM-space, that is also a Banach lattice algebra,
but cannot be a sublattice-algebra of C'(K), since

(1,0)* A (0,1) = (0,1) while (1,0) A (0,1) = (0,0),

(i.e., it is not an f-algebra). Therefore, some relation between the AM-space and
algebraic structures has to be required. In the case with identity, this relation
is straightforward, and was already introduced in Section 3.1.

Definition 6.5. Let A be a Banach lattice algebra with identity e. If A is also
an AM-space with (order) unit e, we say that A is an AM-algebra with unit e.

The following theorem asserts that AM-algebras with unit are nothing but
algebras of continuous functions, thus proving the first part of Theorem 6.1.
This result was already proved as Theorem 3.3 in Section 3.1; we restate it here
for convenience.
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Theorem 6.6. Every AM-algebra with unit is algebra and lattice isometric to
C(K), for a certain compact Hausdorff space K.

In order to prove the second part of Theorem 6.1, we need to define the
notions of AM-spaces and AM-algebras with approximate unit. The following
is a well-known property that motivates our definition.

Lemma 6.7. A Banach lattice X is an AM-space with unit e € X if and only
if x*(e) = ||x*|| for all z* € (X*) .

Proof. If Bx denotes the unit ball of X and e € X, is an order unit, then
Bx = [—e,e]. For every z* € (X*);:

[z*[| = sup 27(z) = sup z"(x) = x"(e).
z€(Bx)+ z€[0,¢e]

Conversely, if z* € (X*); and z € (Bx)4, by assumption
0 <a™(z) < [la*]] = 2" (e).

Since this holds for every * € (X*),, it follows that 0 < x < e. Since z € (Bx)4+
was arbitrary, (Bx)+ C [0,¢e]. Also

lell=sup %)= sup [z =1,
LL‘*E(BX*)+ z*G(BX*)+
so [0,e] C (Bx)+. It follows that Bx = [—e, €], and so X is an AM-space with
unit e. n

Definition 6.8. Let X be a Banach lattice, and let (e,) C X be a net. We say
that X is an AM-space with approzimate unit (e,) if 2*(e,) — ||z*|| for every
x* € (X*)4. We also say that (e.) is an approzimate order unit of X.

For this definition to make sense, we need to check that spaces with an ap-
proximate order unit are indeed AM-spaces. In fact, this definition is equivalent
to that of an AM-space.

Lemma 6.9. A Banach lattice X has an approximate order unit if and only if
X is an AM-space.

Proof. Let (e,) € X be an approximate order unit. For z*,y* € (X*),:
% + o[ = lim(z" + y")(e,)
= limz*(e,) + limy*(ey)
= ="l + lly"[l-
This proves that X* is an AL-space. Hence X is an AM-space.
Conversely, suppose that X is an AM-space. The positive unit ball (Bx) is

an increasing net; denote it by (e,). For z* € (X*)4, 2*(e,) is an increasing and
bounded net of real numbers. As such, its limit coincides with its supremum:

limz*(e,) =supz*(ey) = sup z"(x)=|z"|
v gl 2€(Bx )+
This shows that (Bx); is an approximate order unit. O
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Remark 6.10. A priori, we do not assume that approximate order units are
bounded, see next example. However, if the approximate order unit is countable,
then it must be bounded by the Uniform Boundedness Principle.

The previous lemma also shows that, if a Banach lattice has an approximate
order unit, then it has a bounded approximate order unit (namely, the posi-
tive unit ball). In the separable case, one can even find a countable bounded
approximate order unit.

Example 6.11. The following is an example of an approximate order unit in
C'[0, 1] with no bounded tails. Denote by M0, 1] the dual of C[0, 1], and by

U, .. pinye) ={f€Cl0,1] : |u(f)| <efori=1,....,n},

where pq, ..., 1, € M[0,1] and € > 0. These form a basis of neighborhoods at
0 for the weak topology. Define

U={U(t1,..  fn;€)  pi1y ..., i € M[0,1], € >0},

For every (U,n) € U x N, we are going to construct a continuous function
fwny € U with || fun)lle = n. Suppose U = U(u, ..., uy;€), and define
= |p|+---+|pr|. Decompose p = p.+ pq, where p. and g are the continuous
and discrete parts of u, respectively. The support of g is at most countable,
say supp(pa) = {pi}2,. Choose N € N such that pus({p:}2y) < €/(2n). Since
fe is continuous, there exists a non-empty open set V' C [0,1] \ {p;}}¥, such
that p.(V) < ¢/(2n). Fix an arbitrary point xy € V. By Urysohn’s Lemma,
there exists a continuous function f: [0,1] — [0,1] such that 0 < f < 19y,
supp(f) € V and f(xg) = 1. Then fyn) = nf is such that || fiyn)|l = n and

(i fom)l < np(f) <np(V) <e fori=1,....k

so fin €U.

If we order U x N by setting (U,n) < (V,m) if and only if V. C U and n <
m, then the net {fun) }wn)cuxn weakly converges to zero and is unbounded.
Indeed, if W is a weak neighbourhood of 0, there exists Uy € U such that
Uy € W, and then f,) € W for every (U,n) > (U, 1). Yet fyn) is unbounded
as we increase n; in particular, it has no bounded tail. It follows that {1y +
f(U,n)}(U,n)eZ/{XIN is an approximate order unit with no bounded tail.

Of course, AM-spaces with unit are the same as AM-spaces with an approx-
imate order unit that is constant. The following is another characterization of
approximate order units that will be useful later.

Lemma 6.12. Let X be a Banach lattice. A net (e,) C X, is an approzimate
order unit if and only if X** is lattice isometric to C(K), for a certain compact

Hausdorff space K, and e, v k.

Proof. If (ey) is an approximate order unit, X is an AM-space by Lemma 6.9,
and therefore its bidual, being an AM-space with unit, is lattice isometric to
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C(K) for a certain compact Hausdorff space K. Moreover, the element 1y is

such that 1x(z*) = ||2*| for all * € (X*),, because By« = [~1k,1x|. Then
z*(ey) = [|z*|| = 1g(z*) for all 2* € (X*)4; in other words, e, — 1 in the
weak™® topology. The converse follows easily from this last observation. O]

The algebraic counterpart of approximate order units are approximate al-
gebraic identities. A net (e,) in a Banach algebra A is said to be a left (resp.
right) approxzimate (algebraic) identity if e;x — x (resp. xe, — x) for all z € A.
Of course, this is a standard definition in Banach algebras (see [Pal94, Chapter
5]). When we omit the left or right specification, it means that it is both a left
and a right approximate identity.

Putting together the notions of approximate order unit and approximate
algebraic identity, we get the approximate analogue of AM-algebras with unit.

Definition 6.13. Let A be a Banach lattice algebra and let (e,) C A,. We say
that A is an AM-algebra with approzimate unit (e,) if (e,) is both an approxi-
mate order unit and an approximate algebraic identity.

Example 6.14. (i) An AM-algebra with unit e is also an AM-algebra with
approximate unit, in which the approximate unit is the constantly e se-
quence.

(ii) The Banach lattice ¢y with supremum norm and coordinatewise order
and product is an AM-algebra with approximate unit (Z?:l ei)m where
ei(1) =1 and e;(j) = 0 for i # 7.

(iii) Any Banach lattice algebra with identity that is not an AM-space shows
that we can have approximate algebraic identities without having approx-
imate order units. This is the case for the Banach lattice algebra ¢1(Z),
where the product is given by convolution.

(iv) If X is an AM-space, we can always endow it with the identically zero
product, and it will become a Banach lattice algebra with an approximate
order unit that has no approximate algebraic identity (unless X = {0}).

(v) Even if a Banach lattice algebra has an approximate order unit and an
approximate algebraic identity, it may not be an AM-algebra with ap-
proximate unit, see Example 6.20.

AM-algebras with approximate unit are nothing but the closed sublattices
of C(K) that are, at the same time, subalgebras.

Theorem 6.15. A Banach lattice algebra A is an AM-algebra with approzimate
unit if and only if it is lattice and algebra isometric to a closed sublattice-algebra
of C(K), for a certain compact Hausdorff K.

For the proof of this theorem, we will need a couple of additional facts
about the Arens products. It turns out that identities for the Arens products
are closely related to approximate identities in the original algebra.
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Proposition 6.16 ([Pal94, Proposition 5.1.9]). Let A be a Banach algebra, with
canonical embedding j: A — A**, and let (e,) be a left (resp. right) approxzimate
identity. If j(e,) weak® converges to some e € A™*, then e is a left (resp. right)
identity for the second (resp. first) Arens product.

Arens regularity of bilinear operators and algebras has been extensively stud-
ied in the literature. In this line, G. Buskes and R. Page provided in [BP05]
several equivalent conditions for all bilinear and positive operators defined on a
Banach lattice to be Arens regular. Here we will only need the following one.

Theorem 6.17 ([BP05]). Let E be a Banach lattice. Every positive bilinear
map P: E x E — E is Arens reqular if and only if {1 does not lattice embed in
E.

We are now ready to prove Theorem 6.15.

Proof of Theorem 6.15. Let A be an AM-algebra with approximate unit (e,) C
A,. Since A is an AM-space, its bidual A** is lattice isometric to C'(K) for a
certain compact Hausdorff K. From Theorem 6.17 it follows that A is Arens
regular, because, being an AM-space, ¢; does not embed, as a lattice, in A.
Endow A** with the Arens product. Then A** is a Banach lattice algebra, and
the canonical isometric embedding j: A — A** is both a lattice and algebra
homomorphism.

By Lemma 6.12, j(e,) Y% 1k in C(K). At the same time, by Proposi-
tion 6.16, we have that 1 is the identity of A**, because both Arens products
coincide, and 1k is the w*-limit of the two-sided approximate identity (e,).
Recapitulating, we have that A** is lattice isometric to C'(K), and we have en-
dowed this space with a product, the Arens product, that makes it into a Banach
lattice algebra with identity 1. According to Proposition 6.2, this product can
only be the pointwise product, so A** is both lattice and algebra isometric to
C(K).

Conversely, if A is a closed sublattice-algebra of C'(K), then the positive unit
ball (Ba)4 is an increasing net that is an approximate order unit by Lemma 6.9.
It is also an approximate algebraic identity, by the standard argument of C*-
algebra theory (see [Dav96, Theorem 1.4.8] and note that, even though the
natural scalar field for C*-algebras is C, the same argument works for closed
subalgebras of a real C'(K)). Hence A is an AM-algebra with approximate
unit. O

At this point, the proof of Theorem 6.1 is almost done. The remaining
details are completed after the restatement of the theorem.

Theorem 6.1.

(i) Every AM-algebra with unit is lattice and algebra isometric to C(K) for
some compact Hausdorff space K, with the unit corresponding to the con-
stant one function 1.
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(ii) Every AM-algebra with approzimate unit is lattice and algebra isometric
to a closed sublattice-algebra of C(K) for some compact Hausdorff space
K. More precisely, there exists a closed set F C K such that the AM-
algebra is lattice and algebra isometric to the closed sublattice-algebra of
C(K):
{feC(K): f(t)=0 forallt € F}.

In particular, it embeds as an order and algebraic ideal in C(K).

Proof. (i) is contained in Theorem 3.3. To prove (ii), let A be an AM-algebra
with approximate unit. According to Theorem 6.15, we can see A as a closed
sublattice-algebra of C'(L), for a certain compact Hausdorff L. Since A is a
closed sublattice of C'(L), in virtue of another result by Kakutani (see [Kak41b,
Theorem 3]), there exists a family of pairs of points {(¢;, ;) }ier € L x L and
scalars {\; }ier C [0, 1] such that

A={feC(L): f(t;) = if(s;) forallieI}.

Given i € I, if f € A, then f2(t;) = f(t;)* = A\ f%(s;), but since also f? € A,
2(t;) = M\if%(s;), and we must have A2 f(s;)? = \;f(s;)%. This only leaves three
possibilities: either f(s;) = 0 for every f € A, in which case f(t;) =0 = f(s;),
or A\; = 0, in which case f(t;) =0, or \; = 1, in which case f(t;) = f(s:).

Collecting these cases, one gets a family of pairs of points {(u;,v;)}jes C
L x L and a family of points {w,},ep C L such that

A={feC(L): f(uj) = f(v;) and f(w,) =0forall j € Jpe P}.

To obtain the desired result, it only remains to “glue together” u; and v; for
every 7 € J. Even though this is a standard procedure, we work out the details
for the sake of completeness.

Consider the relation defined by {(u;,v;)};es in L. Equivalently, t ~ s in L
if and only if f(¢) = f(s) for all f € A. This is certainly an equivalence relation.
Consider the set K = L/ ~ with the quotient topology, and let Q: L — K be
the quotient map. Note that for each f € A, the map f: K — R defined by
f(Qs) = f(s) is well-defined and continuous. Whenever Qs # Qt, there exists
f € Asuchthat f(s) # f(t). Hence, f(Qs) # f(Qt), which in particular implies
that K is Hausdorff. Since K = Q(L), and @ is continuous, it also follows that
K is compact.

There is an isometric embedding

Indeed, T is certainly linear and

sup |f(Q(s)] = sup | £(s)].

Q(s)eK selL

Also, } R
1FI(Qs) = [f(Qs)] = [f(s)] = | fI(s)
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and

f9(Qs) = (f9)(s) = f(s)g(s) = F(Qs)3(Qs),
for all f,g € Aand s € L, so T is a lattice and algebra homomorphism. Let
now F be the closure of {Quw, : p € P} C K. It is straightforward to check that

T(A)={geC(K):g(t)=0forallte F}. O

Remark 6.18. The previous result could also be compared to other works which
study embeddings of an (ordered) Banach algebra as an (ordered) subalgebra
of C(K) such as [Ren92]. In [Ren92, Corollary 3.5], H. Render shows that a
Banach algebra with a bounded approximate identity and a closed multiplicative
cone containing all squares is order and algebra isomorphic to a subalgebra of
C(K). Note that this result is quite different from the one presented here, since
H. Render is not assuming that the algebra is a lattice, and the conclusion is
not of an isometric nature.

Moreover, the condition that squares are positive is closely related to being
an almost f-algebra (i.e., a A'b = 0 implies ab = 0). This connects with the
result by E. Scheffold [Sch81, Satz 2.4] that an almost f-algebra is semi-simple
(i.e., its Jacobson radical is zero) if and only if it is isomorphic to a separat-
ing sublattice-algebra of Cy(2), where (2 is a locally compact Hausdorff space.
Note that this result characterizes separating sublattice-algebras of Cy(£2), but
only in an isomorphic manner. The theorem given here, however, characterizes
sublattice-algebras of C'(K) isometrically. Both Render and Scheffold’s results
use adaptations of the Gelfand transform, while the technique presented here
relies heavily on Banach lattice results and Proposition 6.2.

To finish this section, we extract a couple of consequences of the theorem.
The first one is straightforward.

Corollary 6.19. Fvery AM-algebra with approzimate unit is an f-algebra.

With this corollary we can come back to the example left hanging in Exam-
ple 6.14.

Example 6.20. Even if a Banach lattice algebra has an approximate order
unit and an approximate algebraic identity, it need not be an AM-algebra with
approximate unit. Consider the Banach lattice ¢y ® R with supremum norm and
coordinatewise order. For (z,\), (y, 1) € co @ R, define the product:

(@, M)y, 1) = (y + Ay + pw, Ap).

Then ¢y @ R is a Banach lattice algebra with identity (0,1). It is also an AM-
space, so it has an approximate order unit. However, it is not an AM-algebra
with approximate unit, because it is not an f-algebra (if = € ¢ is nonzero, then

(z,0) A (0,1) = (0,0), but (z,0)(0,1) = (z,0) # (0,0)).

A precise formulation of the second consequence requires working over the
complex field. If K is a compact Hausdorff space, the complexification of C'(K)
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may be identified with C'(K,C), the space of continuous complex-valued func-
tions on K. Similarly, the complexification A¢ of any closed sublattice-algebra
A of C(K) (ie., of any AM-algebra with approximate unit) will be a sub-
algebra of C(K,C). It is clear that Ag, being the complexification of A, is
closed under involution. It follows that it is a C*-algebra, in which the cone of
self-adjoint elements with positive spectrum (i.e., the positive elements in the
sense of C*-algebras) is precisely A,. Conversely, by a result of S. Sherman
[Sheb1], any C*-algebra Ac in which the cone of positive elements (in the C*-
algebra sense) forms a lattice, must be commutative, hence a closed subalgebra
of C(K,C). Moreover, A¢ will be the complexification of AN C(K), which is a
closed sublattice-algebra of C'(K), hence an AM-algebra with approximate unit.
This discussion is summarized in the final corollary.

Corollary 6.21. Let A be a Banach lattice algebra. Its complezification Ac
can be endowed with a C*-algebra structure in such a way that A, is the cone of
self-adjoint elements with positive spectrum if and only if A is an AM-algebra
with approximate unit.

6.2 BANACH LATTICE ALGEBRAS WITH UNIQUE MULTIPLICATION

Recall from Proposition 6.2 that, fixed the pointwise lattice structure and the
algebraic identity to be the constant one function, there is a single product in
C(K) that makes it a lattice-ordered algebra (namely, the pointwise product).
The goal of this section is to prove the converse of this result.

Theorem 6.3. Let A be a Banach lattice algebra with identity e and order <.
Suppose that there is a unique product on A that makes it into a lattice-ordered
algebra with identity e and order <. Then A is lattice and algebra isometric to
C(K), with e corresponding to 1.

Remark 6.22. In contrast, given an Archimedean f-algebra with positive iden-
tity, there is a unique f-algebra product having the same identity (see [ABOG,
Theorem 2.58]). Thus, if we only consider f-algebra products, then every single
Archimedean f-algebra with positive identity has uniqueness of the product.

Proof of Theorem 6.3. If A = A,, then the result follows from Theorem 3.1.
Suppose that A # A.. We are going to exhibit another product that makes A
a lattice-ordered algebra with identity e.

Let P: A — A be the band projection onto A., and let P? be its disjoint
complement. Let a, 8 € A} be multiplicative functionals with a(e) = f(e) =1
(if we identify A, with C'(K), o and § are just evaluations at points of K'). For
x,y € A, define their product x as

rxy = PrPy+ a(Pz) P + P'zB(Py).

First we have to check that x is actually a product. It is clear from the definition
that % is bilinear. For convenience of the reader we include the details for
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checking associativity: Given z,y,z € A, note that P(x x y) = Pz Py whereas
Pz xy) = a(Pz)Ply + PlxS(Py). Then

(xxy)x2z=Px*y)Pz+ a(P(xxy)) Pz + Pz % y)B(P2)
= PxPyPz + o PxPy) Pz + a(Pz)B(Pz) Py + B(Py)3(Pz) Pz,

and

zx (yx2) = PrP(yz) + a(Px)Pyx2) + PlaB(P(y x 2))
= PxPyPz + o Pr)a(Py) Pz + o Px)3(P2) Py + B(PyPz)P'x.

Since o and [ are multiplicative, it follows that (z xy) x z = x * (y * 2).
Now, it is clear that if z,y € A, then zxy € A,. Also,

rxe= PxPe+ Pl2B(Pe) =1 and exx = PePx+ a(Pe)Plr =z,

so e is still the identity for x. We have thus shown that A, equipped with this
product, is a lattice-ordered algebra with identity e.

If A # R (i.e., if the compact K has more than one point), different func-
tionals o and 3 will give different products. Also, if there exist x,y € A? such
that xy # 0, then x xy = 0, and the product * is different from the one we
started with. Thus, in these cases we have at least two different products.

[t remains to check what happens when A, = R and zy = 0 for all 7,y € A%.
In this case, any z,y € A can be written as x = \e + 2’ and y = pe + y with
A\ €R, 2y € A and then

xy = A\pe + Ny + px'.

Let ¢ € (A?)*% be a non-zero functional, let zy € (A%), be a non-zero element,
and define the product

xxy = Ape+ Ny + pr’ + ¢(2")p(y)zo.
This is clearly bilinear. Let z = ve + 2/, with v € R and 2’ € A¢, then

(xxy)* 2= duve + 2’ + vy + px’ + o(2")o(y')xo)
+ oy + pa’ + ¢(2")p(y ) o) (2 )20
= uve + \uz' + vy’ + vpa!

+ [vo(2)o(y) + Ao(y)o(2') + nd(a)d(2') + d(a") by V(=) b (o) o

=x*(yx*2),

and this shows that it is associative. If x € A,, then A > 0 and 2/ € A,
so the product of positive elements is positive. It is straightforward that e is
the identity for this product; hence A with x is a lattice-ordered algebra with
identity e. We have chosen ¢ to be a non-zero functional; pick x € A% such that
d(x) # 0. Then z x x = ¢(x)?xy # 0, whereas 22 = 0 in the original product of
A. We have again exhibited two different products with the desired properties,
and this finishes the proof. m
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6. AM-ALGEBRAS

In view of the results of this chapter it is natural to ask: given an AM-
space, is there always a product making it into an AM-algebra? Is the product
unique? If not every AM-space admits such a product, can we characterize
the AM-spaces that do? In the following chapter we develop the necessary
machinery to answer, in particular, these questions.
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f-ALGEBRA PRODUCTS ON AL AND
AM-SPACES

David Munoz-Lahoz, [-algebra products on AL and AM-spaces,
Preprint, arXiv:2507.08435. To appear in Math. Z., 2026

A. W. Wickstead asked in [Wicl7a, Section 4] for a description of the most
general Banach lattice algebra structure on AM-spaces and AL-spaces. In this
chapter we describe the f-algebra products on these spaces. It will turn out that
these products have elegant characterizations; it is not clear at all whether the
general situation will also be so tractable.

More precisely, it is shown in Theorem 7.4 that for every AM-space X there
exists an associated AM-space W such that the f-algebra products on X are
in one-to-one correspondence with (Wx),. Section 7.1 is devoted to the con-
struction of Wx and the proof of Theorem 7.4. This result generalizes the
well-known fact that the falgebra products on C(K), where K is a compact
Hausdorff space, are in one-to-one correspondence with C'(K), (see Proposi-
tion 7.1). There also exist results in the literature characterizing all the almost
falgebra products [Sch81] and all the d-algebra products [Bou04] on C(K).

By Kakutani’s theorem, every AM-space X embeds lattice isometrically in
a space of continuous functions C'(K). Since every closed subalgebra of C'(K)
is also a vector sublattice, a natural stronger question is to characterize which
products on X can be embedded lattice and algebra isometrically in a space of
continuous functions. By Theorem 7.8, this question turns out to be equivalent
to characterizing when X can be isometrically embedded as a closed (order and
ring) ideal of C'(K).

The products on an AM-space that embed in a space of continuous functions
were characterized intrinsically in the previous chapter. In short, these products
are the ones for which (By), is an approximate algebraic identity, where By
denotes the unit ball of X. It is shown in Section 7.2 that such a product does
not always exist but, when it does, it is unique (Corollary 7.7). Following the
nomenclature of the previous chapter, we call AM-algebras the AM-spaces that
admit such a product. In particular, the AM-algebra product on C(K) is the
pointwise product. In Theorem 7.12 it is shown that the AM-algebra product
enjoys nice characterizations, similar to those of the pointwise product in a space
of continuous functions.

One of the characterizations of an AM-algebra X is that the space W is, in
some sense, “maximal.” In Section 7.3, we look at the other end and study those
AM-spaces for which Wy is minimal. Note that every vector lattice admits an
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7. f-ALGEBRA PRODUCTS ON AL AND AM-SPACES

f-algebra product, namely, the zero product. Thus we are looking at the vector
lattices that admit a unique f-algebra product. In Section 7.3, several properties
of such spaces are studied. This is motivated by the existence of a simple
characterization of AL-spaces that admit only the zero product: an AL-space
admits only the zero product if and only if it has no atoms (Corollary 7.18).
This is a simple consequence of the characterization of the f-algebra products
on AL-spaces that is provided in Theorem 7.17. We are able to show that there
exist AM-spaces that only admit the zero product. We are, however, unable to
provide a general and simple characterization of such spaces.

7.1 f-ALGEBRA PRODUCTS ON AM-SPACES

The following result characterizing the f-algebra products on AM-spaces with
unit follows from [Con74, Theorem 2.2].

Proposition 7.1. A product P: C(K)x C(K) — C(K) is an f-algebra product
if and only if there exists a weight w € C(K), such that

P(f,g)t) =w(t)f(t)g(t) forall f,ge C(K) andte K. (7.1)

This product is submultiplicative if and only if [|[w|. < 1.

In view of the previous proposition, one could say that the f-algebra products
on C'(K) are parametrized by C(K). The goal of this section is to give a similar
characterization for the f-algebra products on general AM-spaces.

Let X be an AM-space. Denote by hom(X, R) the set of functionals on X
that are lattice homomorphisms. The sets

Kx =hom(X,R) N By-, K% = Kx \ {0}, and K} = hom(X,R) N Sx-

are all Hausdorff topological spaces when equipped with the weak* topology.
Furthermore, Kx is compact. We say that a real function f defined on Ky is
positively homogeneous if f(Ax*) = \f(x*) for every z* € Kx and A € R, such
that \z* € Kx. For instance, the evaluation ev, at some x € X defined by

evy(z*) = 2" (z) for all z* € Kx

is a continuous positively homogeneous function on Ky. The set Cp,(Kx) of
all continuous positively homogeneous functions on Kx is a vector lattice with
respect to the pointwise addition, scalar multiplication, and ordering. Further-
more, the norm of uniform convergence makes Cpp(Kx) an AM-space.
According to a representation result by A. Goullet de Rugy [GdR72, Corol-

laire 1.31], the map

X — Cph(K X)

T —> evy

defines a surjective lattice isometry. From now on, we shall identify X with
Con(Kx).
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7.1. f-algebra products on AM-spaces

Before characterizing all the f-algebra products on X we need to compute its
center in terms of Ky. Denote by C’ZEO)(K}}) the space of continuous functions
f: K% — R that are bounded and satisfy f(Az*) = f(z*) for all z* € K}
and 0 < A < 1. Note that this is a closed sublattice-algebra of Cy(K%). In
particular, it is an AM-space with unit, the unit being the constant function
one.

For every h € C’lgo)(K}*{), define the operator Mj: Cpon(Kx) = Con(Kx) by

h(x*) f(x*) if x* € K%
M, *) = :
WD) {O o
Note that M(f) is certainly continuous outside 0 and that, if z — 0 in Kx
with 2} # 0 for all @ big enough, then

Mi(f)(zg) = h(zg) f(z3) = 0

since h(x}) is bounded and f(z¥) — 0. This shows that M, (f) is continuous at
0. Also, My(f) is a positively homogeneous function. Hence, the operator M, is
well-defined. Note that it is also central, since it is linear and satisfies £ M}, f <
|h]|sof for all f > 0. (Side note: every positively homogeneous function must
vanish at 0; from now on, we will not write the value at 0 explicitly.)

Next we show that every operator in the center of Cp, (K x) is of the form de-
scribed above. We don’t claim any originality in this result: it is well-known that
central operators in Cp, (K x) are multiplication operators (see [Wil71, Buc61]).
Here, we provide a characterization suited to our purposes using standard tech-
niques.

Proposition 7.2. Let X be an AM-space. The map

M: CO(K%) — Z(Cw(Kx))
h — Mh

s a lattice-algebra isometry.

Proof. 1t is direct to check that M is linear and that it is an algebra homomor-
phism with M (1xy) = idx. That it is a lattice homomorphism follows from
the fact that |T'|f = |Tf| for every T' € Z(Con(Kx)) and f € Cpn(Kx )+ (see
[AA02a, Theorem 3.30]). The norm in Z(Cpn(Kx)) is given by ||T]| = inf{ A >
0:+7T < Xidx } for all T € Z(Cpn(Kx)) (see [AAO2a, Theorem 3.31]). There-
fore, once we establish that M is bijective, it will follow that it is an isometry.

That M is injective is straightforward. To show that it is surjective, we
will use an adaptation of the arguments in [Buc61, Section 5| (see also [Wic88,
Lemma 2.1]). Let T € Z(Con(Kx)) be a central operator. Let 2* € K% and
choose f,g € Con(Kx) with f(x*)g(z*) # 0. Setting

f(@*)
g(x*)

=f- g in Oph(KX>
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7. f-ALGEBRA PRODUCTS ON AL AND AM-SPACES

we get, as T is central,
(Tk) (") < | T|||k(z")[ = 0.

Whence,
fl@)  gz¥)
Accordingly, the function h: K% — R given by

(T'f)(z")
f (@)

where f is chosen arbitrarily in Cpp(Kx) with f(z*) # 0, is well-defined. Since
f € Con(Kx) is continuous, if f(z*) # 0 there exists a weak® open neighbour-
hood U of z* in which f|y does not vanish. Then h|y = (T'f)|y/ f|v and, since
both f and T'f are continuous, h|y is continuous. Hence h is locally continuous,
and therefore continuous. Also note that h is bounded, since

ety = T <y 2y

FACS I VA Ca]

Thus far we have constructed h € C,(K%) such that T'f(z*) = h(z*)f(z*)
for all 2* € K% and f € Con(Kx) with f(z*) # 0. Note that, if f(z*) =0, then
also T'f(z*) = 0 (because T is central), so the identity T'f(z*) = h(z*)f(z*)
still holds in this case. For an element z* € K}( and 0 < A < 1, using the
homogeneity of f and T'f:

(Tf)=) _ (Tg)(a")

h(z*) =

for all z* € K%,

Mi(a®) f(x7) = AT f(2") = Tf(Az") = h(Ax") f(Az") = Ah(Az™) f(x7).

Choosing an f for which f(z*) # 0 shows that h(z*) = h(Az*). Hence h €
CZSO)(K}) and T = M, as wanted. O

To each function w: K% — R associate a map w_;: K% — R defined by

Lo | ool 1) I—
w_1<$)zw, T EKX
Consider
Wx ={w € Cy(Ky) : w_; is continuous on K% }.

We are going to show that Wy is a closed vector sublattice of Cy(K% ), and
therefore an AM-space. The positive cone of Wx will end up being in one-to-
one correspondence with the falgebra products on X, i.e., (Wx) will be our
space of weights. Note that we are not asking for w_; to be bounded on K% (in
many cases it is not; see Section 7.2), we are only asking for it to be continuous.

From (Aw +w')_1 = AMw_1 + (w')_1 and |w|_1 = |w_4] it follows that Wy is
a vector sublattice of Cy(K%). To show that it is closed, let (w,) C Wx be a
sequence converging to w in Cy(K%). For 6 > 0, denote

Ky ={a" € Kx:|z*|| >4}

122



7.1. f-algebra products on AM-spaces

Estimate
wy (/|| x*]]) — w(z*/||z*
sup |(wn)o1 (@) — wos(@)] = sup Ll AT — w7
oeR oreky [

l|wy, — 7~U||cb(1r<;()

- )

This shows that (w,)_; converges uniformly to w_; on K%. In particular, w_,
is continuous on K%. Since this is true for every § > 0, it follows that w_,
is continuous on K%. Hence w € Wx and Wy is a closed vector sublattice of
Cy(Kx).

Every element of (W), defines an f-algebra product on X in the following
way:

Lemma 7.3. Let X be an AM-space and let w € (Wx),. Put

P: Cph<KX) X Cph<KX) — Cph(Kx)
(f,9) — Xkyw-1fg’

where Xy, is the characteristic function of KX (so that P(f,q) is extended to
vanish at x* =0). Then P is an f-algebra product on X. If |[w|« < 1, then P
is submultiplicative.

Proof. The only non-trivial point is to check that, given f,g € Cpn(Kx), the
function P(f, g) is continuous at 0. But this follows readily from the inequalities

PG = o () £ () o0

that hold for every z* € K%. Notice here that the same inequalities yield
straightforwardly the submultiplicativity result. Il

< Jlwlloll £ 19 (=)l

The main result of this section is that every f-algebra product on X is of
this form.

Theorem 7.4. Let X be an AM-space identified with Cp,(Kx). A product
P: Cph<Kx) X Cph(KX) — Cph<Kx)
is an f-algebra product if and only if there exists a weight w € (Wx) such that

P(f,9) = XK;}w—lfg

for all f,g € Con(Kx). This product is submultiplicative if and only if ||w]|s <
1.

Proof. After the previous lemma, it only remains to show that every f-algebra
product is of the desired form and that, if the product is submultiplicative, then
|lw]leo < 1. Let P: Con(Kx) X Con(Kx) = Cpon(Kx) be an falgebra product.
For every g € Cpn(Kx), the f-algebra property implies that the map P(.,g) is
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7. f-ALGEBRA PRODUCTS ON AL AND AM-SPACES

an orthomorphism. Thus P(.,g) € Z(Cpn(Kx)), and by Proposition 7.2 there
exists a unique function h, € C’ISO)(K}‘() such that P(.,g) = M(h,). Consider
the map
H: Cu(Ex) — CV(Ky)
g — hy '

That H is a lattice homomorphism follows from a routine calculation involving
the injectivity of M and the fact that positive central operators are lattice
homomorphisms.

Let * € K% and let 0, € C’,)(O)(K})* denote the usual evaluation at x*
functional. The map H*§,+ = 6,0H : Con(Kx) — Ris a lattice homomorphism.
Identifying X with Cpn(Kx) (through = — ev,), the definition of K% implies
that there exist ¢(2*) € K% and wy(2*) € Ry such that H*,« = wq(z*)p(z*).
This means that, for every x € X, (H*,+)(ev,) = wi(az*)o(z*)(x). A mere
rewrite yields

(H eva)(2") = wi(z7) eva(o(27)).

This way we can define maps ¢: Ky — Kx and w;: K% — R, in the obvious
way satisfying Hg = wig o ¢ on K% for every g € Cpn(Kx). The positive
homogeneity of the functions implies that P has the form:

P(f,9)(x") = wi(2") f(«")g(d(2")) for all 2% € K. (7.2)

Next we want to show that, for every 2* € K% for which wy(x*) # 0, ¢(x*)
is a scalar multiple of z*. Otherwise, * and ¢(z*) must be disjoint in X*,
because they are non-zero lattice homomorphisms, and therefore atoms in X*
(see [AA02Db, Problem 2.3.6]). Accordingly, there exist x,y € X, such that

o(x")(x) < z*(x) and z*(y) < d(x™)(y).
Then, using that w;(z*) > 0,

Pleva,evy)(a*) = wi(a)a" (2)o(x) (1)
> wn(27)o(a*) (2)a"(y) = Plovy, ov,)(a”).

This contradicts the fact that every f-algebra product on an Archimedean vector
lattice is commutative [Zaa83, Theorem 140.10]. Hence ¢(z*) must be a positive
multiple of z* whenever wy (z*) # 0.

Define the map we: K% — [0,1] by ¢(x*) = wy(a*)z*/||z*||, whenever
wi(x*) # 0, and by wy(z*) = 0 (or any other value) whenever wq(z*) = 0.
Set w = wywy. Then (7.2) becomes, using the homogeneity of g,

P(f,9)(@") = 5
By the positive homogeneity of f and g,
P /1) = A gt
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7.1. f-algebra products on AM-spaces

Also

]

and since P(f,g) is positively homogeneous, it follows by choosing appropriate
f and g that w(z*) = w(z*/||z*||). Hence we can restrict the definition of w to
K% and write

P(f,g)(z") = %ﬂm*)g(z*) for all z* € K%.

It remains to check that w € (Wx),. By construction, w is positive. Since
P is positive on both coordinates, it must be bounded by some constant || P||.
Consequently, for every 2* € K and f € Cpu(Kx) with || f]je < 1, we have

w(@)|f(@*)* = [P(f, H @) < 1P, HI < 1P

Fixed x*, f(z*) gets arbitrarily close to 1 as f ranges through Cp,(Kx)4, so
|w(z*)| < ||P||. In particular, if P is submultiplicative, then ||w|. < ||P] < 1.

To show that w_; is continuous, let 7, — x* be a convergent net in K%. Let
f € Con(Kx) be such that f(x*) # 0. Since both f and P(f, f) are continuous
on Kx, we have

flag)® = f(@)? and  woi(x})f(25)? = woa(a”) f(27)*.
Choose ag such that |f(z})% — f(z*)?| < f(z*)?/2 for all & > ag. Then

2

s (o) = w2 € o @) e (52) = w0
= ol P (a2) = )P (@)
< ﬁwz)%_mz) — Fa Py (2)]
n ﬁmx*f — F@) o ()]
for all @ > . Taking limits in a shows that w_;(z%) — w_; (2*). 0

Remark 7.5. Let X be an AM-space with unit, say X = C(K) for a certain
compact Hausdorff space K. Then K% is homeomorphic to K (in particular, it
is compact) and therefore Wx C Cy(K%) = C(K). Since the norm is continuous
on Kx (because every positive functional attains its norm at 1x) it follows that
Wy = C(K). Hence, for AM-spaces with unit, the previous theorem reduces to
Proposition 7.1.

So, for AM-spaces with unit, Wx = Cy(KY), that is, Wy is maximal. The
AM-spaces with the property that Wx is maximal are surprisingly well-behaved.
They are the object of study of the following section.
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7.2 AM-ALGEBRAS REVISITED

According to Kakutani’s theorem every AM-space embeds lattice isometrically
in a space of continuous functions. It is natural to ask: which of the products
in Theorem 7.4 embed lattice-algebra isometrically in a space of continuous
functions? (Note that every sublattice-algebra of a space of continuous functions
is an f-algebra, so it suffices to consider f-algebra products to characterize all
products on an AM-space that embed in a space of continuous functions.) The
previous chapter answered this question intrinsically: by Theorem 6.15, the
AM-spaces that embed lattice and algebra isometrically as a closed sublattice-
algebra of some C(K) are precisely the AM-algebras with approximate unit.
Recall from Theorem 6.1 that, in fact, the embedding may be chosen so that
the AM-algebra appears as an order and algebraic ideal of C'(K), of the form

{feC(K): f(t)=0forallt e F}

for some closed F' C K. In particular, (B4), is then an approximate algebraic
identity for A, by the standard C*-algebra argument (see, for instance, [Bla06,
Section 11.4]).

In this language, the question of which products in Theorem 7.4 embed in
C(K) becomes: which of the submultiplicative products turn the AM-space
X into an AM-algebra with approximate unit? Since X is already an AM-
space, these products are precisely the ones for which (Bx)y is an approximate
algebraic identity. The following general result shows that there can be at most
one such product.

Proposition 7.6. Let X be a Banach lattice, and let (e,) be a net in X. Then
there exists at most one Banach f-algebra product on X for which (e,) is an
approximate algebraic identity.

Proof. Let x and * be two Banach f-algebra products on X. Using that central
operators commute, it is not difficult to check that

(fxg)xh=(f*h)xg

holds for every f,g,h € X. Suppose (e,) is an approximate algebraic identity
for both * and *. Then

(fxg)xea=(f*ea)*g.
Passing to the limit, this shows that * and x are equal. Il

Corollary 7.7. Let X be an AM-space. If there exists a product making X into
an AM-algebra with approximate unit, then it is unique.

When such a product exists, we will simply say that X is an AM-algebra and
call the associated product the AM-algebra product. Of course, every AM-space
with unit is an AM-algebra, with the AM-algebra product being the pointwise
product. More generally, the following theorem characterizes the AM-spaces
that are AM-algebras in several ways.
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7.2. AM-algebras revisited

Theorem 7.8. Let X be an AM-space. The following are equivalent:
(i) X is an AM-algebra.

(11i) The norm is weak® continuous on K.

(iv) Wx is mazimal (i.e., Wx = Cy(K%)).

(v) X is lattice isometric to a closed subalgebra of C(K), for a certain compact
Hausdorff space K.

(vi) X 1is lattice isometric to a closed ideal of C(K), for a certain compact
Hausdorff space K.

(vit) X s lattice isometric to Co(2), for a certain locally compact Hausdorff
space €.

Proof. Suppose X is an AM-algebra, and let P denote its product. Then P is
given, in the terminology of Theorem 7.4, by a weight w € (Wx); with norm
|lw]loo < 1. The unit ball (f,) = (Bx)+ is an approximate algebraic identity for
P, that is, P(fa,g9) — g for all g € Cpp(Kx). This means in particular that

0=lim sup |g(y")[lw(y")faly") = 1]

1
y*eKX

Hence w(y*)fo(y*) — 1 for all y* € K}. Since 0 < fo(y*) < 1 for all o,
w(y*) > 1. On the other hand, since the product is submultiplicative, w(y*) < 1.
Thus w = 1x1 € Wy, and this shows that (i) implies (7).

If w= 141 € Wx, then w_y(z*) = 1/||2*|| is continuous on K%, so (i)
implies (7). If the norm is continuous on K%, then for every w € Cy(K%) the
function @2

o w(x/||x
v =
is continuous on K%. This shows that (%) implies (iv).
To prove that (iv) implies (v), suppose Wx = Cy(K%). In particular, 1 Kl €

Wx, and so
1

]

f(x7)g(x7)

defines an f-algebra product on Cp,(Kyx). Consider the restriction map

P(f,9)(x) =

R: Cph(Kx) — Cb(K)l()
f — f ‘K}( '
Note that this is a lattice isometric embedding. Moreover, it is an algebra
homomorphism for the product P in C,,(Kx) and the pointwise product in

Cy(KY). Since Cy(K¥) is lattice-algebra isometric to C'(8KY%), where 3K
denotes the Stone-Cech compactification of K the desired implication follows.
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If X is isometric to a closed subalgebra of C'(K), then with the product it
inherits from C(K) it is an AM-algebra with approximate unit, and therefore
it is isometric to a closed ideal of a space of continuous functions (this is part
of Theorem 6.1). Hence (v) implies (vi). Suppose X is lattice isometric to
Jrp={f € C(K): flp =0} for some closed FF C K. It is then standard to
check that the restriction map

Jrg — Co(K\F)
f— flxwr

is a (surjective) lattice isometry. This shows that (vi) implies (vii). That (vii)
implies (7) is immediate. O

Remark 7.9. In items (v), (vi), and (vii), the AM-algebra product on X is pre-
cisely the pointwise product. Indeed, in every case the pointwise product makes
X into a lattice-ordered algebra that is lattice isometric to a closed sublattice-
algebra of a certain C'(K). By uniqueness, this product is the AM-algebra
product on X.

Remark 7.10. If X is an AM-algebra, then the AM-algebra product is given by

P(f,9)(x") = f(@®)g(a™) forall f,g € Con(Kx).

1
(Bl
In particular, whenever this product is well-defined, the unit ball is an approx-
imate algebraic identity for it.

The following is an example of an AM-space that does not satisfy the con-
ditions of the previous theorem.

Example 7.11. Consider X = ¢ with the usual linear and lattice structures,
but with norm
[2]l = (21im [z, ]) V [|2]] oo,

where ||z||s = sup,, |z,|. It is straightforward to verify that this norm makes X
into an AM-space: for x,y € X one has lim,(z, V y,) = (lim, z,,) V (lim, y,)
and sup,, (¥, V yn) = (Sup,, &) V (sup,, y»), hence ||z Vy|| = ||=[| V [ly[|. Consider
the point-evaluation functionals ¢; at coordinates j € N and the limit functional
doo(x) = lim,, x,,. These are all lattice homomorphisms. It is easy to check that
|0;]] =1 for every j € N, whereas |0 || = 1/2. We claim that w =151 & Wi.
Indeed, §; — do in K%, yet w_1(d;) = 1 and

Thus w_; is not continuous on K%.

The following result distinguishes the AM-algebra product among all prod-
ucts in several ways.
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Theorem 7.12. Let X be an AM-algebra and let P be a product on X. The
following are equivalent:

(i) P is the AM-algebra product on X.
(i) (Bx)y is an approximate algebraic identity for P.
(11i) When X is identified with Cpon(Kx):

P(f,9)(a") = 57— f(2")g(z7)

b
Rl
for all f,g € Con(Kx) and z* € K.

(iv) For every 2* € K} and z,y € X:
Z(P(z,y)) = 2*(x)2" ().

In the case that X is an AM-space with unit e, all of the above are also equivalent
to each of the following additional conditions.

(v) e is the algebraic identity of P.
(vi) When X is identified with a certain C(K), P is the pointwise product.

Proof. That (i) and (ii) are equivalent is the main content of Theorem 6.1.
That (i) implies (747) is Remark 7.10. If (i) holds, then

P(f,9)(z") = f(z")g(2")

for every z* € K¥; this is precisely (iv).

Suppose (iv) holds. Identify X with Cp,(Kx), so that the condition on the
product becomes, as before, P(f,g)(z*) = )g(2*) for every z* € K% and
f,9 € Con(Kx). The restriction map

R: Cph(Kx) — Cb(K)l()
/ — f‘K}(

s

—
IS

*

is a lattice isometric embedding. The condition on the product implies that it
is also an algebra homomorphism. Since C,(KY) is lattice-algebra isometric to
C(BKY), (i) follows.

Suppose that X is an AM-space with unit e. Suppose P is the AM-algebra
product on X. Since (Bx); converges in norm to e, it follows that e is the
algebraic identity of P. So (i) implies (v). If e is the algebraic identity of P,
then X is an AM-algebra with unit e, and the first item in Theorem 6.1 implies
(vi). That (vi) implies (7) is direct (see Remark 7.9). O

The previous two theorems complement very nicely the results of the pre-
vious chapter, because they show precisely when an AM-space can be made
into an AM-algebra and, in that case, what the AM-algebra product looks like.
They also provide practical ways to compute the AM-algebra product in con-
crete AM-spaces. The following example illustrates how.
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Example 7.13. Let X be an AM-algebra and let « > 0. A function f: Kx — R
is said to be a-homogeneous if f(Ax*) = A*f(z*) for all z* € Kx and A € Ry
with Axz* € Kx. The space CIEZ‘)(K x) of a-homogeneous continuous functions

on Ky is an AM-space. Moreover, it is an AM-algebra with the product given
by

P(f,9)(x") = Wf(x*)g(x*) for all 2 € Kx \ {0}.

Indeed, since the norm is weak* continuous on K%, P is a well-defined product
on C’Z()Z)(K x). Moreover, the restriction map

R: CW(Kx) — Cy(KY)
f — f‘K}(

defines a lattice-algebra isometric embedding. Since C,(KY) is lattice-algebra
isometric to the space of continuous functions C(SKY), P is the AM-algebra
product on X (see Remark 7.9).

The following are some additional tools to check that a product on an AM-
space is the AM-algebra product.

Lemma 7.14. Let X be an AM-algebra.

(1) If Y is a closed subalgebra of X, then'Y is also an AM-algebra (in partic-
ular, it is automatically a vector sublattice).

(ii) Suppose that T: X — C(K) is a lattice isometric embedding and that
T(X) is a subalgebra. Then T is an algebra homomorphism.

Proof.

(i) Since X embeds isometrically as a subalgebra in some C(K), so does Y.
In particular, Y is also a vector sublattice of X, and it is an AM-algebra.

(ii) The product induced by C(K) in T(X) is precisely the AM-algebra prod-
uct by Remark 7.9. O

7.3 AL AND AM-SPACES WITH A UNIQUE f-ALGEBRA PRODUCT

We have first described all the f-algebra products on AM-spaces, and then
studied a particular product (the AM-algebra product). The existence of this
product was characterized by the fact that the space Wx was maximal. We now
turn our heads and look at the other end. Can Wx be minimal? In other words:
can an AM-space admit a single f-algebra structure? (Namely, the one given
by the zero product.) The following result answers this question in a broader
context. Recall that a Banach lattice X is said to have trivial center if Z(X)
consists only of the scalar multiples of the identity.

Proposition 7.15. A Banach lattice with trivial center and dimension greater
than 1 has a unique f-algebra product.
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Proof. Let X be a Banach lattice with trivial center, and let P be an f-algebra
product on X. We are going to show that if P is not the trivial product, then
X must be one-dimensional. For every x € X, P(z,.) is an orthomorphism,
and therefore a central operator. Since the center is trivial, there exists a scalar
A(z) € Ry such that P(x,.) = A(z)idx. Let N be the annihilator of the product
P. Recall that N is a band. If P is not the zero product, then N # X, and
therefore its disjoint complement N¢ is not zero. Let z,y € (N9),.. Since
Az), AM(y) # 0 and
@)y = zy =y = My)z

it follows that N? has dimension one. Hence N¢ is a non-trivial projection
band. Since the center of X is trivial, it must be X = N? and thus X is
one-dimensional. O

In particular, every AM-space X of dimension greater than 1 with trivial
center (see [GAR72] and [Wic88] for examples of such spaces) satisfies Wx = {0}.
The converse, however, is false.

Example 7.16. Let X; and X, be Banach lattices that only admit the trivial
f-algebra product (for example, X; and X, can be Banach lattices with trivial
center and dimension greater than 1). Their direct sum X = X @, X5 has non-
trivial center, since both X; and X, are non-trivial projection bands in X. Let
P: X xX — X be an falgebra product on X. The f-algebra property implies
that projection bands are closed under multiplication. Hence the restriction

P|X1><X1: X1 XX1 %Xl

defines an fralgebra product on X;. By assumption, P|x,xx, = 0. Similarly,
Plx,xx, = 0. Let (x1,22), (y1,y2) € X and compute

P((xlu x2>7 (y17y2)) = P((xh 0>7 (yh O)) + P((mlv 0)7 (Ov y2)>
+ P((07 $2), (yla 0)) + P((Oa 1‘2), (07 y2))
= P((xb 0)? (07y2)) + P((07x2)7 (yla 0))
=0,

where in the last equality we are using that the product of disjoint elements is
0. Hence P = 0.

This prompts a natural question: is there a simple condition characterizing
the AM-spaces with a single f-algebra product? As it turns out, for AL-spaces
there is such a simple characterization. This characterization will be a simple
consequence of the next theorem, which describes all f-algebra products on
AL-spaces.

Before presenting the result, let us recall some notions about atoms in Ba-
nach lattices (see, for instance, [LLZ71, Section 26]). An atom in a Banach lattice
X is a positive element a € X, for which 0 < x < a implies that x is a scalar
multiple of a. In this case, the linear span of a is a projection band. Denote by
P, the associated band projection. Thus P,x = \,(z)a, for a certain A\,(x) € R.
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The map = +— A,(x) defines a positive linear functional on X, called the coor-
dinate functional of a. Let A be a maximal family of norm-one atoms in X,
and let B = B(A) denote the band generated by these atoms. When X is order
complete, the band projection onto B is given by Pz = \/ ., A(x)a for every
x € Xy. When X is order continuous,

Pz = Z Ao(z)a = sup Z Ao(2)a,

= FeFin(A) &7
where Fin(A) denotes the collection of finite subsets of A.

Theorem 7.17. Let X be an AL-space and let {e;}ic; be a mazimal family of
norm-one atoms in X. Let e be the coordinate functional of e;. A product
P: X x X — X is an f-algebra product if and only if there exists a weight
w € loo(I) 4 such that

P(f,9) =Y w(i)e;(f)e;(g)e; for all f,g € X.

i€l
This product is submultiplicative if and only if [|[w|o < 1.

Proof. Identify X with Li(u), for some measure pu. Let P: Li(p) X Li(n) —
Li(p) be an f-algebra product. First assume that p is o-finite. Actually, we
may assume that p is a probability measure, since Li(u), with a o-finite pu, is
lattice isometric to Li(u') for some probability measure 1.

For every f € Li(u), the operator P(f,.) is in the center of Li(u). By
[AA02a, Theorem 3.34], there exists a unique w(f) € Lo (1) such that P(f,g) =
w(f)g for all g € Ly(p); in fact, w(f) = P(f,1). Thus P(f,g9) = P(f,1)g and,
repeating the previous argument with P(., 1), it follows that w(f) = P(f,1) =
P(1,1)f. Therefore

P(f,g)=P(1,1)fg forall f,g€ Li(n). (7.3)

The map w: Ly(p) — Loo(t), defined by w(f) = P(1,1)f, is a lattice ho-
momorphism. Decompose Ly(p) = Ly(v1) @ Lyi(va), where vy is a finite atomic
measure and v is a finite non-atomic measure. Both L;(v1) and L;(1») are
projection bands in L;(p). Therefore w|p, (v, L1(v2) = Loo(pt) is also a lattice
homomorphism. Since the dual L. (v5) of Li(12) has no atoms (because vy is
non-atomic), Ly(v2) does not have non-zero functionals that are lattice homo-
morphisms. But L. (p) certainly does. So it must be w|y,,) = 0, that is,
P(1,1) € Lyi(1). After decomposing f = fa+ fe, 9 = ga+ ge € Li(v1) ® Li(v2),
and using that the pointwise product of disjoint functions is zero, equation (7.3)
ends up being

P(f,g9) = P(1,1) faga = P(fa, 9a)-

Now suppose that u is a general measure. For every f, g € Ly(u), the band
generated by f and g is isometric to Li(u'), where p is the restriction of u to
the union of the supports of f and g; in particular, y’ is o-finite. Since bands
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are subalgebras, L;(p') is also an f-algebra under the inherited product. By the
previous argument, P(f,g) = P(f4,94) in Li(y'), where f; and g; denote the
projections of f and g onto the band generated by the atoms in L;(x'). Since
Li(y) is a band in L1(u), fq and g4 are also the projections of f and g onto the
band generated by the atoms in L;(u).

As in the statement of the theorem, let {e;};c; be a maximal family of norm-
one atoms in L;(u), and let {ef};cr be the associated coordinate functionals. If
e;(P(es, e;)) # 0 were true for some i # j, then

Plei,e;) Nej > €j(Ple, ei))e; # 0

contradicting the f-algebra property. So P(e;, e;) must be a scalar multiple of
e;. Let w € l(I); be defined by w(i)e; = P(e;,e;). Note that w is indeed
bounded, because P is positive on both coordinates, and therefore there exists
a constant || P|| satisfying ||P(f,¢)|| < ||[P|||f]l|lg|l- Using that disjoint elements
have product zero, we get

P(f?Q) - P(fd,gd)

- P(Z e (e €§(9>€j>

iel jeI

=Y e (e(g)Plere)

iel

=> w(i)e; (e} (g)es.
icl
Using this expression, it is clear that P is submultiplicative if and only if
[w]loo < 1. O

Corollary 7.18. Let X be an AL-space. The only possible f-algebra product on
X is the zero product if and only if X has no atoms.

For a general Banach lattice X it is true that if X has an atom, then there
exists a non-trivial f-algebra product on X. This is proved after the following
lemma, which may be of interest by itself.

Lemma 7.19. Let X be a vector lattice. If a projection band B in X admits a
non-trivial f-algebra product, so does X.

Proof. Suppose B is a projection band in X with a non-trivial f~algebra product
P. Let Q: X — B be the band projection associated with B, and define
P: X x X — X by P(z,y) = P(Qz,Qy). This is certainly a product on
X. We will be done once we show that P satisfies the f-algebra property. If
x Ay =0in X, then Qx N Qy = 0, because () is a lattice homomorphism.
Let z € X,. Since P is an f-algebra product, P(Qz,Qz) A Qy = 0. But also
P(Qz,Qz) A (y — Qy) = 0, because P(Qz,Qxr) € B and y — Qy € B¢ In

conclusion,
0< P(z,2) Ay < P(Qz,Qx) AQy + P(Qz,Qx) A (y — Qy) = 0,
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so P does satisfy the f-algebra property. O

Proposition 7.20. If a vector lattice has an atom, then it has a non-trivial
f-algebra product.

Proof. Let X be a vector lattice and let a € X, be an atom. Then span{a}
is a projection band that admits a non-trivial f-algebra product (for instance,
P(Aa,pa) = (Ap)a for all A, € R). By Lemma 7.19, X admits a non-trivial
fralgebra product. O]

As we already know, the converse of the previous result is true for AL-spaces,
but not in general (it fails already in C]0, 1]). In the end, we were not able to
find an analogue of Corollary 7.18 for AM-spaces.

Question 7.21. Is there a simple characterization of the AM-spaces X for which
the only f-algebra product is the zero product (i.e., for which Wx = {0})?

Now that we have dived into the theory of Banach f-algebras, it is natural
to extend this theory in the direction of free objects, in analogy with the fruitful
development of the theory of free Banach lattices. In Chapter 8 we undertake
this extension and construct the free Banach f-algebra generated by a Banach
space.
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FREE BANACH f-ALGEBRAS

David Munoz-Lahoz and Pedro Tradacete, Free banach [-algebras,
Preprint, arXiv:2511.13299, 2026

This chapter is devoted to free objects in the category of Banach f-algebras.
Given a Banach space F, the free Banach f-algebra generated by E is a Banach
f-algebra FBfA[E] equipped with an isometric embedding ng: F — FBfA[FE]
through which every contractive operator £ — A, with A an arbitrary Banach
fralgebra, factors uniquely as a lattice-algebra homomorphism. The standing
template is the theory of free Banach lattices recalled in Section 1.6. The pres-
ence of a non-trivial product, however, disallows several arguments central in the
lattice-only setting, most notably the positive homogeneity of the expressions
in FVL[E]. New techniques are therefore required.

Free objects in the category of Banach lattice algebras had already been con-
sidered [dJ21, Wicl7a, Wicl7b], and abstract arguments from universal algebra
yield their existence. To our knowledge, however, no construction in which the
lattice, algebraic, and normed structures interact explicitly was known before
the present work.

The core of the chapter is contained in Sections 8.3 and 8.4. Starting from
the explicit description of the free Archimedean f-algebra FAfA[E] developed
in Section 8.1, we reach FNfA[E] and FBfA[E] through the standard procedure
of quotienting by the kernel of a maximal seminorm. This procedure does not,
in itself, produce an explicit description of the resulting object, because the
kernel being quotiented out is not given explicitly. We compute it using a novel
structure theorem for Banach f-algebras developed in Section 8.2: the kernel
consists of the functions that vanish on the unit ball Bg« (Theorem 8.50)—
the same set that is the kernel of the restriction map FAfA[E] — C(Bg-).
Quotienting yields an injective, contractive lattice-algebra representation of the
free normed f-algebra FNfA[E] inside C(Bg+) (Corollary 8.51). It is a curious
coincidence: the analogous restriction map for the free vector lattice FVL[E]
is already injective by positive homogeneity, while for FAfA[E] the failure of
injectivity matches exactly what one must quotient out to build a norm.

The structure theorem of Section 8.2 is of independent interest. For ev-
ery semiprime Banach f-algebra A we construct a contractive representation
A — C(K,), where K 4 is the compact Hausdorff space of lattice-algebra homo-
morphisms A — R, and characterize it by a natural extension property (Propo-
sition 8.32). Building on this we prove that every real-valued lattice-algebra
homomorphism on a closed sublattice-algebra of a Banach f-algebra extends
to a lattice-algebra homomorphism on the whole space (Theorem 8.34). The
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extension need not preserve the norm; in fact no non-zero Banach f-algebra is
A-injective for any A > 1 (Theorem 8.37).

The embedding of FNfA[E] inside C(Bg+) has direct structural conse-
quences. The free normed f-algebra generated by a Banach space is always
semiprime (Proposition 8.55), and the free Banach f-algebra generated by a
finite-dimensional Banach space E admits, up to isomorphism, an explicit de-
scription as the space C([0,1] x Sg+) equipped with pointwise order and the
weighted product

(f *g)(rr? u) = T’f(”f’, u).g(Ta u)? (T7 u) S [07 1] X SE*

(Theorem 8.56). It follows that FBfA[E] is semiprime for every finite-
dimensional F (Corollary 8.62) and that finite-dimensional Banach spaces of the
same dimension generate isomorphic free Banach f-algebras (Corollary 8.64).
The latter is subtler than its free-Banach-lattice analogue because FBfA[E]
extends, by definition, only contractive operators: a contractive linear isomor-
phism between finite-dimensional Banach spaces need not extend to an isomor-
phism between the free Banach f-algebras it induces (Example 8.93).

The homomorphism ¢: FNfA[E] — C(Bg+) extends by continuity to a con-
tractive lattice-algebra homomorphism on FBfA[E]. Is this extension still injec-
tive? When it is, we say that FBfA[E] is representable in C'(Bg-). Section 8.4 re-
duces representability to a purely algebraic condition: FBfA[E] is representable
in C'(Bpg~) if and only if it is semiprime (Theorem 8.75). This is just a reduction,
and not a full answer, because the completion of a semiprime normed f-algebra
need not itself be semiprime (Example 8.79). Whether FBfA[E] is semiprime for
every Banach space E remains open; we establish representability at least when
F is finite-dimensional (Corollary 8.76) and when F = L;(u) for an arbitrary
measure /.

Section 8.5 examines the lattice and algebraic properties of FBfA[E], most
cleanly under the assumption of representability. Although the free vector lat-
tice FVL[E] is order dense in FBL[E] only when E is finite-dimensional, the
free normed f-algebra FNfA[E] is order dense in FBfA[E] whenever the latter is
semiprime (Corollary 8.90). We also track how an operator 7': E — F' behaves
under the natural extension T: FBfA[E] — FBfA[F] (Proposition 8.94). For
isometric embeddings the picture sharpens (Section 8.5.4): two Banach spaces
with smooth duals have lattice-algebra isometric free Banach f-algebras if and
only if they are themselves isometric (Theorem 8.98). Section 8.5.5 concerns free
Banach f-algebras with identity. Since every Banach f-algebra with a norm-one
identity is lattice-algebra isometric to a space of continuous functions, the sit-
uation there collapses to a known one: the free Banach f-algebra with identity
generated by F is C'(Bg-).

8.1 FREE ARCHIMEDEAN f-ALGEBRAS

This section is devoted to the construction and study of the following object.
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Definition 8.1. Let S be a set. The free (Archimedean) f-algebra generated by
S'is an (Archimedean) f-algebra FAfA(S) together with a map d: S — FAfA(S)
such that, for every (Archimedean) f-algebra A and every map T: S — A,
there exists a unique lattice-algebra homomorphism T: FAfA(S) — A satisfying
Tod=T.

The existence of free f-algebras has been long known in the field of universal
algebras [Kei95, Section 5.2]: it follows from the fact that f-algebras form an
equationable class [BirG1, Theorem VIL.8]. Archimedean f-algebras, however,
do not form an equationable class [dJ21, Section 8]. Henriksen and Isbell showed
in [HI62] that every LLA expression (that is, every expression involving finitely
many variables, linear and lattice operations, and a product) that vanishes on
the reals, also vanishes on every Archimedean f-algebra. It then follows from a
standard argument due to Birkhoff [Bir35] that the free Archimedean f-algebra
exists.

In Section 8.1.1 we revisit the result of Henriksen and Isbell through a com-
pletely new lens. Their proof and formulation depended heavily on universal
algebra language and techniques that may be unfamiliar to the modern analyst.
Here we shall use a more operator-centric approach together with a representa-
tion theorem.

Admittedly, this may not seem very original. Yet this approach will be used
in Section 8.2 to show that a refined version of the result holds for Banach f-
algebras. This result will, in turn, be central in the construction of free Banach
f-algebras, the main topic of this chapter.

In Sections 8.1.2 and 8.1.3 the lattice and algebraic properties of the free
Archimedean f-algebra are explored. This work is the analogue of what Baker
[Bak68] and Bleier [Ble73] did for free vector lattices. The reader familiar with
free vector lattices will find the properties of free Archimedean f-algebras sur-
prisingly similar and, at the same time, different enough to deserve a separate
study.

Even though free f-algebras date back to 1956, several open conjectures
regarding free (Archimedean) f-algebras remain (see [[Kei95] for a survey on the
topic). Some of these have received recent attention, especially the Birkhoff—
Pierce conjecture (see for instance [Madll, Mah07, Wagl0, LSS15]). Free f-
algebras also play a prominent role in the study of semialgebraic geometry (see
[Kei95, Section 5] for an introduction and further references).

8.1.1 Construction of free Archimedean f-algebras

Informally, a lattice-linear-algebraic (LLA) expression is any expression con-
structed using finitely many variables, the lattice, linear and multiplication op-
erations. An LLA expression is said to vanish on a subset B of an f-algebra if
“evaluating” the expression at arbitrary elements of B always gives zero. This
section is devoted to proving the following.

Theorem 8.2. Let & be an LLA expression. If ® vanishes on R, then it also
vanishes on every Archimedean f-algebra.
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Once this result is established, it will follow from a standard argument that
the free Archimedean f-algebra generated by a set S is the sublattice-algebra
of RR® generated by the evaluations d,, where d,(z) = z(s) for all z € RS and
s € S. But before proceeding to the proof of Theorem 8.2, a more precise
definition of LLA expressions is needed.

LLA expressions

Let € be a set of formal operations and let T" be a set of formal variables.
We are going to describe the procedure to construct formal expressions on the
variables of T" using the operations from (). The definition of such expressions
is inductive on the complexity of the expression. Define every element of T
and the 0-ary operations to be expressions of complexity 1. If w € Q is a k-
ary operation, for some k > 1, and ®q,..., P, are expressions of complexity
n — 1, then w(®Pq,..., D) is an expression of complexity n. By construction,
every formal expression is a word in the alphabet 7'U ) containing only finitely
many elements from 7. The fact that at most ¢, ...,t, € T appear in ® is made
explicit by writing ®[t1, ..., t,]. Denote by £(T, ) the set of formal expressions
on the variables of T and using the operations from (2. The formal operations
with words in £(7,§2) make it into an Q-algebra (see [dJ21, Section 3] for a
more detailed introduction to the language of universal algebras).

Let A be an Q-algebra. Given a map ¢: T'— A it extends, by induction on
complexity, to a unique Q-algebra homomorphism ¢: £(T,Q) — A. If ¢(t) = a,,
denote ¢(®[ty, ..., t,]) by ®(ay,,. .., ay,).

When ) consists of a 0-ary operation 0, a unary operation \ for every A € R,
and two binary operations 4+ and V, the elements of £(T, ) are called lattice-
linear (LL) expressions in T. Note that, for this particular €, every vector
lattice is an Q-algebra. If €2 contains an additional binary operation -, the
elements of £(T,Q)) are called lattice-linear-algebraic (LLA) expressions. In
this case, every lattice-ordered algebra is an 2-algebra. Observe that every LL
expression can also be regarded as an LLA expression where - does not appear.
Conversely, from every LLA expression ®[ty,...,t,] one can produce an LL
expression Pqlty, ..., t,] in the following way: repeat the same steps as in the
inductive construction of ® except that, every time the product operation is
performed, the resulting expression is set to 0. This way, only operations 0,
A, + and V appear in ®g, which is therefore a lattice-linear expression. An
LLA expression ®[ty, ..., t,] is said to vanish on a subset B of a lattice-ordered
algebra A if ®(ay,...,a,) =0 for every ay,...,a, € B.

Theorem 8.2 for f-algebras with identity

The proof of Theorem 8.2 is divided into several steps: first, we show the result
is true when an identity is present; then we show it is true when the product is
identically zero; and finally we prove the general case.

Lemma 8.3. Let ® be an LLA expression. If ® wvanishes on R, then it also
vanishes on every Archimedean f-algebra with identity.
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Proof. By Theorem 1.30, we may identify A with an f-algebra in C*°(K), for a
certain compact Hausdorff space K. For f € C*(K), let D(f) denote the open
dense set of points at which f is real-valued. Let aq,...,a, € A. By definition
of the operations in C*(K):

D(ay,...,a,)(t) = P(ay(t),...,a,(t)) =0 forevery t € D(a;)N---ND(ay).

Since D(ay) N---N D(ay) is dense in K, it follows that ®(ay,...,a,) =0. O

Theorem 8.2 for f-algebras with the zero product

It is a well-known fact that every lattice-linear expression vanishing on R must
also vanish on every vector lattice (see, for instance, [Bak68]). This will be
key in showing that Theorem 8.2 holds for f-algebras with the zero product.
The proof of this fact is done in two steps: first, it is shown that an LLA
expression vanishing on Ry must vanish on every vector lattice with the zero
product (Lemma 8.4); then it is shown that every LLA expression vanishing on
R must also vanish on Ry (Lemma 8.5).

Lemma 8.4. Let ® be an LLA expression and let X be a vector lattice. If ®
vanishes on Ry, then it also vanishes on Xg.

Proof. At the core of this proof is the fact that ®(xq,...,z,) = ®o(x1,...,z,)
for every x1,...,x, € Xy. To show this, proceed by induction on k, the com-
plexity of ®. If £ = 1, then & = & and the result is clear. Suppose it is true
for LLA expressions of complexity up to k, and let & have complexity k + 1.
If either ® = W 4+ AY or & = ¥V T for some LLA expressions ¥ and Y of
complexity up to k and A € R, then &; = ¥g + ATy or &g = ¥y V Ty, and
the desired result follows from applying the induction hypothesis to ¥ and Y.
If instead ® = WY, then by definition &5 = 0 and, since the product in Xj is
identically zero, also

O(xq,...,xn) =V(xy,...,2,)Y(21,...,2,) = 0.

In particular, this applies to Rg. Hence ®g(Aq1,...,\,) = P(A1,...,A,) =0

for every Ai,..., A\, € Ry. Since @, is a lattice-linear expression that van-
ishes on R, it must also vanish on every vector lattice. It follows that
0=®q(x1,...,2,) = P(x1,...,2,) for every z1,...,x, € Xo. O

Lemma 8.5. Let ® be an LLA expression. If ® vanishes on a neighbourhood
of 0 in R, then it also vanishes on Ry.

Proof. Note that ® = ®[ty,...,t,] naturally determines a continuous function
R" — R defined by (A1,...,A\,) — ®(Aq, ..., \,). The same is true of &;. We
are going to prove that

(I)(Zf)\l, NN 75)\71)

= Do(Np,. .., \) (8.1)
holds for every (\y,..., ;) € R" by induction on the complexity of ®.
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If ® has complexity 1, then (8.1) is clear. Assume that the result is true
if ® has complexity up to k — 1. Let ® have complexity k. There exist LLA
expressions W[ty,...,t,] and T[ty,...,t,] of complexity up to k — 1 such that
either:

(i) ® = AV + T for some A € R, in which case &g = AV + T and

i AU(eA, ..., e\) +T(eA, ..., e\,)
e—0t £
) lim Ve, ..., eA) + lim Y(eA, .., e\n)
e—0t S e—0t £

- )\\Ijo()\l, .. .,)\n) + TO()\la e 7)\77,)-

(i) & =¥V T, in which case &y = ¥ vV T and
lim U(eAs, ..., el) VY(eA], ..., e\,)

e—0t g

_ ( lim \Il(s/\l,.g..,e/\n)) ¥ ( lim T(s)\l,.g..,s)\n)>

e—0t e—0t

= UMy A) VoM M)

(iii) ® = V- T, in which case ®g = 0 and

lim U(eAr,...,eAn) - T(eAr,. ..., e\,)

e—0t £

e—07t IS e—0t

where in the last equality we are using that (Ay,...,\,) = T(Ag,..., A\n)
defines a continuous function on R", and that Y(0,...,0) = 0 by con-
struction.

Now suppose there exists a ¢ > 0 such that ®(u,...,pu,) = 0 for every
(1. fn) € [—0,0]". Then the limit in (8.1) must vanish, and therefore
Dg(Ny,...,\n) = 0 for every Ay,..., A\, € R. It was shown in the proof of
Lemma 8.4 that, when evaluated in Rg, ®(A1,...,\n) = Po(A1,...,Ay) = 0.
Hence ® vanishes on Ry. Il

Equation (8.1) will be of great use in later sections. For convenience, we
collect it in a separate lemma and show that the limit is uniform on compact
subsets of R™.

Lemma 8.6. For every LLA expression ®ty,... t,] and (Ay,..., \,) € R":

lim q)(g)\l, e 75)\71)

e—0t €

=Dg(A, ..., \n).
Moreover, the limit is uniform on compact subsets of R™.
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Proof. The proof is based on the following elementary fact: Let K be a com-
pact metric space and let (f,) and (g,) be sequences of real-valued contin-
uous functions defined on K such that f, — f and g, — ¢ uniformly,
for some f,g € C(K). Let h: R?> — R be a continuous function. Then
ho(f, X g,) — ho(fx g)uniformly, where f x g: K x K — R? is defined by
(f x g)(k1, k2) = (f(k1), g(k2)), (k1. ko) € K X K.

Let us check this. By keeping only a tail of the sequences, we may assume
that || fn — flloos lgn — glloc < 1 hold for all n € N. Let [a,b] be an interval in
R containing the images of f and g. Then f,(K), g,(K) C [a — 1,b+ 1] for all
n € N. Being [a — 1,b + 1]> a compact subset of R?, the continuous function h
is uniformly continuous on it. Fix an arbitrary € > 0. Let § > 0 be such that
|h(z,y)—h(z',y")| < e whenever |z—2'|, |ly—y/| < dand z, 2", y,y € [a—1,b+1].
Let N € N be such that || f, — flleo, [|9n — 9llcc < & whenever n > N. It follows
that for every ki, ko € K:

|h(fu(k1), gn(k2)) — h(f(k1), 9(k2))| < e

whenever n > N. This proves the fact.

Now let K C R™ be a compact subset. We will show that the limit is uniform
on K by induction on the complexity of ®. If k = 1, then & = ®( and the limit is
uniform on K. Suppose the limit is uniform on K whenever the LLA expression
has complexity up to k. Let ® be an LLA expression of complexity k+ 1. Then
there exist LLA expressions W and T of complexity up to k, and a continuous
function h: R? = R, such that

DAt An) = BTN A), YO, ).

Of course, this continuous function h can only be a linear function, the supre-
mum or the multiplication. Let (r,,) be an arbitrary sequence of positive real
numbers decreasing to zero. If h is positively homogeneous (i.e., if it is a linear
function or the supremum), then

D(rmAi, . TmAn) h(@(rm)\l, oo TmAn) T, .. ,Tm)\n)>
T '

)

T'm T'm

By induction hypothesis
(\If(rm)\l,...,rm)\n)> and (T(rm)\l,...,rm)\n))
T'm T'm

converge to Wo(Ay,...,A,) and Yo(A1,...,\,), respectively, uniformly on
(A,...,A\n) € K. By the initial observation, the sequence

D(rmAi, . TmA)
T'm

also converges to h(Wo(A1,. .., A\n), To(A1, ..., An)) = Po(Aq, ..., An) uniformly
on (Ar,...,\,) € K.

m m

m
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It remains to check the case when h is the multiplication. In this case,
®y = 0. The sequence

(T(rm)\h Ce ,Tm)\n))m

converges to zero uniformly on (A,...,\,;) € K. Indeed, T, when seen as a
function defined on R™, is continuous. This means that, fixed an ¢ > 0, there
exists a 6 > 0 such that |Y(xy,...,x,)| < & whenever max;—y__, |z;| < J. Let

Then |Y(rmA1, ..., mmAn)| < € as long as |r,| < d/M. This proves the claim.
In the expression
Q(rpAy s TmAn) V(A - T
(rmAss s TmAn) W mALs s Tmdn) g 5

T'm T'm

the left term of the product converges to Wo(Aq,...,\,) while the right term
converges to 0, both uniformly on K. Again by the initial observation, it follows
that the product converges uniformly to 0. O

The desired result now follows directly from the previous lemmas.

Lemma 8.7. Let ® be an LLA expression and let X be a vector lattice. If ®
vanishes on a neighbourhood of 0 in R, then it also vanishes on Xj.

Theorem 8.2 for Archimedean f-algebras

The only ingredient left to cook Theorem 8.2 is the structural role played by
the annihilator N(A), already discussed in Section 1.4: it is both an algebraic
ideal and a band, and coincides with the set of nilpotent elements.

Proof of Theorem 8.2. The product in an Archimedean f-algebra A extends to
its order completion, making it an Archimedean f-algebra. Since A lattice-
algebra embeds in its order completion, it suffices to prove the result for order
complete Archimedean f-algebras.

From now on, assume A is order complete. In this case, the annihilator N(A)
is a projection band. Let P: A — A be the band projection onto N(A), and let
P? be the band projection onto its disjoint complement, N(A)?. The f-algebra
condition implies that the product is band preserving, so PlxPly € N(A)? for
every x,y € A. From the identity

ry = (Px + P2)(Py + P%) = Plx Py

follows both that P(zy) = 0 = PxPy and P%(zy) = PlxP%. This shows that
P and P? are lattice-algebra homomorphisms from A onto the falgebras N(A)
and N(A)?, respectively.
Thus, given aq,...,a, € A,
d(ay,...,a,) = P(®(a,...,an)) + PY®(ay,...,an))
= ®(Pay, ..., Pa,) + ®(Pay, ..., Pla,),
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8.1. Free Archimedean f-algebras

and we just need to show that ®(Pay,...,Pa,) = 0 in N(A) and
®(Play, ..., Pla,) = 0 in N(A)% Since the product in N(A) is identically
zero, the first follows immediately from Lemma 8.7.

It is direct to check that N(N(A)?) = {0}, so that the map L: N(A)¢ —
Orth(N(A)9) is an injective lattice-algebra homomorphism. But Orth(N(A4)%)
is an Archimedean f-algebra with identity; from Lemma 8.3 it follows that

L(®(P'ay,..., P'a,)) = ®(LP%,,..., LP%,) = 0.

Since L is injective, ®(P%ay, ..., P%a,) = 0, and this finishes the proof. ]

The free Archimedean f-algebra generated by a set

Now that Theorem 8.2 has been established, we can construct the free
Archimedean f-algebra generated by a set S. A word on notation: when we
say that a concrete space with a concrete map is the free object we mean that
they satisfy the required universal property. This is reasonable because any
other pair satisfying the universal property will be isomorphic to the given one.
Once we have an explicit construction, we will always identify the free object
with that particular realization, and consequently denote both of them the same
way.

The function space [R[RS, equipped with pointwise linear operations, order and
product, becomes an Archimedean f-algebra. For every s € S, define §,: RS —
R by 0,(z) = x(s) for all z € RS. Denote FAfA(S) = VLA{4, : s € S} C R¥’
(recall that this means that FAfA(S) is the smallest sublattice-algebra of RF®
containing every ds), and define the map §: S — FAfA(S) by d(s) = Js.

Theorem 8.8. The free Archimedean f-algebra over a set S is FAfA(S) together
with the map 0.

Proof. This fact follows from Theorem 8.2 using a standard argument due to
Birkhoff [Bir35]. For convenience of the reader, we sketch it here.

Let A be an Archimedean f-algebra, and let T: S — A be a map. For
every f € FAfA(S) there exists an LLA expression ®[tq,...,t,] such that f =
®(d,,,...,0s,) for some si,...,s, € S. Define T: FAfA(S) — A by T(f) =
O(Tsy,...,Tsy,). We need to check that T is indeed well-defined. Suppose that
also f = W(dy,...,0, ) for some other LLA expression ¥ and some ty,...,t,, €
S. Then for every = € RY:

O(x(s1),...,x(sp)) = f(z) =V (x(t1),...,z(tn)).

Since (x(s1),...,2(sn), z(t1),...,z(ty)) takes all possible values in R*"™™ as x
ranges through R®, it follows that the LLA expression ® — ¥ vanishes on R.
By Theorem 8.2, it must also vanish on A. In particular, ®(T'sy,...,Ts,) =
U(Tty,...,Tt,,). Hence T is well-defined, and it is then clear from the definition
that it is the unique lattice-algebra homomorphism satisfying 76 = 7. O
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8.1.2 Lattice properties

In this section, we consider the properties of FAfA(S) as a vector lattice and
compare them with those of the free vector lattice FVL(.S).

Before proceeding to the study of such properties, a preliminary result on
the simplification of LLA expressions in f-algebras is needed.

Recall that, whenever A is a real algebra, and B C A is a subset, R[B]
denotes the subalgebra of A generated by B. In other words, R[B] contains
the polynomials in the elements of B with no constant term. Whenever X is a
vector lattice, and Y C X is a subset, Lat Y denotes the sublattice generated
by Y. It is standard that every element xz € LatY can be written as

n m
=V Vo
i=1 j=1

where y1, ..., Yn, 21, .., 2m € spany.

A d-algebra A is a lattice-ordered algebra in which a(bV ¢) = (ab) V (ac) and
(bV c)a = (ba) V (ca) hold for all b,c € A and a € A;. Every falgebra is in
particular a d-algebra.

Proposition 8.9. If A is a d-algebra and S C A is such that A = VLA(S),
then

A = Lat(R[s;,s_ : s € 5)).

Proof. The proof consists in showing that B = Lat(R[s,,s_ : s € S]); it will
then clearly follow that A = B. Obviously, B is a sublattice, so it is only
left to show that B is closed under taking products. Observe that, given x €
R[s;,s_ : s € S], separating its positive and negative coefficients one can write
T = T, — &, where x,,z, > 0 and z,,z, € R[s;,s_ : s € S]. Now let y € B,
say

Yy = \/uZ — \/vj with u;,v; € R[s,s_ :s € S].
i=1

J=1

Using the d-algebra condition:

e o a0 (V- V)

j=1
m m m m
=\ =\ =\ oy 0\
i=1 i=1 j=1 j=1
m m m m
= \/ Tpl; \/ Tpll; — \/ TpV; + \/ Tpj
=1 =1 7j=1 7j=1

Since xpu;, Tpvj, Tpi, T € Rlsy, s_ 1 s € 5], it follows that zy € B.
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Now suppose z = \/§_, wy, for some wy € R[sy,s_ : s € S|. The element x
can be rewritten as

p
r=wipV \/ (W +wip) = win =w— 1wy,
k=2

where w = wy, V \/}_,(wy +w1,,) € B is positive because w; , > 0. Then

m m
xy:w\/ui —w\/vj — Wi Y
i=1 j=1

where wu;, wv;, w1,y € B because we have already checked that the product
of an element of R[s,,s_ : s € S] by an element of B is in B. Finally, suppose
that x is an arbitrary element of B, say x = \/}_, wi, — \/}_, 2 for some wy, z €
Rls4,s— : s € S]. Then

o= (Y- (e

because each of the terms is an element of B by the previous case. So B is
closed under multiplication, and therefore is a sublattice-algebra. O

Recall that in FVL(S), s is a weak unit for every s € S, and FVL(S) has a
strong unit if and only if S is finite (in which case sup,.g |ds| is a strong unit).
In FAfA(S) the situation is as follows.

Proposition 8.10. Let S be a non-empty set.
(i) The element 05 is a weak unit of FAfA(S) for every s € S.
(i) FAfA(S) does not have a strong unit.

Proof. (i) Suppose f € FAfA(S) were such that |f| A |0s] = 0. Write f =
O (05,05, .- .,05,), for a certain LLA expression ¢ and sq,...,s, € S.
By evaluating the expression |f| A |0,] = 0 at 2 € R¥ it follows that
0 = f(x) = ®(x(s),z(s1),...,2(s,)) whenever z(s) # 0. This implies
that the continuous function

[Rn+1 — R
()\0,)\1, . ,)\n) — (I)()\(), )\1, . 7)\n)

vanishes as long as A\g # 0. Hence it must be identically zero, and therefore
f =0 by Theorem 8.2.
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(ii) Suppose e € FAfA(S) is a strong unit. The space of real sequences RM
equipped with pointwise linear operations, order and product is an Ar-
chimedean f-algebra. Fix sy € S and let T: S — RY be defined by
Tso = (n)pen and T's = 0 if s # s9. Denote a = T'sg. By construction,
T(e) € VLA{a} = Lat{R[a]}. More precisely, T(e) € Lat{a,a?, ..., a"},
for a certain k € N. Being finitely generated, a + a® + -- - + a* is a strong
unit of Lat{a, a2, ..., a*}, so T(e) < Aa+a?+- - -+a*) for a certain . And
since a < a® < --- < a”, one arrives at T(e) < kXa*. By assumption, e is
a strong unit, so there exists p > 0 such that |d,,[**? < pe. Evaluating
T at both sides of the inequality yields a**' < kAua® or, equivalently,
a < kAp. This contradicts the fact that a is unbounded. O]

If the set S has more than one element, then FVL(S) does not have non-
trivial projection bands. In particular, it does not have atoms and it is not
o-order complete. This is based on a topological argument (see [Ble73]) which
also works for FAfA(S). We sketch it below, after introducing the necessary
notation.

Definition 8.11. The support of f € R¥’ is defined to be the set

supp(f) = {z € R : f(z) #0}.

For a subset F' C R¥’ its support is defined as

supp(F) = | supp(f).

fer

Equip R¥ with the product topology. Then every element of FAfA(S) is a
continuous function and therefore its support is an open set.

Proposition 8.12. Let S be a set with more than one element. Then FAfA(S)
does not have non-trivial projection bands. In particular, it does not have atoms
and it is not o-order complete.

Proof. Suppose FAfA(S) = B @ B%, with B a non-trivial projection band. De-
note by P the projection onto B, and by P¢ its complementary projection. The
first step is to show that supp(B) U supp(B?) = R° \ {0}. Let z € R%, x # 0.
Choose s € S such that x(s) # 0. Since 0 # |6s|(z) = |Pd,|(z) + | P04 (x),
either |Pd,|(z) # 0 or |P45,|(x) # 0. In any case, x € supp(B) U supp(B?).
This proves supp(B) Usupp(B9) = RS\ {0}.

The second step is to show that supp(B) Nsupp(BY4) = 0. If 2 € supp(B) N
supp(B?), there exist positive f € B and g € B? such that f(z) > 0 and
g(z) > 0. Then (f A g)(z) = f(z) A g(x) > 0, which contradicts the fact that
fAge BnBY={0}.

We have thus shown that supp(B) and supp(B9) are a disconnection of
RY\ {0}. This is absurd, since |S| > 1. O
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When the set S has cardinality one, FVL(1) can be identified with R?, and
therefore it is both order complete and atomic. For FAfA(1) the situation is not
so straightforward. Recall that FAfA(1) = VLA{I} C R¥, where I(z) = x for
all z € R.

Proposition 8.13. (i) The unique decomposition into non-trivial projection

bands of FAfA(1) is VLA{I,} & VLA{I_}.
(i) FAfA(1) has no atoms.
(7ii) FAfA(1) is not o-order complete.

Proof. (i) Let By = VLA{I,} and B_ = VLA{I_}. It suffices to check that
B, and B_ are subspaces with B, C B? satisfying FAfA(1) = B, & B_
as vector spaces (see [MN9I, Lemma 1.2.8]). Certainly, B, and B_ are
subspaces. Since B, and B_ have disjoint supports, B, N B_ = {0}
and B, C B%. According to Proposition 8.9, every f € FAfA(1) can be
written as

n

fF=\IpHI) +p; (1 \/qj (1) + ¢; ()],

i=1

where pi”,p;, ¢, ¢; are polynomials. Again, since the supports of I, and
I_ are disjoint, f can be rewritten as

f = L\n/lpr(m - \Z@(u)} n L\n/lpzu_) - \Zg(L)]

This proves f € By + B_.

If FAfA(1) = B® B¢, where B is a non-trivial band projection, then, as in
Proposition 8.12, supp(B) and supp(B9) form a disconnection of R\ {0}.
So we may assume supp(B) = (0,00). Then I, € B and, since band
projections are closed under multiplication, By C B. It follows easily
that B = B, and similarly B¢ = B_.

(ii) Let a > 0, say a = ®(I) for some LLA expression ®. It is not difficult to
show, by induction on the complexity of ®, that there exists an m € N

such that
P
lim (z) = 00.
z—0t ™
On the other hand
mAD
lim TN () =1,
z—0+ xm

so it cannot be the case that (I;)™ A a is a scalar multiple of a. Hence, a
Is not an atom.
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(iii) Even though the sequence f,, = (I;)" A I is bounded below by 0, it does
not have an infimum. Indeed, suppose f is a positive lower bound. Then
f(t) =0 for t € [0,1) and, since f is continuous, there must exist § > 0
such that 0 < f(t) < 1/2 for ¢t € [1,1 + 6]. Choose N € N big enough so
as to have

1/2 < (1+0)N — (1 +9).

By continuity, there exists 0 < ¢’ < ¢ such that
12<(1+8"-1+6) <1

It then follows that [((1,)Y —I.); ALL]V f is a lower bound for (f,,) that
is strictly bigger than f. Hence (f,,) does not have an infimum. m

Remark 8.14. The free vector lattice FVL(S) has the countable chain condition:
a disjoint collection in FVL(S) is at most countable. The reason is purely
topological: the supports of a disjoint collection of functions form a disjoint
collection of open subsets of R¥, and such a collection is at most countable (see
[RS64]). The very same argument also shows that FAfA(S) has the countable
chain condition.

Remark 8.15. Let T be a subset of S. The free Archimedean f-algebra FAfA(T')
may be viewed as the sublattice-algebra of FAfA(S) generated by ¢; for t € T.
The unique lattice-algebra homomorphism P: FAfA(S) — FAfA(S) determined
by Pd; = ds if s € T and Pos = 0 if s € T, defines a projection onto FAfA(T).

Similarly, the free vector lattice FVL(S) may be viewed as the sublattice
of FAfA(S) generated by d, for s € S. Equip FVL(S) with the zero product,
which as usual we denote by FVL(S),. The map §: S — FVL(S), extends to
a unique lattice-algebra homomorphism P: FAfA(S) — FVL(S),. Forgetting
about the product on FVL(S),, the map

P: FAfA(S) — FVL(S) C FAfA(S)
is a lattice homomorphic projection. The explicit expression of this projection

1S
(PF)(z) = lim £ (ix), where f € FAfA(S).

t—0t

Indeed, suppose f = ®(ds,, ..., ds,) for some LLA expression ® and sq,...,s, €
S. By Lemma 8.6,

lim f(tz) = lim D(ta(s), ..., tx(sn))
t—0t ¢ 50+ ;

= Py(dsys .-, 0s,) ().

So the limit exists and, since @y is a lattice-linear expression, Pf € FVL(S).
From the formula defining Pf it is immediate to check that the map f — Pf
is a lattice homomorphic projection extending 4. By uniqueness, it must be the
projection introduced above.
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For lattice-linear expressions, there is continuity with respect to the expres-
sions in the following sense: if (®y[t1,...,t,])r is a sequence of lattice-linear
expressions that converges uniformly to ®[tq,...,t,] when seen as functions in
C([-1,1]™), then ®p(xy,...,z,) converges in norm to ®(zy,...,x,) for every
x1,...,T, in a Banach lattice X. This is no longer true for LLA expressions.

Example 8.16. Consider the sequence of LLA expressions

1= Sam) (S
= P 2]—1-

For every z € [—1,1]:

lim ®,(z) = zcosh®z — zsinh®z = x

k—o0
and this limit is uniform on [—1,1]. In other words, if ®[t] = ¢, and we see Dy
and @ as elements in C'([—1,1]), ®; — @ in the uniform norm. But, in Ry (or
any other Banach lattice with the zero product), ®x(z) = 0 whereas ®(z) = x
for every x € Ry. Hence ®4(z) does not converge to ®(x) if x # 0.

8.1.3 Algebraic properties

In this section the algebraic properties of FAfA(S) are considered. Recall that
an f-algebra A is semiprime if N(A) = {0}.

Proposition 8.17. Let S be a set.
(i) FAfA(S) is semiprime.
(ii) FAfA(S) does not have an identity element.

Proof. The result is trivial when S is empty. For the rest of the proof, assume
that S is non-empty.

(i) Suppose f € N(FAfA(S)), and let = € R® be different from zero. There
exists s € S such that z(s) # 0. Then 0 = (fds)(x) = f(x)z(s), so
f(z) = 0. This shows that f = 0.

(ii) Suppose 1 € FAfA(S) were an identity. Fix sy € S and define T': S —
Cl—1,1] by T's = 0 for s # sg and (T'sg)(t) = t, for t € [-1,1]. Then
T(1) = T(1)%. Since [~1,1] is connected, T'(1) is either 0 or 1j_1,, the
constant one function. But T(1)T(8,,) = T(0s,) = Tso # 0, so T(1) =
;1. This means that 1, € T(FAfA(S)) = VLA{Tse}. This is
impossible because every element of VLA{T'sy} has support contained in
[0, 1]. O

It is natural to wonder whether a chain condition for the product exists.
Namely, if ' C FAfA(S) is an uncountable family, is it true that there exist
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fyg € F such that fg # 07 To answer this question, it is useful to reformulate
semiprimeness in terms of what Scheffold [Sch81] calls f*algebras: a lattice-
ordered algebra A is called an f*algebra when

ab = 0 if and only if |a| A |b] = 0 for all a,b € A.
The following is part of [BKW77, Théoréme 9.3.1].

Lemma 8.18. An f-algebra A is an f*algebra if and only if it is semiprime.

Remark 8.19. In particular, FAfA(S) is an f*algebra. Therefore, families F' C
FAfA(S) such that ab = 0 for all distinct a,b € F are the same as families of
pairwise disjoint elements, and therefore must be countable.

8.2 A STRUCTURE THEOREM FOR BANACH f-ALGEBRAS
8.2.1 A structure theorem

Before getting to free Banach f-algebras, the main topic of this chapter, we
need to introduce a new tool in the theory of Banach f-algebras. Recall that
every vector lattice X, when equipped with the identically 0 product, becomes
an f-algebra. We are denoting this f-algebra by Xj. In particular, when X is a
Banach lattice, X is a Banach f-algebra. Another basic example of Banach f-
algebra is the space C'(K) of continuous functions on a compact Hausdorff space
K, with the linear operations, order and product defined pointwise. Given Ba-
nach f-algebras A and B their direct sum A®., B, equipped with the maximum
norm and coordinatewise operations, is also a Banach f-algebra.

The next theorem shows that every Banach f-algebra can be seen as a (not
necessarily closed) sublattice-algebra of Xy @, C'(K), for appropriate X and K.

Theorem 8.20. For every Banach f-algebra A there exist a Banach lattice X,
a compact Hausdorff space K and a contractive injective lattice-algebra homo-
morphism R: A — Xy G C(K).

The approach to the proof will be very similar to that of Theorem 8.2. First
we consider the case that A has trivial annihilator. The following was already
proved in [Mar80, Proposition 1.7]. Since the proof uses some ideas that are
worth keeping in mind, we sketch it below.

Lemma 8.21. For every Banach f-algebra A with trivial annihilator there exists
a contractive injective lattice-algebra homomorphism A — C(K), for a certain
compact Hausdorff space K.

Proof. Since A is a Banach lattice, Orth(A) coincides with the center Z(A) of A.
The map L: A — Z(A) sending a € A to L,, the operator of left multiplication
by a, is an injective lattice-algebra homomorphism. And the center Z(A), being
a Banach f-algebra with strong unit idy, is lattice-algebra isometric to C'(K)
for some compact Hausdorff space K (Theorem 1.8). ]
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The map in the previous lemma need not be an embedding, as the following
example shows.

Example 8.22. Consider ¢; with the usual Banach lattice structure and point-
wise product. This is a Banach f-algebra. Note that, given x € /1, the norm of
L, is
Lzl = sup [lzylly = [|2]|oo-
yEBy,

Hence the map L: ¢; — Z(¢;) is not an embedding.

In view of the previous example, one could be led to think that the embed-
ding fails because we are taking a norm that is “much bigger” than a supremum
norm. The following example shows that even for norms defined as a supremum
the map L can fail to be an embedding.

Example 8.23. Let (a,) € R be a sequence such that a, > 1 and a,, — oc.
Consider the space of sequences

A={(2,) eR" :2z,a, =0}

This is a sublattice of RN that is closed under the coordinatewise product.
Equipped with the norm

H(xn)H = Sup |$n|an
n

it becomes a Banach lattice. Since

lzy|l = sup [zallynlan < sup |za|lynlay < [lz]llyll,
n

n

A is a Banach f-algebra. The sequence (e,/a,) is such that ||e,/a,| = 1. If
x € A is in the unit ball (that is, |z,| < 1/a, for all n € N), then

1
len/anz|l = a_onn@nH = |z,| < a
which tends to 0 as n — co. Therefore || L., /4, || tends to zero while ||e, /a, || = 1.

Proof of Theorem 8.20. By embedding A in its bidual, which is again a Banach
f-algebra when equipped with the Arens product, we may assume A is order
complete. Let P: A — A denote the band projection onto its annihilator N =
N(A), and let P4 denote the band projection onto its disjoint complement. Both
P and P? are multiplicative (see the proof of Theorem 8.2). In particular, both
N and N? are Banach f-algebras on their own, with the structure inherited from
A.
The map
T: A — NN
fo— (Pf,Pf)

defines an injective lattice-algebra homomorphism. Since both P and P? are
contractive, so is 7. Note that N is a Banach lattice with the zero prod-
uct. On the other hand, N? is a Banach f-algebra with trivial annihilator. By
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Lemma 8.21 there exists an injective and contractive lattice-algebra homomor-
phism S: N4 — C(K). The composition

R=(dy®S)T: A— N @ C(K)

defines the desired injective and contractive lattice-algebra homomorphism. [J

Remark 8.24. (i) In Theorem 8.20, R need not be an embedding, as Exam-
ple 8.22 shows.

(ii) Passing to the bidual in the proof of Theorem 8.20 is not superfluous, for
the annihilator need not be a projection band when the Banach f-algebra
is not order complete. For instance, consider in the Banach lattice C0, 1]
the element

p(t) = (2t — )xpyeay, t€[0,1],

and define, for f,g € C]0,1], the product f * g = fgp. It is clear that
C'[0, 1] with this product becomes a Banach f-algebra, with annihilator

N ={f€C[0,1] : supp(f) € [0,1/2]}.
This is certainly a band but it is not a projection band.

(iii) Theorem &8.20 is not true for general f-algebras, even if they are
Archimedean and uniformly complete. For instance, RN with the pointwise
order and product is an Archimedean and uniformly complete f-algebra
with trivial annihilator, yet there is no positive map from RN to a space
of continuous functions. Indeed, if R: RN — C(K) were positive, where
K is some compact Hausdorff space, then the sequence x = (n/||Rey||loo)n

would satisfy

n
Rx > ———— Re,,
”RenHoo

so that ||Rx|s > n for every n € N. This is a contradiction.
(iv) However, Theorem 8.20 does hold for normed f-algebras: just embed them

in their norm completion, which is a Banach f-algebra (see [Jab20, Propo-
sition 2.1]).

(v) Given a Banach f-algebra A and a map R: A — X @ C(K) as in The-
orem 8.20, we shall denote Ra = (ay,ac) for a € A. Note that the maps
a — ay and a — ac are also contractive lattice-algebra homomorphisms.

The following theorem is a refinement of Theorem 8.2 for normed f-algebras.

Theorem 8.25. Let ® be an LLA expression. If ® vanishes on [—1,1], then it
also vanishes on the unit ball of every normed f-algebra.

Proof. Since ® vanishes on a neighbourhood of 0, it must vanish on R
(Lemma 8.5). Since ® vanishes on Ry, it must also vanish on every vector
lattice with the zero product (Lemma 8.4). Let A be a Banach f-algebra, and
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let ay,...,a, € A be such that |la;|| < 1. Let R: A — Xy @ C(K) be a map
as in Theorem 8.20. Then

O(ay,...,a,)y = P((a1)n, ..., (a,)n) =0.

Since R is contractive, ||(a;)c|leo < ||[Rai| < [Jail| < 1, s0 |(a;)c(t)] < 1 for every
t € K. By assumption:

O((ar)c(t),. .., (an)c(t)) =0 forevery t € K.

This yields 0 = ®((a1)c, - -, (an)c) = ®(a1,...,a,)c. Thus R(P(ay,...,a,)) =
(0,0). Injectivity of R implies ®(ay,...,a,) = 0. O

Remark 8.26. The previous result is meaningless for LL expressions: if an LL
expression vanishes on [—1, 1], then by positive homogeneity it vanishes on R.
This is no longer true for LLA expressions since, in general, they are not posi-
tively homogeneous. For instance,

Oft] = (ti — i)+

is an LLA expression that vanishes on [—1, 1] but not on R. By the previous
theorem, the identity (23 — 24 )4 = 0 holds whenever z is contained in the unit
ball of a normed f-algebra.

8.2.2  Minimal representation of semiprime f-algebras

In the case that a Banach f-algebra A is semiprime, Theorem 8.20 yields a con-
tractive lattice-algebra homomorphism A — C(K), for some compact Hausdorff
space K. We are going to show that there exists a unique K that is minimal in a
certain sense, and such that the map A — C'(K) has good extension properties.
This minimal compact Hausdorff space will be the set of functionals on A that
are lattice-algebra homomorphisms.

Definition 8.27. Let A be a Banach falgebra. We will denote by K4 C A*
the set of functionals on A that are lattice-algebra homomorphisms.

Lemma 8.28. Let A be a semiprime Banach f-algebra. The set K4, equipped
with the weak® topology, is a compact Hausdorff space that separates the points

of A.
Proof. If ¢ € K4 and a € A, then
[6(a)]* = é(a®) < [lallg(|al) = llalllg(a)l,

where we have used that a® < ||al/|a| (recall that this holds because left mul-
tiplication by |a| is a central operator with norm no bigger than |la||). Hence
loll <1, and K4 C By«. It is then immediate to check that K4 is closed in the
weak* topology.
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To show that K 4 separates the points of A, let a,b € A be different points.
By the arguments of Theorem 8.20, there exists a contractive and injective
lattice-algebra homomorphism R: A — C(K), for some compact Hausdorff
space K. Since Ra # Rb, there exists a point ¢t € K at which (Ra)(t) # (Rb)(t).
Then R*); € K4, where d; denotes the point evaluation at ¢, is such that
(R*6)(a) # (R*6,)(0) 0

Proposition 8.29. Let A be a semiprime Banach f-algebra. Then the map
R: A — C(Ka), that sends a € A to its evaluation functional, is a contractive
and injective lattice-algebra homomorphism. Moreover, both the wvector lattice
and the algebra generated by { Ra : a € A} U {lk,} in C(K,) are dense.

Proof. Injectivity follows from Lemma 8.28. Density of both the vector lattice
and the algebra generated by { Ra:a € A} U {1k, } is a direct consequence of
the Stone—Weierstrass theorem. O

The following example illustrates this construction and shows that adding
the constant one function is necessary in order to obtain density.

Example 8.30. Consider ¢y with the usual order and product. The lattice-
algebra homomorphisms on ¢y are the ¢;, the projection onto the i coordinate,
and the zero functional. It is immediate to check that K., is homeomorphic
to NU {oo}, and therefore that C'(K,,) can be identified with ¢, the space of
convergent sequences. The canonical map R: ¢y — c¢ is the usual inclusion.

8.2.8 Eaxtension of lattice-algebra homomorphisms and injective objects

In this section we show the remarkable fact that, if A is a closed sublattice-
algebra of a Banach f-algebra B, then every lattice-algebra homomorphism
¢: A — R extends to a lattice-algebra homomorphism on B. Notice that, for
such a real-valued lattice-algebra homomorphism ¢: A — R, ¢(z) = 0 for every
x € N(A). Hence ¢|nea) = 0 and, to truly understand ¢ and its extensions, we
need only understand its restriction to the semiprime Banach f-algebra N(A)<.
For this reason, our focus is in the case that A is semiprime.

So let A be a semiprime Banach f-algebra, and let R: A — C(K,4) be the
map that sends each element of A to its evaluation functional. Since the non-zero
lattice-algebra homomorphisms on C'(K 4) are precisely the point evaluations, it
follows from the construction that each non-zero lattice-algebra homomorphism
¢: A — R extends uniquely to a lattice-algebra homomorphism ¢: C'(K4) — R,
in the sense that ¢ = gER. The zero homomorphism extends in precisely two
ways: as the zero homomorphism, and as the point evaluation at 0 € K 4. The
following shows that this extension property characterizes K 4.

Proposition 8.31. Let A be a semiprime Banach f-algebra. Let R: A — C(K)
be a contractive and injective lattice-algebra homomorphism, for some compact
Hausdorff space K. Suppose that every lattice-algebra homomorphism ¢: A — R
extends uniquely to a non-zero lattice-algebra homomorphism é: C(K) =R, in
the sense that ¢ = éR. Then K is homeomorphic to K 4.
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Proof. Consider the map K — K, that sends each t € K to R*); € K4. This
map is certainly continuous. It is also bijective, because for every ¢ € Ky, the
unique non-zero extension ¢: C(K) — R is of the form ¢ = &, for some ¢ € K,
and t is precisely the unique preimage of ¢ through this map. Since K and K4
are compact, this map is a homeomorphism. Il

Proposition 8.32. Let A be a semiprime Banach f-algebra. Let R: A — C(K)
be a contractive and injective lattice-algebra homomorphism, for some compact
Hausdorff space K. Suppose that every lattice-algebra homomorphism ¢: A — R
extends to a non-zero lattice-algebra homomorphism ¢ C(K) — R, in the sense
that ¢ = ggR. Suppose also that the sublattice-algebra generated by { Ra : a €
A} U{lg} is dense in C(K). Then K is homeomorphic to K.

Proof. By Proposition 8.31, we need only show that the (non-zero) extension
of every lattice-algebra homomorphism ¢ is unique. Suppose @ and v are
two non-zero lattice-algebra homomorphisms that satisfy ¢»R = ¢'R. Since
every non-zero lattice-algebra homomorphism on C'(K) is a point evaluation,
Y(1g,) = 1 = 9'(1k,). Thus ¢ and ¢’ coincide on the sublattice-algebra
generated by { Ra:a € A} U {lg,}. By density, ¢ = ', O

It is remarkable that the center of a Banach f-algebra provides an instance of
a C'(K) space to which every functional that is a lattice-algebra homomorphism
extends.

Proposition 8.33. Let A be a Banach f-algebra, and let L: A — Z(A) be the
map that sends every element of A to its left multiplication operator. For every
lattice-algebra homomorphism ¢: A — R there exists a lattice-algebra homomor-
phism ¢: Z(A) — R satisfying ¢ = ®L. Moreover, if A is semiprime and the
closed sublattice-algebra generated by { La : a € A} in Z(A) does not contain
ida, then C(K4) can be identified with the closed sublattice-algebra with identity
of Z(A) generated by { La:a € A}.

Proof. The zero homomorphism clearly satisfies the statement, so assume that
¢ # 0. Then there exists zo € A, such that ¢(zg) = 1. Define the map

¢: Z(A) — R
T — ¢(Txp)

First note that, for every a € A,

0(La) = ¢(La(0)) = d(azo) = d(a)(w) = (a),

SO ¢ = gz~5L. It is immediate that q; is linear. It is also a lattice homomorphism,
because

o(|T]) = ¢(|T|wo) = ¢(|To]) = |6(To)| = |(T)),

where in the second equality we are using that the modulus of a central operator
is computed pointwise, and in the third that ¢ is a lattice homomorphism. We
also have ¢(id4) = 1. Since Z(A) is lattice-algebra isometric to a space of
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continuous functions on a compact Hausdorff space, every functional that is a
lattice homomorphism and sends the identity to 1 is a point evaluation, and
therefore an algebra homomorphism. Hence é is the desired extension.
Suppose that A, the closed sublattice-algebra generated by { La : a € A}
in Z(A), does not contain id4. Then there exists a point evaluation on Z(A)
that vanishes on A. This point evaluation is a non-zero extension of the zero
functional on A. Hence, by Proposition 8.32, the closed sublattice-algebra gen-
erated by { La : a € A} U {ida} in Z(A), which is again a space of continuous
functions, can be identified with C'(K4). O

These properties can now be used to prove the main extension result.

Theorem 8.34. Let B be a Banach f-algebra, and let A C B be a closed
sublattice-algebra. Then for every lattice-algebra homomorphism ¢: A — R
there exists a lattice-algebra homomorphism 1: B — R such that 1|4 = ¢.

Proof. As usual, denote by L;: B — B the multiplication operator defined by
b € B. Note that, for every a € A, the operator L, leaves A invariant and its
restriction to A is precisely the multiplication operator defined by a in A. Let
A be the sublattice-algebra with identity generated by { L,|4 : a« € A} inside
Z(A).

Let A’ be the sublattice-algebra with identity generated by { L, : a € A}
inside Z(B). We claim that every element of A’ leaves A invariant, and that
the elements of A are precisely the restriction of elements of A’ to A. Indeed,
if T, S € Z(B) leave A invariant, then:

(i) oT + BS leaves A invariant, for every «,5 € R, and (a7 + 55)|a =
aT|a+ BS]a.

(ii) T'S leaves A invariant, and (T'S)|4 = T'[4S]a.

(iii) |7’ leaves A invariant, and (|T|)|a = [(T'|4)]. Indeed, if x € A, C By,
then since the lattice operations on central operators are computed point-
wise both on A, and B:

T||a(z) = [T|(x) = [Ta| = [T|az] = [T]al(2).

In other words, we have shown that the map

R: A — A
T s Ty’

is a lattice-algebra homomorphism. Moreover, if we equip A with the norm of
Z(A) (i.e., with the uniform norm ||-|jia, induced by the identity ids on A),
and A’ with the norm of Z(B) (i.e., with the uniform norm |-||ja, induced by
the identity idp on B), then R is contractive. Indeed, if |T'| < ||T|ia, idp, then
taking restrictions to A, we have

T]al = [T]]a < | Tllap 1dB [4 = | Tliap ida-
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Hence ||T|allia, < |T]lia, and R extends naturally to the closures R: A’ — A.

Let ¢: A — R be a lattice-algebra homomorphism. From Proposition 8.33 it
follows that there exists a lattice-algebra homomorphism ?: A — R such that
¢ =1L. Then 1o R: A — R is a lattice-algebra homomorphism satisfying

(¢ © R)(La) = 77Z}(La|A) = ¢(a)

Since A’ is a closed subalgebra with identity of Z(B), which can be identified
with a space of continuous functions, 1 o R further extends to a lattice-algebra
homomorphism ¢ on Z (B). The composition ¢ =¢L: B — R is the claimed
extension. [

The extensions in Theorem 8.34 do not, in general, preserve the norm.

Example 8.35. Consider ¢? with pointwise order and product. This is a Banach
f-algebra. Let A = span{(1,1)}. It is clear that A is a sublattice-algebra of
2. The map ¢: A — R defined by ¢(\,\) = X\, A € R, is a lattice-algebra
homomorphism. If (A\,\) € A, and [|[(\, A)||; < 1, then |[A| < 1/2 and therefore
o]l <1/2.

The non-zero lattice-algebra homomorphisms on ¢% are the projections onto
the coordinates. Both of these functionals are extensions of ¢, yet they have
norm one.

It is pertinent now to introduce, in the category of Banach f-algebras, the
analogue of the notion of A-injective Banach lattice mentioned in Section 1.6.3.

Definition 8.36. Let A > 1. A Banach f-algebra I is A-injective if, for every
Banach f-algebra A, every closed sublattice-algebra B of A, and every lattice-
algebra homomorphism 7': B — I, there exists an extension T: A — I that is
also a lattice-algebra homomorphism and satisfies ||T']| < || T

Example 8.35 shows that R is not l-injective in the category of Banach
f-algebras. This example can be generalized to show the following.

Theorem 8.37. For A > 1, there are no non-zero A-injective Banach f-algebras.
For the proof of this theorem we will need the following elementary lemma.

Lemma 8.38. Let I' be a set and let { X} er be a family of Banach lattices.
Let X be their {1-sum, and let py: X — X, denote the projection onto the
v € I' coordinate. Let ¢: X — R be a lattice homomorphism. Then there exists
ad €T and a lattice homomorphism ¢': Xs — R such that ¢ = ¢'ps.

Proof. The result is obvious for ¢ = 0, so assume ¢ # 0. Let (z,) € X, be
such that ¢((z,)) > 0. For x € X, denote by ze, the element of X that takes
the value = at 7 € I' and zero everywhere else. Since (z,) = > . 2,€, and
0 < x,e, for every v € I', there must exist some 0 € I' for which ¢(zse5) > 0.
Now if y, € (X,)+ with v # 9, then (zses) A (y,e,) = 0, and since ¢ is a lattice
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homomorphism, ¢(zses) A ¢(y,e4) = 0. Thus ¢(y,e,) = 0. Now for a general

(y7) € X:
3y,) = ¢ ( > 3/7%) = d(ye5) = d(yses).
yel yel’
If we define ¢': X5 — R by ¢'(z) = ¢(zes), then it is immediate to check that
¢’ is a lattice homomorphism satisfying ¢ = ¢'ps. O]

Lemma 8.39. Let A be a Banach f-algebra. Suppose that the product on A is
not identically zero. Then there exists a non-zero lattice-algebra homomorphism
¢: A—R.

Proof. By Theorem 8.20 there exist a non-empty compact Hausdorff space K,
a Banach lattice X, and a contractive injective lattice-algebra homomorphism
R: A — Xy ®s C(K). Projecting onto the second coordinate, we obtain a
lattice-algebra homomorphism Ry: A — C(K). Since K is non-empty (because
the product on A is not identically zero), there exists a non-zero lattice-algebra
homomorphism 6;: C(K) — R (a point evaluation at some ¢t € K). Hence the
composition §;Ry: A — R is a non-zero lattice-algebra homomorphism. ]

Proof of Theorem §.37. Suppose that I is a non-zero M-injective Banach f-
algebra, for some A > 1. First note that the product in I cannot be identically
zero, for if it were, then I would be A-injective for lattice homomorphisms (if X
is a Banach lattice, and T': X — [ is a lattice homomorphism, then T": Xq — I
is a lattice-algebra homomorphism). But, as explained in Section 1.6.3, there
are no non-zero A-injective objects in the category whose objects are Banach
lattices and whose morphisms are lattice homomorphisms.
Choose n € N with n > . Let B be the ¢;-sum of n copies of I, and let

A={(z,...,x):xel}.

It is immediate to check that A is a closed sublattice-algebra of B. Let ¢: A —
I be defined by ¢(z,...,xz) = x for every z € I. This is a lattice-algebra
homomorphism with ||¢|| = 1/n; indeed, if ||(z,...,z)|y = 1, then ||z| = 1/n.

Since [ is A-injective, this map extends to a lattice-algebra homomorphism
¢: B — I with ||¢|| < A\/n. Since the product in I is not identically zero,
by Lemma 8.39 there exists a non-zero lattice-algebra homomorphism ¢: [ —
R. Then the composition 1)¢: B — R is a lattice homomorphism which, by
Lemma 8.38, is of the form ¢ = ¢'p; for some lattice homomorphism ¢': I — R,
where p;: B — I denotes the projection onto the ¢ coordinate. Now note that,
for every x € I,

() = (o) (x,....x) = (Vo) (..., x) = Y(z).
Thus ¥¢ = ¢p;. It is now immediate to check that |[¢p;|| = |||, so that

; - A
1911 = llwell < llvlliol < fl]—.

Since |[¢]| # 0, n < A, which contradicts the initial choice of n € N. O
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Remark 8.40. According to Theorem 8.34, in Banach f-algebras we can al-
ways extend real-valued lattice-algebra homomorphisms but, according to The-
orem 8.37, we can never do so with a uniform control over the norm.

8.3 THE FREE BANACH f—ALGEBRA GENERATED BY A BANACH SPACE

The notion of a free Banach lattice algebra has been considered before [Wicl7b,
dJ21]. Through abstract arguments from universal algebras, it is possible to
show that such an object exists. Yet no explicit construction is known, and it
is not clear at all whether such an explicit description is even possible.

The goal of this section is to study free objects in the much better behaved
category of Banach f-algebras and to get as close as we can to an explicit
description of these spaces. We shall see that, even though a large theory of
free Banach lattices is known (see Section 1.6 and the references therein), free
Banach f-algebras are still challenging to understand. New ideas are required,
since the introduction of a product invalidates arguments that rely on positive
homogeneity. In fact, a first subtlety due to the lack of positive homogeneity is
already present in the definition of free Banach f-algebra.

Definition 8.41. Let F be a Banach space. The free Banach f-algebra gen-
erated by E is a Banach falgebra FBfA[E] together with a linear isometric
embedding ng: F — FBfA[E] such that, for every Banach f-algebra A and
every contractive operator T: E — A, there exists a unique lattice-algebra
homomorphism T': FBfA[E] — A satisfying T o ng = T and ||T]| = ||T.

Remark 8.42. The universal property defining FBfA[E] only extends contrac-
tive operators. The reason for this is that non-contractive maps cannot, in
general, be extended to bounded algebra homomorphisms. For example, if
the map T: R — R, Tz = 2x, extended to a lattice-algebra homomorphism
T: FBfA[R] — R, then
Tnr(1)") =T(1)" = 2"

while [|[nr(1)"]| < |Inr(1)||" < 1. This would imply that 7" is unbounded. An-
other way to see this obstruction is that, while scaling a lattice homomorphism
by a positive number gives another lattice homomorphism, scaling an algebra
homomorphism does not give an algebra homomorphism (unless the scalar is

1).

Remark 8.43. Let S be a set. We shall denote FBfA[(1(S)] by FBfA(S) and call
it the free Banach f-algebra generated by S. The reason for this is that for every
Banach f-algebra A and every map 7': S — A satistying ||T']| = sup,eg ||T's|| <1
there exists a unique lattice-algebra homomorphism T: FBfA(S) — A with
|T|| = ||T| satisfying T, = T's.

The existence of the free Banach f-algebra generated by a Banach space
follows from that of FAfA(S) using abstract general arguments that are already
known. The details of this construction are carried out in Section 8.3.1. But, as
we have anticipated, these arguments do not provide an explicit description of
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the space. In Section 8.3.2 we give a more explicit and useful description of free
Banach f-algebras using Theorem 8.25. In Section 8.3.3 a characterization, up
to isomorphism, of the free Banach f-algebra generated by a finite-dimensional
Banach space is derived. Finally, Section 8.3.4 is devoted to the study of the
free norm; it will be particularly useful when we study the properties of free
Banach f-algebras.

Although the following objects are not central, it is convenient to have them
at hand, since they appear as intermediate steps in the construction.

Definition 8.44. Let E be a vector space. The free Archimedean f-algebra
generated by E is an Archimedean f-algebra FAfA[E] together with a linear
map dg: E — FAfA[E] such that, for every Archimedean f-algebra A and every
linear map T: £ — A, there exists a unique lattice-algebra homomorphism
T: FAfA[E] — A satisfying T'o 0 = T.

Definition 8.45. Let E be a normed space. The free normed f-algebra gen-
erated by E is a normed falgebra FNfA[E] together with a linear isometric
embedding ng: E — FNfA[E] such that, for every normed f-algebra A and
every contractive operator T: E — A, there exists a unique lattice-algebra
homomorphism 7' FNfA[E] — A satisfying Tong =T and HTH = [|7.

The reason to have that much notation is the following: through the uni-
versal properties, it is not difficult to check that FAfA[E] is nothing more than
FAfA(S), where S is a Hamel basis of E. We will equip FAfA[E] with an ap-
propriate seminorm, and quotient out by its kernel to obtain a norm. This
will yield FNfA[E]. It is easy to check, again using universal properties, that
the completion of FNfA[E] is precisely FBfA[E]. With these notations we are
aware, at each step of the process, which universal property each object has.
Furthermore, we will also exhibit an explicit description of these free objects.

8.3.1 Abstract construction

We shall follow the previous outline to show that FBfA[E] exists. In doing so, we
follow closely the expositions of V. Troitsky [Tro19] and M. de Jeu [dJ21]. The
construction of FAfA[FE] that we use is essentially the same, with the appropriate
adaptations, as that of [Trol9] for the free vector lattice over a vector space.

Let E be a vector space, and let E# be its algebraic dual. The space of
functions [RE#, equipped with pointwise linear operations, order and product, is
an Archimedean f-algebra. For every x € F, define §,: E# — Rby 6,(w) = w(x)
for all w € E#. Denote FAfA[E] = VLA{4, : = € E} C RP”, and define the
map 0: E — FAfA[E] by §(x) = d,.

Proposition 8.46. The free Archimedean f-algebra over a vector space E is
FAfA[E] together with the map 9.

Proof. Being a sublattice-algebra of the Archimedean f-algebra RE”, FAfA[E]
is again an Archimedean f-algebra. Moreover, the map ¢ is linear. Indeed, if
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v,y € E, \,u € Rand w € E¥, then

5)\m+uy(w) = W()\.T + My) = )\W(JE) + :uw(y) = (>‘5m + :U’(;y)(w>

Let A be an Archimedean f-algebra and let T: E — A be a linear map.
For f € FAfA[E], say f = ®(d,,...,0s,) for some LLA expression ¢ and
x1,...,T, € E, define T(f) = ®(Txq,...,Tz,). Asin the proof of Theorem 8.8,
the only non-trivial part is to check that T is well-defined. For this it suffices to
check that, if ®(0,,,...,60,,) = 0in FAfA[E], then ®(Tzy,...,Tx,) =0 in A.

Let {z1,...,2m} be a basis of the span of {xy,...,z,}. Write, for i =
1,...,n,

m
T; = E a;j%; for certain oy € R.
=1

Define the LLA expression

\I/[tl,...,tm] = (D|:Za1jtj,--~7zanjtj:|'
j=1 j=1

By the linearity of 9,
0=®(0s,,--30z,) =V(sy,...,0,),

which implies
U(w(z1),...,w(zm)) =0

for every w € E#. Since zy, ..., 2, are linearly independent, (w(21),...,w(zm))
ranges through R™ as w ranges through E#. By Theorem 8.2, ¥ vanishes on A.
Using the linearity of 7" it follows that

&(Txy,...,Tx,) = @(Zalezj, L Zanj:r’zj> =U(Tz,...,Tzy,) = 0.
=1 j=1
O

Remark 8.47. Note that, when E is a normed space, the previous construction
can be carried out in R¥” instead of RE”. In contrast with the free vector lat-
tice over a vector space, however, we cannot go one step further and restrict
the elements of FAfA[E] to Bg« so as to obtain a representation of FAfA[E]
in C(Bg+,w*). The reason is that LL expressions are positively homogeneous,
while LLA expressions need not be (for instance, in FAfA[R] the non-zero el-
ement ((61)3 — (01)4)+ vanishes on Bg« = [—1,1]; see Remark 8.26). Despite
this, it is remarkable that in Section 8.3.2 and Section 8.4 we will still be able
to represent FNfA[E] and, in some cases, FBfA[E] inside C'(Bg-).

Next we proceed to the abstract construction of FNfA[E] for a normed vector
space E. In FAfA[E] (regarded as the sublattice-algebra of R¥" generated by
{0, : x € E}), let N be the set of lattice seminorms v that are submultiplicative

and satisfy v(d,) < ||z|| for all z € E. This set is not empty, for if 2* € Bp-,
then v« (f) = | f(x*)| defines an element of N.
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Let p(f) = sup,en v(f) for every f € FAfA[E]. We claim that p defines
a submultiplicative lattice seminorm on FAfA[E]. First, we need to show that
the quantity p(f) is actually finite. If f = ®(d,,,...,d,, ), for a certain LLA
expression ® and xq,...,x, € E, it is not difficult to check, by induction on
the complexity of ®, that there exists a polynomial p(ty,...,t,) € Ri[t1,. .., t,]
with p(0,...,0) = 0 such that

[f1 < P10 ], -5 [0, ])- (8.2)

Then for every v € N

v(If1) < v(p(I0a. ], - - 102,1) < p(v(102,])s - - v (162,1)) < pllalls- - zal),

where in the second inequality we have used the triangle inequality and that
v is submultiplicative, and in both the second and the third inequalities that
the coefficients of p are positive. So p(f) = sup,cn v(f) < p(||lz1]],-- -, [|znl])
is indeed finite. That p(f) is a submultiplicative lattice seminorm follows from
the definition.

The kernel of this seminorm

kerp = { f € FAJA[E] : p(f) =0}

is an order and algebraic ideal. An elementary argument shows that the quotient
FAfA[E]/ ker p is again an f-algebra (see [Bou(2, Proposition 3.2]). Denote this
quotient by FNfA[E], denote by qr: FAfA[E] — FNfA[E] the quotient map,
and set ng = gqrdp. Then p induces a norm in FNfA[E] that makes it into
a normed f-algebra. Moreover, the map ng is contractive with respect to this
norm (in fact, it is an isometry; see below). Denote the norm simply by ||-|| and
let FBfA[E] be the completion of FNfA[E] with respect to this norm. Abusing
the notation, we shall denote also by ng the composition of this map with the
canonical embedding FNfA[E]| — FBfA[E].

Proposition 8.48. The free normed f-algebra generated by a normed space E
is FNfA[E] together with the map ng. The free Banach f-algebra generated by
a Banach space E is FBfA[E] together with the map ng.

Proof. We need to check that ng is a linear isometric embedding and that
FNfA[E], together with ng, satisfies the universal property defining the free
normed f-algebra generated by E. Let (A, ||-||4a) be a normed falgebra, and
let T: E — A be a contractive operator. Let T: FAfA[E] — A be the unique
lattice-algebra homomorphism satisfying Tér = T. Tt is direct to check that,
since |T|| < 1, f + ||[Tf]|a/|IT|| defines an element of A'. This implies
that |Tf|la < ||Tllp(f) for all f € FAfA[E]. Hence there exists a unique
lattice-algebra homomorphism T: FAJA[E |/ ker p — A satisfying Tqs =T and
17| < |[T'[]. This implies Tng = Tqpdg = Téz = T and, since 1 is contractive,
also [ 71| = |17,

It only remains to show that ng is an isometric embedding. Let T: E —
l(Bg~) be the standard isometric embedding Tr = (2*(2))s+ep,.. Since
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l(Bg+), with coordinatewise order and product, is a Banach f-algebra, there
exists a lattice-algebra homomorphism T': FNfA[E] — (. (Bg+) satisfying
|T|| =1 and Tng = T. Using that ng is contractive, it follows that

[zl = Tz < | Tlnezll = lInezl < [

holds for all z € E. Therefore ||ngz| = ||z
It is direct that the completion of FNfA[E], namely FBfA[E], together with
Ng, is the free Banach f-algebra generated by FE. O]

Remark 8.49. Let Z be the closure of Lat{n, : © € E} in FBfA[E]. Let
op: E — Z be ng with the codomain restricted to Z. Then Z, together with
¢g, is the free Banach lattice FBL[E]. Indeed, let X be a Banach lattice, and
let T: E — X be an operator. Equip X with the zero product, so that it
becomes a Banach falgebra. Then S = T/||T|| extends to a lattice- algebra
homomorphism S: FBfA[E] — X, satisfying Snp = S and ||S|| . Let
T: Z — X be the restriction of the lattice homomorphism ||T|S to Z . Then
T is a lattice homomorphism satisfying T¢p = T'. In particular, 1T < HTH <
TS| = IIT|l, so ||T|| = ||IT||. An immediate consequence of this is that the
free norm in FBfA[E], when restricted to Z, is the norm of the free Banach
lattice, for which an explicit formula was found in [ART18]. From now on, Z
will be denoted as FBL[E].

Moreover, FBL[E] is contractively complemented in FBfA[E] by a lattice
homomorphism. Indeed, the canonical inclusion ng: E — FBL[E], extends to
a unique contractive lattice-algebra homomorphism P: FBfA[E] — FBL[E],.
Forget about the zero product in FBL[E], and consider P merely as a lattice
homomorphism. The restriction P|pgs: FBL[E] — FBL[E] is a lattice ho-
momorphism of norm one satisfying Png = ng. By uniqueness, P|pprg is the
identity on FBL[E]. Hence the composition of P with the canonical inclusion
FBL[E] — FBfA[FE] is a projection of FBfA[FE] onto FBL[E].

8.3.2  Explicit description of the kernel

Thus far we have shown, using only general arguments, that FNfA[E] and
FBfA[E] exist for a general Banach space E. But since we have quotiented
out FAfA[E] (which we know explicitly) by a mysterious ideal ker p, we have
no explicit description for FNfA[E]. Fortunately, we can use Theorem 8.25 to
describe this ideal.

Theorem 8.50. Let E be a Banach space. Let p be the greatest submultiplicative
lattice seminorm on FAfA[E] such that p(6,) < ||z|| for all z € E. Then

kerp={f € FAAA[E]: flp,. = 0}.

Proof. For every z* € Bp«, vy«(f) = | f(2*)| defines a lattice seminorm that is
submultiplicative and such that v, (0,) < ||z|| for all x € E. If f € ker p, then

[f (@) = var (f) < p(f) = 0.
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Hence every function in ker p vanishes on the unit ball.

Conversely, suppose f € FAfA[E] is such that f|p,. = 0. Write f =
D(dyyy---,04,) for a certain LLA expression ® and some z1,...,x, € E; by
changing ® as necessary, we may assume that xq,...,z, are linearly indepen-
dent and ||z;|| < 1 (see the proof of Proposition 8.46). The goal is to show
that

qef = ®(qeds; - - qels,) = Pe(r1), .., 16(2n))

is zero in FNfA[E]. By Theorem 8.20 there exists an injective and contrac-
tive lattice-algebra homomorphism R: FNfA[E] — X, @ C(K), for a certain
Banach lattice X and a certain compact Hausdorff space K. Denote by R;
(resp. Ry) the composition of R with the projection onto the first (resp. second)
coordinate. We will show that R;(¢gf) =0 for i =1, 2.

For every x* € Bpg«:

0= f(z") = ®(a™(z1),...,2%(zy)).

We claim that there exists an ¢ > 0 such that (z*(xy),...,2"(x,)) takes all values

n [—¢,e|" as x* ranges through Bg«. Indeed, set F' = span{xy,...,z,}, and let
||I|l1 denote the ¢}-norm in F. Since F is finite-dimensional, there exists C' > 0
such that [|-||; < C||-||, where ||-|| stands for the norm in E. Define e = 1/C, and
let 2*: F — R be a linear functional satisfying (z*(x1),...,z*(x,)) € [—¢,&]™.
If =37, \z; is an arbitrary element of F', then

)| < E:IA |27 ()] < elllly < ]

This shows that z* € Bp«. Use Hahn—-Banach to extend this functional to an el-
ement z* € Bp.«. Since (x*(r1),...,2*(x,)) can be chosen arbitrarily in [—¢, £]",
the desired claim follows. It is a consequence of this claim and Lemma 8.7 that ®
vanishes on every Banach lattice with the zero product; in particular, it vanishes
on Xy, and therefore Ry (qg(f)) = 0.

Since Rs is a contractive lattice-algebra homomorphism, Ry = T for a certain
contractive operator T: £ — C(K) satisfying Rong = T. For t € K, denote by
¢r € C(K)* the evaluation functional at ¢. Recall that ¢, is a lattice-algebra
homomorphism of norm one. Compute:

Ro(ne(z1))(t), . . ., Ra(ne(w,))(t))
(Tx1)(2), - (Tfﬁn)(t))
(1" ¢t)($1) (T ¢) ()

= ©(02,(T"¢1), - - 02, (T7¢1))

= D0y, - - xn)(T*@)

= f(T"¢:) =0
since ||[T*¢¢|| < 1 and f vanishes on the unit ball. This shows that Ry(qr(f)) =
0. Hence R(gr(f)) =0 and, since R is injective, gu(f) = 0. O
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Since 0,: E* — R is weak® continuous, so is every element of FAfA[E].
Therefore there is a restriction map:

FA/A[E] — O(Bpge,w")
f — flBp

Operations in FAfA[E] are computed pointwise, so this is a lattice-algebra ho-
momorphism. However, as noted in Remark 8.47, this map is not injective, so
we cannot view the elements of FAfA[E] as continuous functions on the unit
ball of the dual.

It is remarkable that this map does induce an injective lattice-algebra ho-
momorphism ¢: FNfA[E] — C(Bg-) because, according to Theorem 8.50, its
kernel is precisely ker p. Note that, by definition of the norm in FNfA[E], ¢ is
contractive. We have thus found an explicit lattice-algebraic representation of
FNfA[E].

Corollary 8.51. Let E be a Banach space. There exists a unique injective and
contractive lattice-algebra homomorphism

1p: FNJA[E] — C(Bg-)
satisfying (Lgne)(x*) = x*(x) for all z € E and x* € Bp-.

From now on, tg (or simply ¢ when E is clear from the context) will denote
the map in the above corollary. The following is a first application of this
representation result.

Proposition 8.52. Let E be a Banach space and let f € ENfA[E]. There exist
A>0and xq,...,x, € E such that

NN AR/

Proof. As already mentioned in Section 8.3.1, there exists a polynomial
p(ti,...,tn) € Ri[tr,...,t,] with p(0,...,0) = 0 such that |f|] <
PNy ls -+ s M2n]). Without loss of generality, x1,...,2, € Bg. It follows that
for every x* € Bp-:

(IFD ) < pla™ (@)l - " (2n)])
<p(L.. e (@) VeVt ()]

=p(L - Dol [ V-V e, [)(27),

where in the second inequality we have used the fact that |«*(z;)| < 1. Since ¢
is an injective lattice homomorphism, the result follows. Il

Remark 8.53. Since, a priori, ¢: FNfA[E] — C(Bg+) is not an embedding (in
fact, we will show in Remark 8.61 that it is never an embedding), it is not clear
at all whether its extension to FBfA[E] is injective. In Section 8.4 we will use
a completely different technique to show that the extension is indeed injective
for some classes of Banach spaces.
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Remark 8.54. Recall from Remark 8.49 that FBL[E] can be seen as a closed
sublattice of FBfA[E]; moreover, FBL[E] is 1-complemented by a lattice homo-
morphic projection P. Using the representation of FNfA[E] inside C(Bg-), we
can now give an explicit expression for P on FNfA[E]. We claim that, for every
f € FNfA[E] and every z* € Bpg-,

((Pf)(x*) = lim

t—0t

() ()
t

Indeed, consider the map f — Pf defined by the above formula. According to
Lemma 8.6 the limit exists, and ¢(Pf) belongs to «(Lat{n, : € E }); that is,
Pf belongs to FVL[E] C FBL[E] (sece Remark 8.15 for further details). The
operator P, as defined by the formula above, is a lattice-algebra homomorphism
FNfA[E] — FBL[E], satistying Pn, = n,. Therefore, P is the unique exten-
sion of n: B — FBL[E], to FNfA[E]. The extension of P by density to the
whole FBfA[E] must be, again by uniqueness, the contractive lattice projection
described in Remark 8.49.

Proposition 8.55. The free normed f-algebra FNfA[E] generated by a Banach
space E is semiprime.

Proof. We will use the representation ¢: FNfA[E] — C(Bg+). Let f €
N(FNfA[E]). For every z* € Bp« different from 0 there exists an z € Bpg
such that ¢(n,)(z*) = 2*(z) # 0. Then

0= e(fna)(") = o(f)(2") 2" ().
It follows that ¢(f)(z*) = 0. Since also ¢(f)(0) = 0, it must be ¢(f) = 0. But ¢

is injective, so f = 0. O

Although the lattice-algebraic representation of FNfA[E] provided in Corol-
lary 8.51 has proven useful, not much else can be said about free normed f-
algebras unless we investigate the properties of its norm. The following section
is a first step in this direction: it shows in particular that, when FE is finite-
dimensional, the free norm is equivalent to an AM-norm.

8.3.8 The finite-dimensional case

The goal of this section is to prove the following isomorphic description of the
space FBfA[E] when F is a finite-dimensional Banach space.

Theorem 8.56. Let E be a finite-dimensional Banach space. The free Ba-
nach f-algebra FBfA[E)] is lattice-algebra isomorphic to the space C(]0,1] x Sg+)
equipped with pointwise order and product

(f * g)(r7 u) = Tf(?“, u)g(r7 u) (83)

where (r,u) € [0,1] X Sg« and f,g € C([0,1] x Sg+). Under this isomorphism,
ne(r,u) = u(x) for every x € E.
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8.3. The Free Banach f-algebra Generated by a Banach Space

Figure 8.1 illustrates the generators and the “weight” 1x % 1x (where 1x
denotes the constant one function on K = [0,1] x Sj) of the free Banach f-
algebra generated by /3.

LI I

) Ney (1, u) = u(er) ) Ney (1, 1) = u(e2) (Ig *x1g)(r,u)=r

Figure 8.1: Representation of three functions in C([O, 1] x S@). In the plots,
[0, 1] is identified with 0 < z < 1 and S@ is identified with the unit circle in the
plane z = 0. The elements e, e; denote the canonical basis of /3.

To make the steps in the proof clearer, we have divided it into several lem-
mas. First, we want to show that there exists an element in FNfA[E] that is a
strong unit in FBfA[E], and that the norm it induces is equivalent to the free
norm.

Lemma 8.57. Let E be a finite-dimensional Banach space. There exists a finite
subset ' C Sg for which € = sup,cp || is a strong unit in FBfA[E] and such
that the norm it induces ||| is equivalent to the free norm.

Proof. We shall first show that FBfA[E] has a strong unit e € FBfA[E]. Denote
by Fin(Sg) the family of finite subsets of Sg. For every F' € Fin(Sg), define the
element ep = sup,cp |17,| € FNfA[E]. In fact, this element belongs to FVL[E],
where we are identifying FVL[E] inside FNfA[E] as in Remark 8.49. Keep in
mind that, with this identification, the norm of FNfA[E], when restricted to
FVL[E], is precisely the norm of the free Banach lattice. Hence we can refer to
the free norm on FVL[E] without ambiguity.

Let ¢: FNfA[E] — C(Bg+) be the injective lattice-algebra homomorphism
from Corollary 8.51. For every o* € Bg-, the net (t(ep)(2*)) rerin(s,) converges
to ||z*||g+. Since E is finite-dimensional, |||z~ is a continuous function on Bg-
(with respect to the weak® topology). Moreover, (ep)pcrin(sy) 1S an increasing
net. By Dini’s theorem, ¢(er) converges uniformly to ||-|| g« in C(Bg+).

Recall from [OTTT24, Section 9.1] that, because FE is finite-dimensional,
the free norm is equivalent to the uniform norm on ((FVL[E]); that is, ¢ is
an embedding when restricted to FVL[E]. We have shown above that the net
(t(er)) is Cauchy in the uniform norm. Hence the net (ep) is Cauchy in the free
norm.

Let e € FBfA[E] be the limit of (er). Since (er) is an increasing net,
€ = SUPpcpin(sy) €F- We are going to show that /., the order ideal generated
by e, is the whole FBfA[E] (and therefore that e is a strong unit). For this, we
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first need to show that the free norm ||| and ||| are equivalent. It is clear that
t(er)? < i(er) holds pointwise in Bg« for every F' € Fin(Sg). Hence ¢4 < ep
and, taking limits, e? < e. It follows that, for every f,g € I,

[fal < Ifllgl < IFllellgllee® < I £llelgllee.

Therefore fg € I. and ||fglle < [|fllellglle. Also note that, if € Sg, then
INz| = eqzy < e. In particular, FNfA[E] C I. and ||, < ||z|| for every z € E.
We have thus shown that [|-|., when restricted to FNfA[E], is a submultiplicative
lattice norm satisfying ||n.|. < ||z|| for all z € E. By construction of the free
norm, ||-[|e < [|-{| on FNfA[E].

On the other hand, | f| < || f||ce holds for every f € FNfA[E]. By taking the
free norm on both sides of the inequality, ||f|| < ||f|lc/le]]- This completes the
proof that the free norm is equivalent to ||-||c on FNfA[E]. Now if f € FBfA[E]
is arbitrary, and f,, — f in the free norm, with f,, € FNfA[E], then (f,) is also a
Cauchy sequence in the norm ||-||.. Since this norm is complete, (f,,) converges
to an element of I.; since this norm is equivalent to the free norm, the limit
must be f. Hence, f € I.. This shows that e is a strong unit, and that the
norm ||| is equivalent to the free norm on FBfA[FE].

To finish the proof, it only remains to show that there exists a strong unit
e/ € FNfA[E] of the desired form equivalent to e. For this, it suffices to find
¢’ € FNfA[E] of the desired form satisfying e/2 < ¢’ < e. (The factor 1/2 does
not play any special role in the proof; any scalar in (0, 1) would also work.) Let
F € Fin(Sg) be such that

leler) = -l lloe <1/2

and put ¢ = ep. Certainly, ¢/ < e. For every u € Sg-, |t(¢/)(u) — 1| < 1/2,
which implies ¢(¢’)(u) > 1/2. Since «(¢€’) is positively homogeneous, it follows
that

e)(z%) = 1/2]]2" || g = v(er /2)(27)

for all 2* € Bpg- and all F’ € Fin(Sg). Hence ¢ > ep//2 in FBfA[E] for all
F" € Fin(Sg). Taking the limit in F’ € Fin(Sg), it follows that ¢’ > e/2. O

Remark 8.58. The subset F' in the previous lemma is far from unique. In fact,
if F C F’, then F’ also satisfies the desired properties.

From the previous lemma and Kakutani’s theorem it already follows that
FBfA[E] is lattice isomorphic to C'(K), for a certain compact Hausdorff space
K.

Lemma 8.59. Let E be a finite-dimensional Banach space. Let C([0,1] x Sg+)
be equipped with pointwise order and product * given by (8.3). Then the map
T: E— C([0,1] x Sg+), defined by

(Tx)(r,u) =u(z) forallz e E,(r,u) €0,1] X Sg«,
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extends to a contractive lattice-algebra homomorphism T': FBfA[E] — C([0,1]x
Sg+) whose explicit expression is

u(f)(ru) ifr 0
TFH)(ru) = r
S lim, 8 ):T“) ifr=0

for every f € FNfA[E].

Proof. Tt is direct to check that C([0, 1] x Sg+) with the usual lattice structure,
the product *, and the uniform norm, is a Banach f-algebra. Note that

[Tl = sup |u(z)] =[]

uES

Hence T' extends in a unique way to a norm-one lattice-algebra homomorphism
T: FBfA[E] — C([0,1] x Sg-).

Denote momentarily

o(f)(ru) ifr#£0
S1(ryu) = limrb(f) ru) ifr=0
r—0t r

for every (r,u) € [0,1] x Sg+ and f € FNfA[FE]. To show that T|FNfA[E] =S, we
will check that the map S: FNfA[E] — C([0,1] x Sg«), f — Sf, is a lattice-
algebra homomorphism extending 7. Uniqueness of the extension will then
imply that T'|pnsape = S.

First of all, note that the limit defining Sf(0,u) exists by Lemma 8.6. We
need to check that S f is continuous on [0, 1] x Sg«. It is clear that it is continuous
on {(r,u) € [0,1] x Sg= : v # 0}. Let (rp,u,) € [0,1] x Sg+ be a sequence
converging to a certain (0,u) € [0, 1] x Sg«. The limit defining S f(0, u) coincides
with fo(u) = lim,, f(r,u)r,! for every u € Sg+. Since E is finite-dimensional,
Sg+ is a compact metric space under the metric induced by the norm. Moreover,
Sg+ can be embedded isometrically as a compact subspace of R”. Then f,
is, by Lemma 8.6, the uniform limit of continuous functions. It is, therefore,
continuous. Furthermore, since Sg« is compact, fy is uniformly continuous on
Sp=.

Fix ¢ > 0. Choose § > 0 such that |fo(u) — fo(u')] < £/2 whenever |Ju —
u||p+ < & and such that |f(r,u)r, ' — fo(u)] < /2 whenever 0 < r, < § and
u € Sg+ (recall the limit defining fy(w) is uniform). For n € N big enough we
will have 7, [[u — u,|| < ¢, and then, whenever r,, # 0,

S f (7 un) — folu)| = ‘f(rnun)rgl — fo(u)|
< |f(rnun)7“;1 — folun)| + [ fo(un) = fo(u)] <e.

When 7, =0, Sf(rn, un) = fo(u,) and |fo(u,) — fo(u)| < £/2. This proves that
Sf(rp, un) = fo(u) = Sf(0,u), and therefore that Sf is a continuous function.
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It is clear from the definition that S is a lattice homomorphism. It is also
an algebra homomorphism because, for r # 0,

S(fg)(r,u) = o fg)(ru)r~" =rSf(r,u)Sg(r,u) = (Sf *Sg)(r,u).

The equality also holds for general (r,u) € [0, 1] x S« by continuity. Certainly,
(Snz)(r,u) = u(z) = (Tz)(r,u). Hence Sf =T for all f € FNfA[E]. O

With the explicit expression we can now show that the map T is injective
on FNfA[E].

Lemma 8.60. Let E be a finite-dimensional Banach space, and let T be as in
Lemma 8.59. If, for some f,g € ENfA[E], Tf < Tg, then f < g.

Proof. Let us first check that 7' is injective on FNfA[E]. Suppose T'f = 0 for
some f € FNfA[E]. Then, for every u € Sg+ and 0 < r < 1,

0= (Tf)(r,u) = o(f)(ru)/r.

This implies that ¢(f) vanishes on Bg- \ {0}. Since every element of FNfA[E]
vanishes also at 0, it follows that «(f) = 0. Injectivity of ¢ implies that f = 0.
Hence the map T|FNfA[E] . FNfA[E] — T(FN/A[E]) is a lattice isomorphism. In
particular, if 7'f < T'g, then by applying the inverse it follows that f <g¢. O

Proof of Theorem 8.56. Let €' = sup,cp .| € FNfA[E] be as in Lemma 8.57,
where F' € Fin(Sg), and let T: FBfA[E] — C([0,1] x Sg-) be as in Lemma 8.59.
First note that
(Te')(r,u) = sup [u(x)| > 1/2
el
(see the end of the proof of Lemma 8.57). Therefore T€ is a strong unit in
C([0,1] x Sg+). We are going to show that |T'f|| ;. = || f|l for all f € FNfA[E].

Since |f| < ||flle€, applying T to this inequality yields immediately
1T fll 7o < || fller. Similarly, T|f| = |Tf| < |Tf|l;.T€ and from Lemma 8.60 it
follows that | f| < ||T'f||4.¢. Hence also || flle < [|Tf]lo-

Since the free norm is equivalent to ||-|| and the uniform norm is equivalent
t0 |||l4» the equality |Tf|lzo = || f|le must hold for all f € FBfA[E]. In
particular, T is injective and its image is closed under the uniform norm.

To complete the proof it only remains to show that T is surjective. This will
follow as a consequence of the Stone—Weierstrass theorem once we show that
the image of T contains the constant one function and separates points.

Define, as in the proof of Lemma 8.57, the element ep = sup,cp |n,| for
every F' € Fin(Sg). We already showed in the lemma that (ep) converges to a
certain e € FBfA[E] in the free norm. Note that

(Tep)(r,u) = sup |Tz|(r, u) = sup |u(z)|
A zel

converges to 1. Therefore Te = limp Te F = Ljo1]xS,., the constant one function
on [0,1] x Sg-.
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Let (r,u), (r',u’) € [0,1] x Sg=. If u # «/, then there exists x € Sk such that
u(x) # u/(x). In other words:

(D) (r,u) = ulz) # ' (@) = (Tn) ().

If instead r # 7/, then we have

A

(Te?)(r,u) = (Te * Te)(r, u)=r

and therefore (Te?)(r,u) # (Te?)(r',«'). Thus the image of T separates points of
[0, 1] x Sg«. From the Stone-Weierstrass theorem it follows that 7" is surjective.
[l

Remark 8.61. The representation ¢: FNfA[E]| — C(Bg-+) is never an embedding.
Indeed, when F is infinite-dimensional, the norm of the free Banach lattice can-
not be equivalent to an AM-norm (this is a consequence of [OTTT24, Proposi-
tion 9.30]). Suppose that ¢ were an embedding for some finite-dimensional E; we
will show that this contradicts Theorem 8.56. In this case, the image of + would
be a closed sublattice-algebra of .Jy, the closed (lattice and algebraic) ideal of
C(Bg+) formed by the functions that vanish at 0. It is immediate to check that
L(FNfA[E]) separates the points of Bg«, and that for every z* € Bp. different
from zero there exists f € FNfA[E] such that ¢(f)(z*) # 0. As a consequence
of the Stone-Weierstrass theorem, ((FNfA[E]) = Jy. But Jy does not have a
strong unit; this contradicts Theorem &.56.

As we shall see in Section 8.4, determining whether FBfA[E] is semiprime
or not is very important and yet far from trivial.

Corollary 8.62. If E is a finite-dimensional Banach space, then FBfA[E] is
semiprime.

Proof. By Theorem 8.56, we only need to check that the product (8.3) is
semiprime. Suppose f x f = 0. Then

0=(f*f)ru) =rf(ru)’

for all (r,u) € [0, 1] X Sg«. This means that f vanishes on the dense set {(r,u) €
[0,1] x Sg« : r # 0}. By continuity, f = 0. O

In the next result, ST denotes the unit sphere of 7.

Corollary 8.63. Let E be a Banach space of dimension n. The free Banach
f-algebra FBfA[E] is lattice-algebra isomorphic to C([0, 1] x S) with pointwise
order, and product

(f *g)(’l‘, U) = Tf(T, U)g(?“, u)
where (r,u) € [0,1] x S and f,g € C(]0,1] x SZL).
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Proof. Identify, by taking coordinates, Sg« and S7 with their homeomorphic
copies in R™. The map

¢ [0,1] x Sp- —> [0,1] x ST
(ru)  — (ru/lulls)

is a homeomorphism. Consider the associated composition operator

T: C(0,1] xS~) — C([0,1] x Sg-)
/ — Joo '

This map is a lattice isometry. Moreover, if f,g € C([0,1] x S%) and (r,u) €
[0,1] x Sg«, then

T(f *g)(r,u) = (f *g)(¢(r,u))
= ([ *9)(r,u/llullx)
=rf(ru/lull)g(r,u/lulls)
=r(fo@)(r,u)(god)(r,u)
=(Tf*Tg)(r,u).

This shows that T is also an algebra homomorphism. The stated result now
follows from Theorem 8.56. O

It might be pertinent to recall here that the free Banach lattice over a Banach
space of dimension n is lattice isomorphic to C'(SZ), but the isomorphism con-
stant increases without bound as the dimension grows (see [OTTT24, Section

9)).

Corollary 8.64. Let E and F' be Banach spaces of dimensionn. Then FBfA[FE]
and FBfA[F| are lattice-algebra isomorphic.

Remark 8.65. Even though isomorphic Banach spaces generate isomorphic free
Banach lattices, this is not clear at all for free Banach f-algebras. In fact, in
Example 8.93 we will provide an isomorphism between Banach spaces that does
not induce an isomorphism between the corresponding free Banach f-algebras.
It is clear that isometric Banach spaces generate lattice-algebra isometric free
Banach f-algebras. The isomorphic case, however, remains open in infinite
dimensions.

Question 8.66. Let E and F be isomorphic Banach spaces. Are FBfA[E] and
FBfA[F] lattice-algebra isomorphic?

The converse of the previous question is open even for the free Banach lattice
generated by a Banach space (see [OTTT24, Section 10]). The isometric version
of the converse will be addressed in Section 8.5.4.

We have completely identified the free Banach f-algebra generated by a
finite-dimensional Banach space, except for the free norm. The goal of the next
section is to better understand this norm.
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8.3.4 On the free norm

It follows from the abstract construction in Section 8.3.1 that the norm in
FBfA[E] is the supremum of the lattice seminorms that are submultiplicative
and that make the canonical map ng: E — FBfA[E] contractive. There is an
equivalent way of defining this norm: for every f € FBfA[E], ||f|| is the small-
est number such that, whenever A is a Banach f-algebra and T: F — A is a
contractive operator, |T'f|| < || f||. Moreover, if f € FBL[E], then

IFIl = sup{ ITf]| : T: E — ¢ with |T]| < 1}.

This important fact was first proved in [ART18] and is at the center of the
theory of free Banach lattices. For this reason, in this section we try to reach a
similar result for free Banach f-algebras. Only considering operators that arrive
at (7 is too ambitious; instead, we will take the supremum over all operators
that arrive at finite-dimensional semiprime f-algebras. Although the semiprime-
ness condition may look artificial at first, it will turn out to be very useful in
Section 8.4.

Definition 8.67. Let E be a Banach space. For every f € FBfA[E], define
Te(f) to be the least positive number such that, if A is a semiprime finite-
dimensional Banach f-algebra, and T': E — A is a contractive operator, then
m5(f) > ||Tf||. When there is no ambiguity on the underlying Banach space,
Tg is simply denoted by 7.

Remark 8.68. Note that 7(f) is finite since ||Tf| < ||f]|| for every contractive
operator T': & — A. In particular, 7(f) < || f]|. It is not difficult to check from
the definition that f — 7(f) defines a submultiplicative lattice seminorm on

FBfA[E].

It will be very valuable for the discussion of Section 8.4 (and in particular
for Proposition 8.80) to determine when 7 defines a norm on FBfA[E] (i.e.,
when 7(f) = 0 implies f = 0). The following result is an important step in this
direction.

Theorem 8.69. The norm in FBfA[(}] is T for every n € N.

The main computation of the theorem is encapsulated in the next lemma.
Since it is quite technical, let us explain the ideas that motivate it. From
Theorem 8.56 we know that FBfA[(}] is isomorphic to C(K), for a certain
compact Hausdorff space K, with a product of the form f xg = wfg, where
w € C(K); and juxtaposition denotes the pointwise product. (We are not being
explicit with the values of K and w on purpose; the argument will not depend
on this.) Let f = ®(ne,,...,n.,) € FBfA[E], for a certain LLA expression ®.
Approximate the generators 7, , ..., 7., and the weight w by simple functions
(i.e., functions that take only finitely many values). Disjointify the family of
characteristic functions involved in these simple functions. Then their span will
be a finite-dimensional sublattice A that contains discrete approximations of
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Neys - - -5 Ne,, - Define a product in this space that consists in multiplying pointwise
by the discrete approximation of w. If the approximations are good enough, this
new product will be almost submultiplicative for the free norm, and ®, when
evaluated at the discrete approximations of the 7;, will be very close to f. This
is the statement of the lemma. Afterwards, in the proof of the theorem, we will
use this finite-dimensional f-algebra A, with an appropriate norm, to construct
an operator T': /7 — A for which ||Tf]|  is very close to the free norm of f. One
caveat though: since K is not sufficiently disconnected, we may not be able to
approximate the functions by simple functions. For this reason we shall work
in B(K), the Banach lattice of bounded Borel-measurable functions on K.

Lemma 8.70. Let K be a compact Hausdorff space, and let C(K) be equipped
with the usual lattice structure and a certain product x that makes it a Banach
f-algebra. Let fi,...,f, € C(K), and let f = ®(f1,..., fn) for some LLA
expression ®. Fize, e > 0. Then there exists a finite-dimensional sublattice A of
B(K), together with a semiprime f-algebra product o in A, and (f1)a,. .-, (fn)a €
A such that |(fi)al < |fi| and, if fa = ©((f1)a,.--,(fn)a) (where now ® is
evaluated using the product of A), then ||f — fallco < €. Moreover, o can be
chosen so that
[zoy| < |rxyl+elk!

holds for all x,y € A with |||l |Y]lcc < 1.

Proof. Denote by * the product in C(K). Since C(K) with the product % is
a Banach f-algebra, there exists a weight w € C(K),, |[|[w|s < 1, such that
(f*g)(t) =w(t)f(t)g(t) for all f,g € C(K) (Proposition 7.1).

Consider the bidual C(K)** equipped with the Arens product. This is again
a Banach f-algebra, and we have a lattice-algebra isometry C(K) — C(K)**.
Consider the Banach lattice B(K) of bounded Borel-measurable functions on
K. Note that C(K) C B(K) C C(K)*™ in a natural way, since every bounded
Borel-measurable function can be integrated against an element of M(K) =
C(K)*. We are going to show that B(K) is a subalgebra of C'(K)**, thus
becoming a Banach f-algebra. Even better, the Arens product of F,G € B(K)
is (FxG)(t) = w(t)F(t)G(t) because, if f,g € C(K) and p € M(K), then

() = (1, f % g) = / gty () £ (£ du(t)

K

implies d(pf)(t) = w(t) f(t)du(t), and

(G f) = (G puf) = /

K

G(t)d(pf)(t) = /K fFOw)G(t)du(t)

implies d(Gpu)(t) = w(t)G(t)du(t). Therefore

(F %G, ) = (F,Gp) = / F(tyw(t)G(t)du(t)

K
THere « denotes the Arens extension of the product in C'(K) to B(K), see the proof below.
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and, since this holds for all p € M(K), it follows that (F*G)(t) = w(t)F(t)G(t)
forall t € K.

Fix € > 0. For convenience, we shall assume that || fi]lco,- -, [ fulloc < 15
this can always be achieved by changing ® if necessary. Let 0 = ¢y < ¢y < --- <
cy < ¢ny1 = 140 be a partition of the interval [0, 14-§] with max; [¢;11—¢;| < 0,
this ¢ > 0 small enough and to be determined later. (We use 1 + ¢ instead of 1
to force ¢y > 1, since our functions can take the value 1.) Consider the algebra
C of subsets of K generated by

{c: <(fs)o <ciz1}fors=1,...,n,i=0,...,N,0€{+,—} and

{e; <w<¢iyq} fori=0,...,N.

Note that this algebra is contained in the Borel sets of K. Also, since it is finitely
generated, C is actually finite. And as a finite algebra, every set can be written
as the union of the atoms inside that set. Denote by {ay,...,a;} C B(K) the
characteristic functions of the atoms in C.

This observation implies that

X{Ci ( <CZ+1} Z a]?

j€J(8,0,)

for certain J(s,o0,1) C {1,...,l}, and similarly one defines J(w, ) so that

X{ci<w<cit1} = Z as.

jeJ(wyi)
Since 0 < (fs)o, w < 1k, we have
N N
(fS)O':Z(fS)U Z aj, w:Zw Qj.
=0 jeJ(8,0,i) =0 jeJ(w,)

Let A = span{ay,...,q;}. We are going to define elements of A that approx-
imate (fs), and w. For every s € {1,...,n}, o € {+,—}, and j € {1,...,1},
define ¢;(s4,5) € {co,...,cn} to be the unique element of the set that satisfies

a; < X{Ci(s,a,j)S(fs)a<ci(s,a,j)+1} :

To make the notation shorter we will write ¢;(sq,;) as cf(j) most of the time.

Define
!
)t = D €5
j=1

In other words, (fs)sq4 is a discrete version of ( fs)g that is constant on the sets
corresponding to the characteristic functions ay, . .., a;. More precisely, (fs)q.q4 is
identically c;(,.j) on the support of a;, where ¢ 4 j) < (fs)s < Ci(s,0,)+1 holds.
In particular, 0 < (fs)o.a < (fs)o-
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Similarly, for j € {1,...,l} define ¢y;) € {c1,...,cn} to be the unique
element of the set that satisfies

a; < X{er(j)Sw<eyy+1}

unless a; < X{o<w<e,}, in Which case ¢;;y = ¢;. This way we prevent the discrete
version of w from vanishing at any point. With this change it is still true that
|cy(j) — w| < 0 holds in the support of a; for all j = 1,... . Define

l
Wq = E ct(j)aj.
J=1

Since the a; are disjoint, A is a sublattice of B(K). Define a product o on
A as follows: a;0a; = 0if i # j, and a; 0 a; = ¢y(jya;. It is immediate that this
extends by linearity to a semiprime f-algebra product on A.

Fix &’ > 0. We are going to show that, for § < &', the product in A satisfies
|zoy| < |rxxy|+e'lk for all z,y € A with ||z, |Y]|ec < 1. Let & = 25:1 A,

and y = 22:1 pja; for some A, ..., A, .., € [—1,1]. Then

[z oy| =

l
D Nipica
j=1

l
> Aingway
j=1

<lrxyl +1g( sup  sup |w — cyjl)
j=1,...,l supp(a;)

l
+ ) INllgllwa; — cugyayl
=1

<

Let ky,...,k, > 0 be such that k = k; +---+ k, > 1. By definition:
!

(fl)ii , ek (fn)]frz = Z<f1)§i . (fn)i’;wk_laj

Jj=1

(fl)lj'i,d O---0 (fn)iz,d — Z(Cll(v‘?)l)kl e (C;n(vjo;’t)kna] 0++-0 aj

j=1
!
1,(7 ,0n n -
= Z(Ci(j)l)kl T (Cz‘(j) )" (Ct(j))k ta,
j=1
so that

()6 % x (Faden = (fi)ora© 0 (Fa)oralloo =

sup sup [(fi)g - (fu)gwt ™ = D LR s L (T
j=1,...,l supp a;
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But in suppa;, |(fs)e, — ¢y | < 6 and |w — cy5| < 6. Using the fact that the

function
[0, 1]"*! — R

k e ki—1
(X1, .oy Ty y) > @yt ahy

is uniformly continuous, we can make the distance

()R e (f)i = (fO)B g0 o (fu)ir ylloe (8.4)

arbitrarily small by choosing an appropriate § > 0.
According to Proposition 8.9, there exists an LL expression ¥ and ¢ € N
such that

(A1) = ()G ()t S o € {+,-)

for all Ay,..., A\, € R. This identity will also hold when evaluating the previ-
ous expression in arbitrary Banach f-algebras (Theorem 8.2). In particular, in
B(K),

f= ‘I’((fl)ill *"'*(fn)f;; cht e+ <co € {+,—})
and, in A,

O((fi)a - (fu)a) = U((f) a0 o (fa)fat i+ +jn S €00 € {+,-}),

where we have defined (fs)a = (fs)+.a — (fs)—a- Note that, since (fs)4a A

(fs)—a < (fs)+ N (fs)— = 0, (fs)+.a and (fs)—q4 are the positive and negative
parts of (fy)q4, respectively. In particular,

((fe)al = (fo)ra + (fo)—a < (fo)4 + (fo) - = [Ssl-

From the norm continuity of lattice-linear function calculus, and the fact that
the quantities (8.4) can be made arbitrarily small for all k; +--- + &, < ¢
by choosing 6 > 0 appropriately (keep in mind there are only finitely many
non-negative integers ki, ..., k, satisfying this condition), it follows that

If = @((fi)ar - (fr)d)llos < e [

Proof of Theorem 8.69. Let {ey,...,e,} be the canonical basis of ¢7. According
to Theorem 8.56, FBfA[¢}] can be isomorphically identified with C'(K') equipped
with an appropriate product x, where K = [0, 1] x SZ.. With this identification,
the free norm ||| is equivalent to the uniform norm ||-||. Since FNfA[(}]
is dense in FBfA[(}], it suffices to show the result for ¢ € FBfA[(}] living
in FNfA[(}], the sublattice-algebra generated by n, = n(e1), ..., = n(en).
Indeed, suppose the result holds in FNfA[(}], and let g € FBfA[(}?]. Let € > 0
and let f € FNfA[(}] be such that ||g—f|| < &/3. Let T': £} — A be a contractive
operator, where A is a semiprime finite-dimensional Banach f-algebra, such that
IfIl < 1T f]| + /3. Then

ITFI <D =)l + I Tgll < e/3+ | Tg]
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and therefore
ITgll < llgll < I£l +¢/3 < |ITf]| +2/3e < e+ |Tyll.

Since ¢ > 0 is arbitrary, the result also follows for g.

So assume f € FNfA[(?]. There exists an LLA expression ® such that
f=®(m,...,nm). Fix e > 0. Then there exists ¢/ > 0 small enough such that,
if fi =n;/(1+¢€'), then

1f = @(f1,.. ., f)l <e

Without loss of generality, we can assume & < ¢; this will be useful later. Put
f = ®(f1,..., fn) and apply the previous lemma to f’: there exist a finite-
dimensional sublattice A of B(K), together with a semiprime f-algebra product
oin A, and (f1)a, ..., (fn)a € A satistying |(fi)a| < |fi] such that

1 = (fNalle <& where (f')a = 2((f1)a,- - (fn)a)

(the latter expression being evaluated inside A). Moreover, we can choose o so
that |z oy| < |z *y| + (¢//||1k||)1x holds for all z,y € A with ||z||co, |¥]]ec < 1.

Note that the biduals of C(K') with respect to either the free or the supre-
mum norm coincide up to equivalence of norms, with the same equivalence
constants. We shall denote the norms in the bidual the same way as the orig-
inal ones. Therefore, making ¢ > 0 small as necessary, we can assume that
1f" = (f)all <e.

The sublattice A is a Banach lattice with respect to both the free and supre-
mum norms. For every z,y € A with ||z],|ly]| < 1, in particular we have
|%]|oos [|¥llo < 1, and therefore the inequality |z o y| < |z xy|+ (¢'/||1k|]) 1k
holds. Taking free norms in this inequality:

lzoyll < llexyll+& <1+¢

where in the second inequality we are using that the free norm is submulti-
plicative. Hence ||z o y|| < (1 + &')||z||||y|| holds for general z,y € A. Define
on A the norm || - || = (1 + ¢')||-||. This is certainly a lattice norm, and it is
submultiplicative by the previous inequality. Hence A is a semiprime Banach
f-algebra with respect to this norm.

Define a linear map T': £} — A by Te; = (f;)q fori =1,...,n. Since

(el = (L+)I(fiall < L+l <1

this map is contractive. Therefore it extends to a unique contractive lattice-
algebra homomorphism 7': FBfA[(}] — A satisfying

Tf=2((f)ar-- (fa)a) = (f)a:
Putting all the estimations together:

A1l = (L + NI al
<(@+N)E+ 11D
< (T+2)(2e +|[fID-
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where in the last inequality we are also using that g’ < e. Since ¢ > 0 was
arbitrary, |7 f|| can be made arbitrarily close to ||f|| by choosing appropriate
A and T. This shows that 7(f) = || f]]. O

Next we want to go one step further and show that 7 coincides with the free
norm in FBfA[L;(u)] for an arbitrary measure f.

When T': E — I is a contractive operator between Banach spaces E and F,
denote by T: FBfA[E] — FBfA[F] the unique lattice-algebra homomorphism
with ||T|| = ||T'|| making the diagram

FBfA[E] —Z— FBfA|[F]

] wr]

FE—— T F

commute. Note that T = ﬁ The following is a standard result relating T'
and T.

Proposition 8.71. Let E be a Banach space, let F' be a subspace of E with a
contractive projection map P: E — F, and let v: F' — E be the inclusion map.
Then P: FBfA[E] — i(FBfA[F]) is a contractive projection. In particular,
r: FBfA[F] — FBfA[E] is an isometric embedding.

Pmof; Since Pt = idp, uniqueness implies Pt = idpBfa[F), SO ‘Ehat r is injective
and P is onto t(FBfA[F]). From P(.P) = P it follows that P is a projection,
and since ||z]|, || P]| < 1, 7 is an isometric embedding,. O

Proposition 8.72. Let E be a Banach space. Suppose there exists a net {E\}x
of subspaces of E such that:

(1) the closure of |J, E\ is E,

(ii) there exist contractive projections Py: E — Ej,
(1i7) the free norm in FBfA[E,] coincides with g, .
Then T coincides with the free norm in FBfA[E].

Proof. The result will follow once we show that 7(f) > | f|| for every f €
FBfA[E]. Fix € > 0 and let g € FNfA[E] be such that || f — g|]| < /2. There
exists an LLA expression ® and z1,...,z, € E satisfying ¢ = ®(1zy, .-, Ma,,)-
Choose z1,...,2, € |J, Ex with ||z; — x;|| < 0, this § > 0 to be determined
later. Since {F\}, is a net, there exists some G = E,, for which z,..., 2, € G.
Let h = ®(n,,,...,n.,). Since the operations in FBfA[E] are norm continuous,
lg — h|| < e/2 as long as we choose ¢ > 0 small enough. Hence ||f — hl| < €.
According to Proposition 8.71, one can view FBfA[G] as a closed sublattice-
algebra of FBfA[E]; with this identification, h € FBfA[G], and || h||pa =
|h|lpBfaj)- By assumption, there exists a semiprime finite-dimensional Banach
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f-algebra A, and a contractive operator T: G — A, such that | Th|[4 > ||h] —e.
Then T'Py,: E — A is a contractive operator such that

~

TPyh=®(TPy2,...,TPyz) = ®(Tx,...,Tz) = Th

and
IThlla = ITPxhlla < [If = hll + [[TPr flla <&+ 1T Py flla
so that
7(f) 2 ITPaoflla > 1Thlla — & 2 ||l — 2¢ = || fllrpsaim — 3e-
Since € > 0 was arbitrary, this shows that 7(f) = || f||. O

Remark 8.73. Suppose that F' is a contractively complemented subspace of F
and that 7g coincides with the free norm in FBfA[E]. We are going to show that
Tr also coincides with the free norm in FBfA[F|. Let P: E' — F be a contractive
projection. By Proposition 8.71, the norms ||-||resar and ||-||resa[e coincide
on FBfA[F] when the latter is viewed as a sublattice-algebra of FBfA[E]. So
it suffices to check that 7p(f) > 7g(f) for every f € FBfA[F]. Since 7 is
continuous with respect to the free norm (this is easy to see using that 7 is a
seminorm and that 7 < ||-||), it suffices to check the inequality for f € FNfA[F].
Let A be a semiprime finite-dimensional Banach f-algebra, and let T': E' — A be
a contractive operator. Its restriction S: F' — A is also a contractive operator
such that Sf = T'f for all f € FNfA[F]. Therefore |Tf|| = ||Sf|| < 7r(f).
Since T" and A were arbitrary, 75(f) < 7r(f).

Corollary 8.74. The norm in FBfA[L1(u)] is T for every measure pu.

Proof. In Ly(u) there exists a net of subspaces, each isometric to ¢} for some
n € N, satisfying the conditions in Proposition 8.72. The result then follows
from Theorem 8.69. O]

8.4 REPRESENTATION OF FREE BANACH f—ALGEBRAS IN SPACES OF
CONTINUOUS FUNCTIONS

Recall from Corollary 8.51 that, for every Banach space E, we have an injective
and contractive lattice-algebra homomorphism ¢: FNfA[E] — C(Bpg+). This
map can be extended to the completion i: FBfA[E] — C(Bg-). The extension
is certainly contractive and a lattice-algebra homomorphism. But is it injective?
When it is, we will say that FBfA[E] is representable in C(Bg~). Since ¢ is
never an embedding (Remark 8.61), it is not clear at all whether FBfA[E] is
representable in C'(Bg+) or not.

Compare this with the situation for the free vector lattice FVL[E], whose re-
striction map FVL[E] — C(Bg-) extends to an injective and contractive lattice-
algebra homomorphism FBL[E] — C(Bg-) (see Section 1.6). Once FBL[E] has
been represented inside C'(Bg-), many of its properties follow, as they depend
only on this representation rather than on the explicit expression of the norm
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(see [OTTT24]). Therefore, even though no explicit expression for the norm in
FBfA[E] is available, we will be able to recover several properties analogous to
those of FBL[E] as long as we assume that FBfA[E] is representable in C'(Bg-)
(this will be done in Section 8.5).

In this section we explore when FBfA[E] is representable. The space
FBfA[E] is quite difficult to understand, as it is the completion of FNfA[FE]
with respect to a certain abstract norm. First, we characterize those E for which
FBfA[E] is representable in C(Bg+) as those for which FBfA[E] is semiprime.
Representability is thus reduced to a purely algebraic question. However,
whether or not FBfA[E] is semiprime is still not obvious, since the comple-
tion of a semiprime normed f-algebra need not be semiprime. At this point, the
technical computations involving the seminorm 7 carried out in the previous
section come to rescue: we show that, if 7 defines a norm on FBfA[E], then
FBfA[E] is semiprime.

Theorem 8.75. Let E be a Banach space. The map v: FNfA[E] — C(Bg+)
extends to an injective lattice-algebra homomorphism i: FBfA[E] — C(Bg+) if
and only if FBfA[E] is semiprime.

Proof. Suppose first that the map ¢: FNfA[E] — C(Bpg~) extends to an injective
lattice-algebra homomorphism i: FBfA[E] — C(Bg+). Let f € N(FBfA[E]).
For every x* € Bp«, x* # 0, there exists some « € Bp for which «(n,)(z*) =
x*(x) # 0. Since fn, =0, it follows that

0= i(fne) (") = i(f)(")e(n.) (7).

Thus i(f)(x*) = 0 for every z* € Bp« \ {0}, and by continuity i(f)(0) = 0. So
t(f) =0 and, since we are assuming ¢ to be injective, f = 0.

Conversely, suppose FBfA[E] is semiprime. The left regular representation
L: FBfA[E] — Z(FBfA[E]), which sends f € FBfA[E] to the left multiplication
operator L¢(g) = fg, g € FBfA[E], is a contractive lattice-algebra homomor-
phism. Since FBfA[FE] is semiprime, L is also injective. Let Z be the closure
of VLA({ Ly : f € FBfA[E] } U {idpps(g}) in Z(FBfA[E]) (that is, the closure
with respect to the uniform norm that induces idppsa|g), which coincides with
the operator norm in Z(FBfA[E]); see Theorem 1.8). Being a Banach f-algebra
with identity and having the uniform norm with respect to this identity, Z
is lattice-algebra isometric to C'(K) for a certain compact Hausdorff space K
(Theorem 3.1). Restricting the range of L yields a contractive and injective
lattice-algebra homomorphism L: FBfA[E] — C(K).

Along this proof, ¢, for t € K shall denote the point-mass measure at
t. The composition map ¢;L: FBfA[E] — R is a contractive lattice-algebra
homomorphism. Hence it is uniquely determined by ¢,Ln: E — R, which is an
element of Bg«. Define the map

v: K — (Bp,uw)
t — oLm

Note that ¥ (t) = (Ln)*¢. If we identify K homeomorphically with {¢; : t €
K}, then the map v is nothing but the restriction of (Ln)* to { ¢, : t € K }.
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Since Ln is continuous, its adjoint (Ln)* is weak* to weak® continuous. Hence 9
is continuous. It is also injective: if ¢ (t) = 9(s), then for all x € E, ¢4(L,,) =
¢s(Ly, ), and since the point-mass measures are lattice-algebra homomorphisms,
¢ and ¢4 coincide on L(FNfA[E]). Since L(ENfA[E]) is dense in L(FBfA[E]),
by continuity they must also coincide on L(FBfA[E]). Also, ¢;(idrppajr) =
1 = ¢4(idppgajpe)). Since L(FBfA[E]) and idpgsa[p) generate, as a Banach lattice
algebra, the whole C'(K), it follows that ¢, = ¢ and therefore that t = s.
Being K compact, v is actually an embedding. That is, K is homeomorphic
to its image ¥(K) C Bg~. Note that (Ln)(z) = ¢(n,) o ¢. In other words: the
map
S: E — CHW(K))
o)l

extends to a lattice-algebra homomorphism S: FBfA[E] — C(¢(K)) which
is injective. Indeed, Cy-1 o L, where Cy-1: C(K) — C(3(K)) denotes the
composition map, is an injective and contractive lattice-algebra homomorphism
satisfying (Cy-1 0 L)n(x) = t(n)]y(k). By uniqueness, S is precisely Cy-1 0 L.

Consider the natural restriction map R: C(Bg+) — C(¢(K)), which is also
a contractive lattice-algebra homomorphism. The diagram

s

FBfA[E

] » C(Y(K))
I
C(Bg~)

commutes, because S(1,) = t(N2) |y = (Ri)(n) and all arrows are contractive

lattice-algebra homomorphisms. Since S has been shown to be injective, so
must be . O

Corollary 8.76. If E is a finite-dimensional Banach space, then FBfA[E] is
representable.

Proof. This is a consequence of Corollary 8.62. O

Even though FNfA[E] is semiprime for every Banach space F, it is not clear
at all whether its completion FBfA[E] is also semiprime. In general, it is not
true that the completion of a semiprime normed f-algebra is semiprime. The
following lemma provides a general procedure to construct examples of such
algebras.

Lemma 8.77. Let B be a semiprime Banach f-algebra. Let A C Ry @oe B be
a sublattice-algebra such that (1,0) & A but (1,0) € A. Then A is a semiprime
normed f-algebra whose completion is not semiprime.

Proof. Since (1,0) € A, and (1,0)? = (0,0), A is not semiprime. To show that
A is semiprime, let (\,a) € A be such that (\,a)? = (0,0). Then a? = 0 and,
since B is semiprime, a = 0. Thus (\,a) = A(1,0) € A, but we are assuming
(1,0) € A, so that A = 0. O
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Below we present two explicit examples of this construction. The first uses a
limiting process to guarantee that (1,0) € A, while the second uses the freeness
of the generators.

Example 8.78. Let
A={(\(x,) € Ry®c: limnz, = A},

It is clear that this is a sublattice of Ry & c¢. It is also a subalgebra, for if
(A, (z0)), (1, (yn)) € A, then their product is (0, (z,y,)) and, since limz, = 0,
lim z,y, = 0. Clearly (1,0) € A. For every n € N, the sequences

1 1

™ —=(0,...,0, —, ——, ..
z (7 7’n+17n+27

),

where the zeros are in the first n coordinates, are such that ™ — 0in c
Moreover, (1,2™) € A. Therefore lim(1,2™) = (1,0) € A. By Lemma 8.77, A
is a semiprime normed f-algebra whose completion is not semiprime.

Example 8.79. Consider the Banach f-algebra B = Ry © FBfA[(;]. Denote
by e,, n > 1, the canonical basis of ;. Let

A= VLA{(1,7.,/m) :n € N} C B.

It is clear that A is a sublattice-algebra. Its completion contains (1,0), because
1Men/mll = llen/n]]1 = 1/n tends to zero.

Let us show that (1,0) ¢ A. Suppose, in order to reach a contradiction, that
(1,0) € A. Then there exists an LLA expression ®[ty,...,t,] such that (1,0) =
®((1,7e,),---,(1,Me,/m)). Since the operations are computed coordinatewise:

(1,0) = ((I)(la"'vl)7q)(ne1a---anen/”))' (8.5)

We are going to show that ® vanishes on [—1/n,1/n]" C R". Fix (Ay,...,\,) €
[—1/n,1/n]™. The element

= ()\1,2)\2,...,”)\n,0,0,...) S Bgoo

seen as a contractive functional on /; extends to a lattice-algebra homomorphism
x*: FBfA[(;] — R. Therefore

0=2(P(Ney, - -+, Mensn)) = P(@*(e1), ..., 27 (en) /1) = P( A1, ..., \n).

This proves that ® vanishes on [—1/n,1/n|". By Lemma 8.7, ® must also vanish
on Ry. This contradicts the fact that, according to (8.5), 1 = ®(1,...,1) in Ro.
Hence (1,0) ¢ A. By Lemma 8.77, A is an example of a semiprime normed
f-algebra whose completion is not semiprime.

The previous example illustrates why determining whether the completion
of a semiprime normed f-algebra is again semiprime or not is far from trivial.
The next proposition shows how 7 can be very useful in that matter.
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Proposition 8.80. Let E be a Banach space. Suppose T defines a norm on
FBfA[E]. Then FBfA[E] is semiprime.

Proof. This proof is based on the observation that every semiprime finite-
dimensional f-algebra A has an identity. Indeed, if {ej,...,e,} is a basis of
pairwise disjoint elements of A, then e? = w;e; for some w; > 0, and since A is
semiprime, w; > 0. The identity is the element > ", e;/w;.

Let f € N(FBfA[E]). Let A be a semiprime finite-dimensional Banach
f-algebra and let T: E — A be a contractive operator. Since rangeT is a
sublattice-algebra of A, in particular is semiprime, and by the initial observation
has an identity. Let g be in the preimage of the identity. Then

Tf=TfTg="T(fg)=0.

Since T" and A were arbitrary, 7(f) = 0, and since we are assuming 7 defines a
norm on FBfA[E], f = 0. O

Corollary 8.81. Let F' be a contractively complemented subspace of a Banach
space E. Suppose there exists a net {E\}y of subspaces of E such that:

(i) the closure of |J, Ex is E,

(7i) there exist contractive projections Py: E — Ej,
(ii7) the free norm in FBfA[E,] coincides with g, .
Then FBfA[F] is representable in C'(Bp+).

Proof. By Proposition 8.72, 7 is a norm on the Banach f-algebras generated
by these Banach spaces. The result follows from a successive application of
Proposition 8.80 and Theorem 8.75. O]

Corollary 8.82. FBfA[L(u)] is representable in C(By_ () for every measure
L.

Remark 8.83. In particular, everything we have done so far applies to
FBfA(S) = FBfA[(,(S)] for every set S. Hence, from the point of view of
the free Banach f-algebra generated by a set, we are being completely general.

After this discussion, we have to leave the following open.

Question 8.84. Is FBfA[E] semiprime for every Banach space E7

8.5 PROPERTIES OF THE FREE BANACH f—ALGEBRA GENERATED BY A
BANACH SPACE

In this section we investigate the lattice and algebraic properties of the free
Banach f-algebra generated by a Banach space.
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8.5.1 Basic properties

Proposition 8.85. Let E be a Banach space. Neither ENfA[E] nor FBfA[E]
have an approximate identity.

Proof. Suppose (h,) were an approximate identity in FBfA[E]. Let z* € Bp-
be a non-zero functional. Consider it as an operator z*: E — Ry, and extend it
to a contractive lattice-algebra homomorphism

z*: FBfA[E] — Ro.
Let € E be such that z*(x) # 0. Since n,h, — 1, in FBfA[E], it follows that
PP () = P 2) = (1) £ 0.

This is impossible because in R, the product of any two elements is 0. The same
argument works for FNfA[E]. O

The following two properties are analogous to Proposition 1.36. In this
context, however, one has to be careful with the fact that we do not know
whether FBfA[E] is representable in C(Bg+) or not.

Proposition 8.86. Let E be a Banach space.
(i) E is finite-dimensional if and only if FBfA[E] has a strong unit.
(ii) E is separable if and only if FBfA[E] has a quasi-interior point.

Proof. (i) When F is finite-dimensional, it was shown in Theorem 8.56 that
FBfA[E] has a strong unit. Conversely, suppose e € FBfA[E] is a strong
unit but dim £ = co. Scaling e, we may assume that |n,| < e for all x €
Bg. Let f € FNfA[E] be such that |le— f|| < 1/2. Then |ie—if]|c < 1/2.
Since f € FNfA[E], if = ®(¢(nsy), - -+, t(ns,)) for some LLA expression ®
and some z1,...,x, € E. We are assuming F to be infinite-dimensional,
so there exists * € Sg+ that vanishes on zy,...,z,. Hence (if)(z*) = 0.
For every x € Bg:

|2 ()] = e([n]) (%)
< le(z")
= [(ie) (") = (if)(z")]
< [lie = if[loe < 1/2.
This contradicts the fact that ||z*| = 1.

(ii) Suppose E is separable. Then n(FE) is separable and, since FBfA[E] is
the closed sublattice-algebra generated by n(E), it is also separable. In
particular, it has a quasi-interior point.

Conversely, suppose e € FBfA[F] is a quasi-interior point. If * € Bp« is
such that Ze(z*) = 0, then if(z*) = 0 for all f € I.. Since I, is dense in
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FBfA[E], it follows that if(z*) = 0 for all f € FBfA[E]. In particular,
x*(x) = iny(x*) = 0 for all x € E. This shows that Ze only vanishes at 0.
For every n € N, let U, = {2* € Bg- : ie(z*) < 1/n}. Then U, is a
weak* open subset of Bg- and (., U, = {0}. For every n, let A, C F
be a finite set such that U,, contains

Vo={2"€ Bg:|2"(x)] < 1forall x € A, }.

Let F be the closed span of [ J 7, A,. We claim that F = E. Indeed,
if F' were not F, then there would exist some z* € Sg« vanishing on F.
On the other hand, since (,—, V;, = {0}, there exists some n for which
x* & V,, that is, |z*(x)| > 1 for some x € A,. Since A, C F, this is a
contradiction. O

8.5.2 Order density

In the previous section, we insisted that the representability of FBfA[E] in
C(Bg+) (equivalently, the semiprimeness of FBfA[E]) is key in showing many
properties analogous to those studied for the free Banach lattice in Section 1.6.
The upcoming results will show clearly why this is the case. The next propo-
sition, which is the analogue of Proposition 1.37, follows from a topological
argument identical to the proof of Proposition 8.12 once we use the representa-

tion 2: FBfA[E] — C(Bg+).
Proposition 8.87. Let E be a Banach space for which FBfA[E] is semiprime.
(i) For every x € E, x # 0, |n,| is a weak order unit in FBfA[E].

(ii) If E has dimension strictly greater than one, then FBfA[E] has no non-
trivial projection bands.

(iii) If E has dimension strictly greater than one, then FBfA[E] is not o-order
complete and has no atoms.

Even though the free vector lattice is not order dense in the free Banach
lattice unless the base space is finite-dimensional [AD25], the free normed f-
algebra is always order dense in the free Banach f-algebra whenever the latter
is representable. Showing this requires first the following technical fact.

Lemma 8.88. Let E be a Banach space and let U C Bg« be a weak* open set.
Then there exists an element f € ((ENfA[E]), f > 0, such that supp f C U and

I fllee < 1.

Proof. For every a < b, the support of the real function z — [z (24 —a)(xy —
b)]_ is contained in [a,b] N[0, 00). Define, depending on the interval (a,b), the
LLA expression

Blnlt] = [ti(ty —a)(ty —b)]- ifb>0,
" [t_(t_+a)(t_+b)]. ifb<O.
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Note that & — B(a) (x) defines a non-zero real function whose support is [a, b] N
[0, 00) if b > 0 and |[a, b] otherwise. Normalize it so as to have 0 < B, (z) <1
for all z € R.

Making U smaller, if necessary, we may assume that there exist zq,...,x, €
Bp, linearly independent, 6 > 0 and z* € E* with ||z*|| < 1 such that

U={y" € Bp:|y(x;) —a(x;)] <dfori=1,...,n}.

For a fixed 0 < ¢’ < 6 to be determined later, define

f = /\B(a:*(zi)fé//2,x*(xi)+5//2)(nx—;)'
i=1

The most difficult part is to show that f # 0. For this, define a functional y*
on F' = span{zy,...,x,} in the following way. If |z*(z;)| > 0’/2, then set ¢; = 0
and y*(x;) = x*(x;) + &;. If instead —0'/2 < x*(x;) < 0’/2, then there exists
0 <g; < 0'/2 such that x*(z;) + ¢; > 0; in this case, set y*(z;) = x*(2;) + &;.

We are going to show that, for ¢ small enough, [|y*|| < 1. Let C > 0 be
such that |||l < C|||| in F, where || > | A\iwi|lc = max{|\;| : 1 <1i < n}. For
r € Bp, v =), \jz;, compute

ly* ()] = Z iz (2:) + &)

n
< el + N1zl ) e
i=1

< [zl (2" [ + Cnd'/2).

Recall that ||z*|| < 1 was fixed at the beginning, and that n and C' are deter-
mined by 1, ..., x,, which were also chosen before ¢’. Thus we may set ¢’ small
enough so as to have ||y*|| < 1. Use Hahn-Banach to extend it to a functional
y* € Bp«. This functional satisfies

Bax(z0)—6' /2,2 ()10 /2) (Y™ (23)) > 0

for every i = 1,...,n, and so f(y*) > 0. This shows that f # 0. Now we check
the remaining properties of f. By construction, for every z* € Bg«, f(2*) > 0,
and f(z*) # 0 implies 2*(z;) € (2*(x;) — 0/2,2"(x;) + /2) for i = 1,...,n.
Therefore f > 0 and supp f C U. [

Proposition 8.89. Let E be a Banach space. Then ((FNfA[E]) is order dense

Proof. Let f € C(Bg~), f > 0, and let 2* € Bpg+ be such that f(z*) # 0. By
continuity, there exists an € > 0 and a weak™ open neighbourhood U of z* such
that f(y*) > € whenever y* € U. Let g € «(FNfA[E]) be an element satisfying
the conditions of Lemma 8.88 for the open set U. Then 0 < eg < f. O
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Corollary 8.90. Let E be a Banach space for which FBfA[E] is semiprime.
Then FNfA[E] is order dense in FBfA[E].

Proof. Let f € FBfA[E], f > 0. By Theorem 8.75, we have that i: FBfA[E] —
C(Bg+) is injective, so (f) > 0. By Proposition 8.89 there exists g € FNfA[F]
such that 0 < i(g) < i(f). Again the injectivity of 7 implies 0 < g < f. O

Proposition 8.91. For every Banach space E, FNfA[FE] has the countable chain
condition. If FBfA[E] is semiprime, then it also has the countable chain condi-
tion.

Proof. That FNfA[E] has the countable chain condition follows from the exis-
tence of the representation tg: FNfA[E] — C(Bg+) and a topological argument
as in Remark 8.14. If FBfA[E] is semiprime, then FNfA[E] is order dense in
FBfA[E], and therefore FBfA[E] also has the countable chain condition. O

8.5.8 Extension of operators

The following is an analogue of Lemma 1.38 with essentially the same proof.

Lemma 8.92. Let E and F' be Banach spaces for which FBfA[E] and FBfA[F]
are semiprime. Let T': E— I be a contractive operator. Then the extension
operator T: FBfA[E] — FBfA[F] satisfies ip(Tf) = tg(f) o T*.

Proof. The composition operator

Cr-: FBA[E] — C(Bp-)
f — ip(f)oT"

is a lattice-algebra homomorphism. Since Cr«(n.) = tr(nrs), Cr« maps
FNfA[E] to tp(FNfA[F]) contractively, so the range of Cp« is contained in
irp(FBfA[F]). By uniqueness, Cp+ = ipoT. O

Recall from Proposition 1.39 that an operator between Banach spaces
T: E — F is injective, onto or has dense range if and only if the induced
operator between the free Banach lattices T: FBL[E] — FBL[F] is injective,
onto or has dense range, respectively. The following example shows that for free
Banach f-algebras the situation is different.

Example 8.93. Let T: ¢ — (2 be the formal identity. Identify both By
and Bz as subsets of the Euclidean plane R?. Identify also FBfA[(}] and
FBfA[(3)] as sublattice-algebras of C(Byz ) and C(Bg) through i and ig
respectively (Corollary 8.76 ensures that this is possible). The induced op-
erator T: FBfA[(?] — FBfA[(2] is, according to Lemma 8.92, nothing more
than the restriction map T'f = f] By By Lemma 8.88, there exists a non-zero
f € FBfA[(?] such that supp f C [1/2,1]2. Then Tf = 0, so that T is not
injective, even though T is.

Nevertheless, we have the following positive results.
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Proposition 8.94. Let E and F be Banach spaces and let T: E — F be a
contractive operator.

(i) T has dense range if and only if T has dense range.

(ii) If T is a quotient map, then so is T.

(iii) If T is a bijection, then so is T.

(iv) With the additional assumption that FBfA[E] and FBfA[F] are

semiprime, T is injective if and only if T*(Bp+) is w*-dense in Bp-.

Proof. The proofs of (i) and (i7) are very similar to those in [OTTT24, Propo-
sition 2.3]. It is the proofs of (ii7) and (iv) that require a different approach.

(i)

Suppose first that T has dense range. For every y € F' and £ > 0 there
exists x € E such that [Tz —y|| < e. This is the same as |11, —n,|| <&,
which implies that rangeT contains {n, -y € F}. Since T is a lattice-

algebra homomorphism, range T is a closed sublattice-algebra. Hence it
must be FBfA[F].

To show the converse implication, suppose range 1" is not dense, and let
y* € Bp+« be a non-zero functional that vanishes on it. Then the map
y* € FBfA[F]* vanishes on T7, for every z € E. Since y* is a lattice-
algebra homomorphism, it vanishes on range 7. Hence the range of T is
not dense.

Suppose T is a quotient map. Let Z = FBfA[E]/kerT and let
Q: FBfA[E] — Z be the quotient map. Recall that Z is a Banach
f-algebra and that @) is a lattice-algebra homomorphism. By standard
factorization arguments there exists an injective and contractive opera-
tor S: Z — FBfA[F] such that T = SQ. Let us show that S is also a
lattice-algebra homomorphism. Fix 2,25 € Z and let x1, 29 € FBfA[E]
be such that Qx; = z; for i = 1, 2. Since both T and Q are lattice-algebra
homomorphisms:

Slz| = S|Qu1| = SQla1| = T|x1| = [Ta| = [Sal,
and also

S(z129) = S(Qu1Q72) = L?Q(%Zm) ) B
= T'(z122) = T(x1)T (x9) = Sz152,.

Since ker T' C ker Qng, Qng is contractive and T is a quotient map, there
exists a contractive operator R: F' — Z such that Qng = RT. Let
R: FBfA[F] — Z be its canonical extension. Fix y € F and let = € E be
such that T'x = y. Then

SRnp(y) = SRy = SRTx = SQnpz = Tnpz = nry.
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Since SR is a lattice-algebra homomorphism, it must be the identity. This
shows that S is surjective, and therefore an isometry with inverse R. In
particular, T = SQ is a quotient map.

(iii) Suppose T is bijective. It is obvious that T is injective and, by (i), T" also
has dense range. Let y € F and let (z,) be a sequence in F such that
Tz, — y. Then T(ng(z,)) — nr(y) in FBfA[F]. Since T is surjective,
there exists f € FBfA[E] for which Tf = ng(y). From applying 7!
to Tf = limT(ng(z,)) it follows that ng(z,) — f in FBfA[E]. Hence
(ne(zy)) is a Cauchy sequence and, since ng is an isometric embedding,
so is (z,,). If x denotes the limit of (z,,) in F, then Tx = y.

(iv) Suppose T*(Bp+) is not dense in Bg«. Let U C Bp+« be a weak® open
set disjoint from T*(Bpg+). By Lemma 8.88, there exists a non-zero f €
FNfA[E] such that supptg(f) C U. Using Lemma 8.92 one gets that, for
every y* € Bp«, ip(Tf)(y*) = ig(f)(T*y*) = 0. Hence T'f = 0 and T is
not injective.

Conversely, suppose T*(Bp~) is dense in Bg-. Let f € FBfA[E] be such
that T'f = 0. Using again the formula from Lemma 8.92,

0=1ip(Tf)(y*) = ie(f)(T*y")

for every y* € Bp«. Thus ig(f) vanishes on T*(Bp+) and, since it is

continuous, the density assumption implies that it vanishes on Bg-. Hence
f=0. ]

Example 8.93 shows that the converse implication in (7i7) above is not true.
However, two properties remain to be clarified, namely:

Question 8.95. (i) If T is a quotient map, is 7" also a quotient map?
(ii) Does T surjective imply that T is surjective? What about the converse?

Isometries and isometric embeddings are treated in the next section.
8.5.4 Isometries and isometric embeddings

It is direct from the universal property that two isometric Banach spaces have
isometric free Banach f-algebras. Do isometric free Banach f-algebras corre-
spond to isometric Banach spaces? The goal of this section is to show that
they do when the Banach spaces have smooth dual. The proof follows the same
steps as Theorem 1.40, but one has to proceed with more care: every isometry
between the free Banach f-algebras induces a w*-continuous function between
the unit balls of the duals that need not be positively homogeneous. Therefore
this function cannot be extended to the whole dual, and the results in [IT20]
cannot be applied directly. Instead, a refinement of the result in that paper is
needed.

190



8.5. Properties of the free Banach f-algebra

Recall that a Banach space X is said to be smooth if for every x € X there
exists a unique f, € Sy~ such that f,(x) = [[z[|. This functional f, is called the
support functional at x and is given by

ety = ]
fe(y) = lim , .

The quantity [z,y] = ||y||f,(z) defines a semi-inner product with ||z|| = [z, z]"/2.
We say that x is orthogonal to y in the sense of Birkhoff-James, and denote it by
x Lgyy,if [y,z] = 0. Note that this orthogonality is right additive. Moreover,

it coincides with the original Birkhoff-James definition; that is,
x Llgyy ifand only if ||z + Ay|| > ||z| for all A € R.

Theorem 8.96. Let X and Y be smooth normed spaces and let f: Bx — By
be a surjective mapping satisfying

[f (@), fWIl = [z, 9]l for all z,y € Bx.

Then there exist a linear surjective isometry U: X — Y and a map 0: Bx —

{—1,1} such that f = oU|p,.

Proof. The first step is to show that, for every x € Bx and A € R such that
Ax € By, there exists a scalar v = (A, z) with |y| = |A| such that f(\z) =
vf(z). This v is defined by the identity

min [[f(Azx) = £f ()] = |lf(Az) =7/ (@)l
Note in particular that || f(Ax) — vf(2)|| < ||f(Az)|| < 1. By definition

1f(Az) = 2f (@) + pf (@) | = 1 (Ar) = 7 f(2)]

holds for every u € R, so by Birkhoff-James orthogonality, f(Az) —~vf(z) Lg;
f(x). Since f is surjective and f(Ax) — vf(x) € By, there exists z € By such
that f(z) = f(Ax) — vf(z). From f(z) Ly f(x) we get z Lgy = and then
z lpy Az and f(z) Lp; f(Az). Using that the semi-inner product is right
additive we conclude that

f(2) Loy (f(Az) = 7 f ().
But the right hand side is precisely f(z). Thus f(z) = 0 and f(Azx) = vf(x).

Moreover,

Alllzll = Azl = [[f Q)| = lIvf @)l = 9L @)= Il

implies |A| = |v].

Next, let x,y € Bx be linearly independent and such that z +y € Bx. We
want to show that f(x +y) = af(z) + 5f(y), where a = a(z,y), 8 = S(z,y)
and || =1 = |B|. As before, define «, 5 € R by the relation

min [[f(z +y) = &f (@) —nf @l = If (@ +y) — af(@) = B
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and note that f(x +y) — af(z) — 6f(y) € By. Then

flx+y)—af(x) = Bf(y) Les f(z) and f(z+y)—af(z)—Bf(y) Lss f(y).

Take z € Bx such that f(z) = f(z +vy) — af(x) — Bf(y). Then f(z) Lg; f(x)
implies z Ly z, f(2) Lpy f(y) implies z Lgy y and the right additivity of
orthogonality implies z 1 gy 2 4+ y and f(z) Lpy f(z +y). Hence f(2) Lpy f(2)
and f(z) = 0. Let us show that |a| = 1. Let Ay € R be defined by

Aoy|| = mi Ayl
-+ Aoyl = min |+ Ay

Once again, x+ Aoy € Bx. Then x4+ Aoy Ly y and x+ Aoy Ly x, for otherwise
x + Ay = 0, contradicting the fact that x and y are linearly independent.
Denote w = = 4+ Agy. Since w Llpy y we also have f(w) Lpy f(y). Then

[f(z+y), f(w)] = alf(z), f(w)] and
o[z, wi] = la|[f (), f(w)]| = |[f(z +y), f(W)]| = |lx + y, w]| = |[z, w]|.

Since [z, w] # 0, it follows |a| = 1. Similarly, |5] = 1.
Let us consider the projective spaces PX and PY obtained as respective
quotients of X and Y by identifying proportional vectors. Note that the map

f: PX — PY
(@) — (f(@/[|z])))

is well-defined and surjective. We want to check that it satisfies the assumptions
of the Fundamental Theorem of Projective Geometry (see [IT20, Theorem 2.1])
whenever dim X > 3.

First we need to check its image is not contained in a projective line. Let
x € Sx be a unit vector. Since dim X > 3 we can choose unit vectors y € ker f,
and z € ker f, Nker f,. From z Llg; y, v Lpy 2z and y Lpy 2z it follows that
x,y, z are linearly independent. Then f(z), f(y), f(z) are unit vectors such that
flz) Ley f(y), f(z) Ley f(2) and f(y) Lgy f(z). As before we conclude
that they are linearly independent. So the image of f is not contained in a
two-dimensional subspace, thus the image of f is not contained in a projective
line.

Second we need to check that f preserves projective lines. Suppose ¢ =
Aa + pb with a,b, ¢ # 0. Without loss of generality we may assume a,b € S.
Set M = max{|\|, |, ||c[|}. Then

Flden = (o)
M
=)
lell M
A
= (f(Za+ b))

where in the third equality we have used that both ¢/M and ¢/||c|| belong to
Byx. After the previous computation, using the properties of f together with

= (/(
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the fact that a,b, \/Ma, 1/Mb € By, it follows that f({c)) is contained in the
projective line that passes through (a) and (b).

By the Fundamental Theorem of Projective Geometry there exists a bijective
linear map A: X — Y such that

f((@) = (Ax) forallz € X,

This means in particular that for every x € Sx there exists a nonzero A(z) € R
such that f(z) = A(z)Ax. More generally, for nonzero x € By, since

f(z/||z]]) = vf(z), one also has f(x) = A(x)Ax for some A(x) # 0. Note
that, if x € Bx and p € R are nonzero, and uzr € By, then

YA (@) Az = v f(z) = f(px) = Mpz)pAz

and therefore
[A(ua)| = [/ pllMz)] = [A(z)].
Let x,y € Bx be linearly independent and such that x +y € Bx. Then

Mz +y)A(r +y) = f(x+y) = af(z) + Bf(y) = a\(z)Ax + BA(y) Ay

and since Ax and Ay are linearly independent, it follows that

A@)] = laA(z)] = [Mz +y)| = [BAWY)] = [AY)]-

In conclusion, |[\(x)]| is constantly |A|. By letting o(z) = A(z)/|A\| and U = |\|A
one gets the desired result for dim X > 3.

For dim X = 2, let z9, yo € X besuch that zy Lg; yo and ||zo|| = |0l = 1/2.
For every p with ||zg + pyol| < 1 (in particular, for every p € [—1,1]), there
exist wi,ws € R such that

J (o + pyo) = wif(xo) + waf(yo)

with |wi| =1 and |ws| = |p].

Define w(p) = wy and h(p) = wy/wy. Once we show that h(u) = ph(1) for
all p € [—1,1], most of the work will be done. For every A, u € [—1,1] with
|0 + (A 4+ 1)yol| < 1 we have

f(@o + A+ w)yo) = w(A + ) (f (o) + h(A + 1) f (o))

but also

F@o+ (A + o) = f((o + Ayo) + pyo)
= wif(xo + )\yO) + W3f(y0)
= w4f(330) + W4h()\)f(yo) + WSf(QO)

for certain real numbers ws, w), wy with |ws| = |p], |w)| =1 and |w,| = 1. Since
f(zo) and f(yo) are linearly independent, wy = w(A + p) and

WA+ p)h(X) + w3 = wA+ p)h(A + p)
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which implies
w3

h(A+ p) = h(X) + - (8.6)
Taking absolute values, we have
A+l = B + =2
w
Since |ws/w| = |u|, if u # 0, then we can divide by |ws/w]| to get
A
‘— + 1’ - 'h(A)i + 1‘ .
H W3
Using that |h(A\)] = |A| it easily follows
A w
— =h(N)—. 8.7
> —h2 7

Hence, if also A # 0, then we can put together (8.6) and (8.7) to get

h(A+ 1) = h()\) (1 + g) .

Fix 0 < n < 1. In this case, ||zo + nyo/ < 1. We may set A = 1 and
@ = n — 1 in previous equation to get h(n) = nh(l). Similarly, A = —1 and
p=1—mnyield h(—n) = nh(—1). Finally, setting A\ = 1/2 and g = —1 yields
h(—=1/2) = h(1/2), which in turn implies h(—1) = h(1). Hence h(pu) = ph(1)
holds for all u € [—1,1]; that is,

f(xo + pyo) = w(p)(f(wo) + ph(1) f(y0)),

where |w(p)| =1 = |h(1)].
By the same argument, for every A € [—1, 1] there exist signs w’(\) and g(1)
such that

f(Azo +y0) = ' (M) (Ag(1) f(x0) + £(10))-

Since

W' (1)(g(1)f (o) + f(yo)) = f(zo + yo) = w(1)(f(x0) + h(1) f(y0))

we conclude that h(1)g(1) = 1, that is, h(1) = g(1).

Define a linear map U: X — Y by Uxy = f(x0) and Uyy = k(1) f(yo). We
are going to show that f coincides with U|g, up to a sign. Every element of
the unit ball can be written uniquely as Azg+ uyo for certain A, u € R. Suppose
first that |A| > |p|. If A =0, then f(0) =0 = U(0), so assume also A # 0. Then
xo + 1/ \yo € By, and therefore there exists a v € R with |y| = |A| such that

f(Azo + pyo) = vf (2o + 11/ Ayo)
= yw(p/A)(f(@o) + p/AR(1) f(yo))
= ywU (zo + 1/ o)
= %wU()\xo + 11yo)-
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Hence f coincides with U at Az + pyo up to a sign wy/A. Similarly, if |u| > ||,
then there exists a § € R with |§| = |u| such that

f(Azo + pyo) = 6 f (A o + yo)
= 0w' (A ) (M pg(1) f(zo) + f(10))

= 5%g(1)()\f(xo) + 1h(1) f(yo))

CU/

= 5;9(1)(](/\% + 1yo),

and again f coincides with U at Azg + pyo up to a sign éw’/ug(1).

It only remains to check that U preserves the norm. An element of X can
be written uniquely as Azg + pyo. Suppose first that |[A| > |ul, so as to have
|0 + 11/ Ayol| < 1. In this case,

[Azo + pyoll = |All[zo + 1/ Ayoll
= Al f (zo + 1/ Ayo) |
= [MNU(zo + 11/ Ayo)
= |U(Azo + pyo) |-

The case |u| > |A| is completely analogous. This completes the proof when
dim X = 2.

When dim X = 1, fix a unit vector zy € X, and define a linear map U: X —
Y by U(Axg) = Af(zo). This map clearly preserves the norm. For every A €
[—1,1], A # 0, there exists v € R with |y| = |A| such that

f(Azo) = v f(z0) = v/AU (Ax0).

Hence, f coincides with U at Az up to a sign v/\. O

Remark 8.97. The previous theorem is still true if f: 0Bx — dBy, for some
d >0, and f(0Bx) = dBy. Indeed, let X; (resp. Ys) be the space X (resp. Y)
with the norm scaled by 1/§. These are still smooth normed spaces satisfying
Bx, = dBx and By, = 0By. Moreover, one can easily check that the semi-
inner products are related by [z, y]x, = [z, y]x/0?, and the same is true for YV’
and Y;. Hence f: Bx, — By, is a surjective mapping that preserves the semi-
inner product. By the previous theorem, there exist a linear surjective isometry
U: Xs — Ys; and a map o: By, — {—1,1} such that f = UU|BX5- It is then
clear that U: X — Y is still a linear surjective isometry, and that f = oU|sp, .

With this we can now state and prove our main theorem in this section. The
proof follows closely that of Theorem 1.40.

Theorem 8.98. Let E and F' be Banach spaces with smooth dual. An operator
T: FBfA[E] — FBfA[F] is a surjective lattice-algebra isometry if and only if
T =V, for some surjective isometry V: E — F. In particular, E and F are
isometric if and only if FBfA[E] and FBfA[F] are lattice-algebra isometric.
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Proof. First we are going to construct a map ¢r: Bp« — Bp«. Let y* € Bp-.
Extend y*: FF — R to a unique contractive lattice- algebra homomorphism
y*: FBfA[F] — R. Define ¢p(y*) = T*(y*) o g (that is, ¢T( ) = T*(y")).

We will use the lattice-algebraic homomorphisms ir: FBfA[E] — C(Bg+)
and ip: FBfA[F] — C(Bpg+) to express ¢r in another way. Note that, if
g € FBfA[F], then y*(9) = ir(9)(y*). Indeed, one can easily check that
g — ir(g)(y*) is a contractive lattice-algebra homomorphism extending y*. If
f € FBfA[E] and y* € Bp-, then

(i(f) 0 6r) (") = ip(H)(ér(y) = bry ) () = T*G)(F) = in(TH(y").

Thus ip(T'f) = ip(f) o ¢r. Plugging in f = np(z) yields ¢r(y*)(z) =
ir(Tne(z))(y*) for all y* € Bp-. In particular, if (y7) is a net that weak®
converges to y* in Bp«, then

¢1(Ya) (@) = Lp(Tne(r))(ys) = tp(Tne(@))(y") = ¢r(y")(2).

It follows that ¢ is weak® to weak® continuous. It is also direct to check that
¢r is invertible with ¢7.' = ¢p-1.

Suppose that B« and Bp« are equipped with the corresponding semi-inner
products. We are going to show that ¢ preserves the semi-inner product when
restricted to %BF*. According to [OTTT24, Lemma 10.19], showing that ¢r
preserves the semi-inner product is equivalent to showing that

max [|pr (%) £ ¢r(y")|| = max|la® + y"||
holds for every z*, y* € %B p+. Consider the operator

S: F — 3
y — (27(y),y"(y)

where £% is equipped with the pointwise product. It is direct to check that ||S|| =
maxy ||z* & y*|| < 1. One can also check that its extension S: FBfA[F] — 2
is S(f) = (ip(f) ("), ir(f)(y*)). Then ST: FBfA[E] — (2 is a lattice-algebra
homomorphism with ||ST| = [S||. Moreover, the universal property of the free
Banach f-algebra implies ||SThg|| = ||ST)||. Unfolding the definitions:

ST(ne(x)) = (ir(Tne) (@) (@), ir(Tne)(2))(y")) = (ér(a?) (), dr(y") ().

By direct computation, ||STng| = maxy ||¢r(z*) £ ér(y*)||, and this coincides
with ||S|| = maxy ||z* £ y*|].

For the same reasons, ¢p-1 preserves the semi- inner product when restricted
to BE* This implies that qu\lB L BF* — BE* is surjective. Hence we
can apply Theorem 8.96 and the remark after 1t to this map: there exists a
linear surjective isometry U: F* — E* and a map o: 2Bp* — {—1,1} such
that ¢ = oUl1p,,. We claim that o is continuous on +Bp- \ {0} for the norm
topology. Suppose it was not. Then there would ex1st a convergent sequence
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yp — y* in $Bp- \ {0} such that o(y;) does not converge to o(y*). To fix
ideas, suppose o(y*) = —1 (the other case is identical). Then there exists a
subsequence of y;, which we denote the same way, for which o(y;) = 1. Note
that Uy; — Uy*. At the same time, since norm convergence implies weak*
convergence, Uyi = or(yi) — ¢r(y*) = —Uy*. Hence Uy* = 0, a contradiction
with the fact that y* # 0.

When dim F' > 1, £ Bp-\{0} is connected, and therefore o, being continuous,
must be constant. Absorbing ¢ in U, we have ¢ = U| 1B and therefore that U
is weak® continuous on bounded sets. This implies that U is an adjoint operator;
its pre-adjoint V' is an isometry such that T = V (the details are the same as
in the end of the proof of [OTTT24, Theorem 10.18]). When dim F' = 1, but
dim £ > 1, we can use the same argument with ¢p-1.

It only remains to consider the case dimE = dim FF = 1. Recall from
Theorem 8.56 that, in this case, FBfA[E] is isomorphic to C(]0,1] x {—1,1})
with the supremum norm, pointwise lattice structure, and product

(f +g)(r,u) = rf(r,u)g(r,u)

for every f,g € C([0,1] x {—1,1}) and (r,u) € [0,1] x {—1,1}. The canonical
map 7n: R — C([0,1] x {—1,1}) is determined by 7(1)(r,u) = u. Suppose

T: C([0,1] x {~1,1}) = C((0,1] x {~1,1})

is a surjective lattice-algebra isometry. Being a lattice isometry, it must be of the
form T'f = fo¢, where ¢: [0,1]x{—1,1} — [0,1] x{—1, 1} is a homeomorphism
([AAO2a, Theorem 4.25]). Put ¢(r,u) = (¢1(r,u), p2(r,u)). Since T is also an
algebra homomorphism,

T(fg)(r,u) = ¢1(r,u) f(o(r; u))g(d(r, u))

must be equal to
(Tng) (T’ u) = Tf(gb(?“, u))g(gb(r, u))

for every f,g € C([0,1] x {—1,1}). Thus ¢(r,u) = r. Being ¢ continuous, it
must be constant on connected components. That is, there exists o € {—1,1}
such that ¢o(r,u) = ocu. The isometry

V: R — R
T > o

is such that
T(ne)(r,u) = nu(P(r,u)) = xda(r,u) = rou = nv.(r,u).
Hence T =V, as wanted. O

What can be said about isometric embeddings? In the case of free Banach
lattices, the problem of whether an embedding between two Banach spaces be-
comes an embedding between the free Banach lattices is reduced to a certain
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Banach space question involving extensions of operators to L; (see [OTTT24,
Theorem 3.7]). In one direction, something similar can be said about free Ba-
nach f-algebras. But now, instead of considering operators with range in L, we
have to consider operators with range in arbitrary Banach f-algebras.

More precisely, suppose that i: £ — F is an isometric embedding between
Banach spaces, and that for every contractive operator Tg: F — Ag, where
Apg is a Banach f-algebra, there exists a contractive operator Tr: F — Ap,
where Ap is a Banach f-algebra in which Agr embeds isometrically through a
lattice-algebra homomorphism j: Agp — Ap, making the diagram

i

E —— F

TEl lTF (8.8)

commute. Then the map
i: FBfA[E] — FBfA[F]

is an isometric embedding. Indeed, fix f € FBfA[E] and ¢ > 0, and let
Tr: E — Ag be a contractive operator, where Ag is a Banach f-algebra, satis-
fying |Tef|| > || f|| —&. Let Tp: F — Ap and j: Ay — Ap be as in (8.8). In
the diagram

FBfA[E] —— FBfA[F]

e ]

fp| B ——— F |Tr
b ol
Ap —L—— Ap
we have that
Tring = Tpnri = Tri = T = jTenE.
By the universal property of FBfA[E], it follows that Twi = jT5. Hence

sl 2 N Teif | = 15Tef | = ITefll > 1 /] —e

Since ¢ > 0 was arbitrary, ||if|| > || f||, and therefore i is an isometric embed-
ding.

Question 8.99. Suppose i: FBfA[E] — FBfA[F] is an isometric embedding.
Is it true that for every contractive map Tg: £ — Ag, where Ag is a Banach f-
algebra, there exists a contractive operator Tr: F' — Ap, where A is a Banach
fralgebra in which Ag embeds isometrically through j, making the diagram
(8.8) commute?

198



8.5. Properties of the free Banach f-algebra

8.5.5 Free Banach f-algebras with identity

In this final section we discuss free objects in the category of (Archimedean,
normed, Banach) f-algebras with an algebraic identity. We always assume that
the homomorphisms in these categories preserve the identity.

Recall from Section 1.4 that the identity of an Archimedean f-algebra is
positive and a weak order unit, and that every Banach f-algebra with identity
can be renormed to have an identity of norm one. From now on, we shall
assume that Banach f-algebras with identity have identities of norm one. In this
case, every such Banach f-algebra is lattice-algebra isometric to C'(K), for some
compact Hausdorff space K (this is an immediate consequence of Theorem 3.1).
Hence, the category of Banach falgebras with identity is precisely that of C'(K)-
spaces, where the morphisms are lattice-algebra homomorphisms preserving the
algebraic identity. This, in turn, is the category of AM-spaces with unit whose
morphisms are the lattice homomorphisms that preserve the norming unit of
the AM-space.

Let us now define precisely the object we are trying to construct.

Definition 8.100. Let E be a vector space. The free Archimedean f-algebra
with identity generated by E is an Archimedean f-algebra FAfA'[E] with iden-
tity 1 together with a linear map dg: E — FAfA'[E] such that, for every
Archimedean f-algebra A with identity 14 and every linear map T: E — A,
there exists a unique lattice-algebra homomorphism 7': FA fAYE] — A satisfy-
ing T(1) =14 and T = T.

To construct the free Archimedean f-algebra we used LLA expressions.
These were formal expressions obtained from finitely many formal variables
using: a (0-ary operation 0, a unary operation A for every A € R, and three
binary operations +, V and -. If we add an additional 0-ary operation 1, we
obtain expressions that can be evaluated at any lattice-ordered algebra with
identity. These we shall call 1-LLA expressions.

The following is a simple consequence of Theorem 1.30. The proof is essen-
tially the same as that of Lemma 8.3.

Lemma 8.101. Let ® be a 1-LLA expression. If ® vanishes on R, then it also
vanishes on every Archimedean f-algebra with identity.

With this result, the construction of FAfA'[E] follows the same steps as that
of FAfA[E] presented in Proposition 8.46.

Proposition 8.102. Let E be a vector space. The free Archimedean f-algebra
with identity generated by F is

FAfA[E] = VLA({J, : = € E}U {1}) C RE*,

where 1(w) = 1 for all w € E*, together with the map 6g: E — FAfA'[E],
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At this point we could proceed as in Section 8.3.1 to obtain an abstract
construction of the free Banach f-algebra with identity. But, as noted above,
this object is the same as the free AM-space with unit, which was already
considered in [JSLTT22, Theorem 5.4].

Theorem 8.103 ([JSLT22, Theorem 5.4]). Let E be a Banach space. Let
¢p: E — C(Bg+) be the natural embedding. For every compact Hausdorff space
K and every norm one operator T: E — C(K) there exists a unique lattice
homomorphism T: C(Bp.) — C(K) satisfying T o ¢ = T and Tlp,, = 1.
Moreover, |T|| =1 and T is an algebra homomorphism.

The free Banach f-algebra with identity generated by E is not only contained
in C(Bg-+), but is in fact the whole C'(Bg+), and the free norm is the supremum
norm. Note also that, if we want to preserve the norm, we can only extend
norm one operators, since every extension has norm one (because it sends the
identity to the identity).

Free objects in categories of f-algebras are not exhausted by the Banach
setting. Working instead in the category of uniformly complete Archimedean
f-algebras, the free object over a finite set of generators turns out to be the space
of continuous polynomial growth functions on R", and its universal property is
precisely what is usually called polynomial growth continuous function calculus.
In Chapter 9 we study this function calculus and characterize the Archimedean
lattice-ordered algebras with identity that admit it.
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POLYNOMIAL GROWTH CONTINUOUS
FUNCTION CALCULUS

David Munoz-Lahoz, Lattice-ordered — algebras — admitting  a
polynomial  growth — continuous  function calculus, Preprint,
arXiv:2604.20294, 2026

In [L'T20], N. J. Laustsen and V. G. Troitsky characterized the Archimedean
vector lattices that admit a positively homogeneous function calculus. More
precisely, they showed that if X is an Archimedean vector lattice, and « =
(x1,...,2,) € X" for some n € N, then the following are equivalent:

o There is a vector lattice homomorphism ®,: H, — X with ®,(m;) = x;
for i =1,...,n, where H, denotes the vector lattice of positively homo-
geneous continuous functions defined on R”, and 7;: R — R is the i-th
coordinate projection.

o There exists f € X such that f > |z;| V-V |z,| and the norm
|z]|; = inf{ A € [0,00) : |z| < Af},

defined on the order ideal I; generated by f, is complete when restricted
to the closed sublattice generated by x1,...,, in I;.

The goal of this chapter is to characterize, in a similar vein, the Archimedean
lattice-ordered algebras with identity that admit a polynomial growth contin-
uous function calculus. More precisely, if X is a lattice-ordered algebra with
identity 1x, denote by PG, the lattice-ordered algebra formed by the continu-
ous functions f: R” — R for which there exist N € N and M € R, such that
Ifl < M(1+ |m|+ -+ |m.])Y (where 1: R® — R denotes the function that is
identically one). Then the following are equivalent:

o There is a lattice-algebra homomorphism V¥, : PG, — X with U,(1) =
ly and Wu(m) =z, fori=1,...,n.

o There exist f > 1x V |z1|V -+ V |z,| and an fsubalgebra Y of X such
that 1x,21,...,2, € Y and, for every m € N, the norm ||-|| gm is complete
onY NIsm.

Compared to the Archimedean vector lattice setting, the condition at hand is
notably more intricate. The extra algebraic layer (and the passage to algebra
homomorphisms) is not really what drives this added complexity; the real source
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is that PG, has a richer internal structure than H,,. Recall that H,, is an AM-
space with unit, a feature that keeps the corresponding conditions tidy. While
PG, itself fails to be an AM-space with unit, it does decompose as a countable
union of such spaces. Concretely, setting d =1V ||V -+ V |m,|, one has

PG, =) Ipm,  with I C Igns.

meN

This particular structure will be central in proving that the two conditions
above are equivalent. The appearance of an f-subalgebra in the condition is
also expected, since f-algebras are the only lattice-ordered algebras admitting a
polynomial growth continuous function calculus (Proposition 9.4).

As noted in [LLT20], positively homogeneous continuous function calculus
plays a fundamental role in the theory of Banach lattices. This form of
function calculus was first introduced by Yudin [Yud39] and Krivine [Kri74]
for Banach lattices, and was subsequently generalized to uniformly complete
Archimedean vector lattices in a seminal paper by Buskes, de Pagter and
van Rooij [BAPvR91]. In that work, the authors deal not only with uni-
formly complete Archimedean vector lattices, but also with uniformly complete
Archimedean f-algebras. It is in the latter context that the existence of a polyno-
mial growth continuous function calculus is established. Hence, just as Laustsen
and Troitsky did for Archimedean vector lattices, it seems relevant to provide a
useful characterization of the Archimedean lattice-ordered algebras that admit
such a function calculus.

Section 9.1 provides two further arguments to justify why polynomial growth
continuous function calculus is the natural function calculus to consider in
lattice-ordered algebras. The first shows that this function calculus is the natu-
ral extension of positively homogeneous continuous function calculus on vector
lattices. The second relies on viewing function calculus through the lens of
free objects. Although the latter is an approach certainly known and used by
experts, we have not found it in the literature. As part of this approach, in The-
orem 9.8 we characterize the free object generated by finitely many elements in
the category of uniformly complete Archimedean f-algebras.

Section 9.2 contains the main result of this chapter, Theorem 9.10, which
provides the equivalent conditions described at the beginning of this intro-
duction. As a consequence, we obtain in Corollary 9.17 a characterization of
the Archimedean lattice-ordered algebras with identity admitting a polynomial
growth continuous function calculus. We also use examples to illustrate the dif-
ferent ways in which a lattice-ordered algebra may fail to admit such a function
calculus.

Finally, in Section 9.3, we prove that if a vector space admits a sufficiently
strong polynomial growth continuous function calculus (without constants),
then it is automatically a commutative f-algebra. This result is an analogue
of [LT20, Theorem 1.4].
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9.1. Why polynomial growth continuous function calculus?

9.1 WHY POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS?

The goal of this section is to introduce polynomial growth continuous function
calculus in lattice-ordered algebras with identity and to justify, in two ways,
why it is the natural function calculus to consider in this category. We also
show that every lattice-ordered algebra having such a function calculus must be
an f-algebra.

9.1.1 Polynomial growth continuous function calculus as a natural extension
of positively homogeneous continuous function calculus

A real-valued function f defined on a vector space X is said to be positively
homogeneous if, for every x € X and every A € Ry, the identity f(Az) = Af(z)
holds. For n € N, denote by H, the vector lattice of positively homogeneous
continuous functions defined on R™. It is standard that H,, is lattice isomorphic
to C([—1,1]"), the isomorphism being the map that sends a function to its
restriction to [—1,1]". Pulling up the norm from C([—1,1]"), H,, becomes a
Banach lattice. In particular, H, is uniformly complete.
For i € {1,...,n}, the i-th coordinate projection

;e R™ — R
(tl,...,tn) —

belongs to H,. We shall denote the i-th coordinate projection by 7; regardless
of which R" is its domain. This abuse in notation is justified if we think of R™
as the first n coordinates of RN, and of 7; as the restriction to R" of the i-th
coordinate projection in RN.

Buskes, de Pagter and van Rooij showed in [BdPvR91, Theorem 3.7] that
every uniformly complete Archimedean vector lattice admits a positively homo-
geneous continuous function calculus. More precisely, they showed that if X is
a uniformly complete Archimedean vector lattice, and & = (z1,...,z,) € X"
for some n € N, then there exists a unique lattice homomorphism ®,: H,, — X
satisfying @4 (m;) = z; fori=1,... n.

What is the natural extension of this function calculus to lattice-ordered
algebras? Suppose now that X is an Archimedean uniformly complete lattice-
ordered algebra. Let @ = (x1,...,x,) € X™ and let ®,: H,, — X be the unique
lattice homomorphism introduced above. If we want to do function calculus in
lattice-ordered algebras, the least we should ask is for the map to be a lattice-
algebra homomorphism. But H, is not an algebra. Still, we can view H, as
a sublattice of RX", the space of all functions R® — R equipped with point-
wise linear and lattice structures. This space, when also equipped with the
pointwise product, is a lattice-ordered algebra, with identity the constant one
function 1. The weakest extension of the positively homogeneous continuous
function calculus to the algebraic setting would be a lattice-algebra homomor-
phism V,: VLA(H,) — X, where VLA(H,,) is the smallest sublattice-algebra
of R®" containing H,. Since X is uniformly complete, we automatically obtain
something stronger: W, extends uniquely to a lattice-algebra homomorphism
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

on the smallest uniformly complete sublattice-algebra of RX" that contains H,,
(this is proved in Lemma 9.7). Thus the question becomes: can we identify the
smallest uniformly complete sublattice-algebra of RX" that contains H,,?

A function f: R™ — R is said to have polynomial growth if there exist N € N
and M € R, such that

I < M@+ |m]+ -+ |ma))Y.

The lattice-ordered algebra formed by the continuous polynomial growth func-
tions in R™ is denoted by PG,,. Consider the elements f € PG, for which the

limit

lim M

t—0+ t
exists for every x € R", and is uniform on bounded subsets. In this case, we
denote fi(z) = lim;_o+ f(tx)t! and say that f, exists. Observe that fj, € H,,
hence the notation. Denote by PG" the set of elements of PG, for which f;
exists.

Theorem 9.1 ([BAPvR91, Propositions 3.6 and 4.9]). Let n € .

(i) The uniformly complete vector lattice generated by 7y, ..., m, in RX" is
H,.
(i) The uniformly complete lattice-ordered algebra generated by my, ..., T, in
RX" is PG".
(iii) The uniformly complete lattice-ordered algebra generated by 1,7y, ..., T,

in RF" 4s PG,

We were looking for the smallest uniformly complete lattice-ordered algebra
in R®" containing H,,. According to the previous theorem, this is precisely PG".
And the smallest uniformly complete lattice-ordered algebra in RX" containing
H, and 1 is PG,,. In other words, the weakest natural extension of the positively
homogeneous continuous function calculus to the algebraic setting is a lattice-
algebra homomorphism ¥%: PG" — X (or a lattice-algebra homomorphism
U, : PG, — X satisfying W, (1) = 1y, in the case that X has an identity 1x).

Inspired by [L'T20], the main goal of this chapter is to study which lattice-
ordered algebras with identity admit a polynomial growth continuous function
calculus, meaning the following:

Definition 9.2. A lattice-ordered algebra X with identity 1x admits a poly-
nomial growth continuous function calculus if, for each n € N and each
x = (r1,...,7,) € X", there is a lattice-algebra homomorphism ¥, : PG, — X
satisfying

U,(l) =1x and ¥y (m;) = x; for i =1,...,n. (9.1)

This is the analogue of [LT20, Definition 1.1|, where the authors defined a
vector lattice that admits a positively homogeneous continuous function calculus
as a vector lattice X for which, for every n € N and © = (xq,...,2,) € X",
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9.1. Why polynomial growth continuous function calculus?

there is a vector lattice homomorphism ®,.: H,, — X satisfying ®,(m;) = z; for
1=1,...,n.

Our focus will be on the case with identity, where we are truly dealing with
all functions of polynomial growth. However, the following is a natural definition
that will be useful at times.

Definition 9.3. A lattice-ordered algebra X admits a polynomial growth con-
tinuous function calculus without constants if, for each n € N and each
x = (v1,...,7,) € X", there is a lattice-algebra homomorphism ¥”: PG" — X
satisfying

V() =x; fori=1,...,n. (9.2)

The following is a routine, but relevant, observation.

Proposition 9.4. Let X be a lattice-ordered algebra that admits a polynomial
growth continuous function calculus without constants. Then X is a commuta-
tive f-algebra.

Proof. Let X be a lattice-ordered algebra that admits a polynomial growth con-
tinuous function calculus without constants. Let xi, x5, 23 € X, and suppose
r1 ANxyg = 0. Let U: PGQI — X be a lattice-algebra homomorphism such that
U(m;) =a; for i =1,...,3. Since VU is a lattice-algebra homomorphism:

U(|m| = [mi| Afmal) = |z1| = |1] A 2] = 1,
W([ma| = |mi| Almal) = |za| — 21| A 22| = 22,

W(|ms]) = 23| = 5.

Since
([mra] = [mo| Afma|) A ([ma| — o] Ama]) = 0

and PG% is an f-algebra, it follows that
[Ies| (o] = [ma] Al )] A (Jra| — || Afme]) = 0.

Applying ¥ to the previous equality yields (z3x1) Azy = 0. Using the same idea,
it is straightforward to check that X is commutative. Hence X is a commutative
f-algebra. O]

The previous proposition can be seen as yet another reason why f-algebras
are particularly well-behaved and relevant among all lattice-ordered algebras.

To close this circle of ideas, let us note that, just like every Archimedean
uniformly complete vector lattice admits a positively homogeneous continuous
function calculus, every Archimedean uniformly complete f-algebra with iden-
tity admits a polynomial growth continuous function calculus [BAPvR91, Theo-
rem 4.12]. We shall reprove this in the next section using a completely different
approach.
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

9.1.2  Function calculus through free objects

In this section we show how to approach function calculus through free ob-
jects. This way of understanding function calculus will be useful in our later
proofs, and provides a unified approach to positively homogeneous and poly-
nomial growth (without constants) continuous function calculi. Moreover, it
further justifies why polynomial growth continuous function calculus is the nat-
ural function calculus to consider on f-algebras.

Recall that a free vector lattice over a non-empty set S is a pair (FVL(S), d),
where FVL(S) is a vector lattice and §: S — FVL(S) is a map, such that, for
every vector lattice X and every map T: S — X, there exists a unique lattice
homomorphism T: FVL(S) — X satisfying 76 = T. The existence of this
object was first established implicitly in [Bir42]; it was later constructed and
studied in [Bak68, Ble73].

The free vector lattice over a set S is essentially unique and can be con-
structed explicitly in the following way: for every s € S, define the point eval-
uation d,: R® — R by d,(z) = x(s); then the free vector lattice is the sublattice
generated by {d, : s € S} in RF’ together with the map 6: S — FVL(S) defined
by §(s) = 5.

Note that, with this particular realization, every element of FVL(S) is con-
tinuous in the product topology; hence FVL(S) lives inside C(R®). Moreover,
every element of FVL(S) is positively homogeneous; hence FVL(S) lives in-
side H(R®), the vector lattice of positively homogeneous continuous functions
defined on R®. Finally, restricting the functions from R to Ag = [~1,1]%,
FVL(S) can be regarded as a vector sublattice of H(Ag) (see [IPW15, Lemma
5.1] for the details). Note that the latter space, being a closed sublattice of
C(Ag), is a Banach lattice.

One can similarly define the free object in the category of uniformly complete
vector lattices. This notion was first considered in [EG24].

Definition 9.5. Let S be a non-empty set. A free uniformly complete vector
lattice over S is a pair (FUCVL(S), d), where FUCVL(S) is a uniformly complete
vector lattice and 6: S — FUCVL(S) is a map, such that, for every uniformly
complete vector lattice X and every map T: S — X, there exists a unique
lattice homomorphism 7': FUCVL(S) — X satisfying 7' = T o 4.

In [EG24] an abstract construction of this object is provided through the
uniform completion (called r-completion by the authors): a uniformly complete
vector lattice U is a uniform completion of a vector lattice X if there exists a
vector lattice embedding i: X — U such that, for each uniformly complete vec-
tor lattice Y and each lattice homomorphism 7": X — Y, there exists a unique
lattice homomorphism S: U — Y satisfying 7' = S o 4. Uniform completions
are unique up to a unique lattice isomorphism. It is known (see [EG24] for the
details) that, if X is a vector sublattice of Y, and Y is uniformly complete, then
the uniform completion of X is the intersection of all the uniformly complete
vector sublattices of Y containing X.
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9.1. Why polynomial growth continuous function calculus?

By checking the universal properties, it is clear that FUCVL(.S) is the uni-
form completion of FVL(S). Since H(Ag) is a Banach lattice, it is a uniformly
complete vector lattice, and therefore FUCVL(S) is the intersection of all the
uniformly complete vector sublattices of H(Ag) that contain FVL(S). It fol-
lows from Theorem 9.1 that, if S is finite, then FUCVL(S) = H(Ag), which is
in turn isomorphic to H|s. Under this isomorphism, and the identification of
S with {1,...,|5]|}, the ds become the projections m;. (Note that in this case
the free uniformly complete vector lattice coincides with the free Banach lattice
over S, see [APW15, ART18]).

Now we can establish the relation of this theory with positively homoge-
neous continuous function calculus. As usual, let X be a uniformly complete
Archimedean vector lattice, let n € N and let © = (x1,...,x,) € X™. The uni-
versal property of FUCVL({1,...,n}) asserts that there exists a unique lattice
homomorphism

FUCVL({L,...,n}) = X

sending 0; to z; for i = 1,...,n. But, as noted above, FUCVL({1,...,n}) is
essentially H,, and, with this identification, §; becomes ;. Hence the above
map is the unique lattice homomorphism ®,: H,, — X satisfying ®,(m;) = x;
fori=1,...,n.

So far we have only revisited well-known facts. However, looking back at
this approach, there is nothing preventing us from applying it to f-algebras.
What kind of function calculus will appear in this case? Of course, it will be
the polynomial growth continuous function calculus. The details follow.

A free Archimedean f-algebra over a non-empty set S is a pair (FAfA(S), ),
where FAfA(S) is an Archimedean f-algebra and ¢: S — FAfA(S) is a map, such
that, for every Archimedean f-algebra A and every map T: S — A, there exists
a unique lattice-algebra homomorphism 7' FAfA(S) — A satisfying 76 =T.
Similarly, a free Archimedean f-algebra with identity over a non-empty set S is a
pair (FAfA'(S),6), where FAfA'(S) is an Archimedean f-algebra with identity
and §: S — FAfA'(S) is a map, such that, for every Archimedean f-algebra
with identity A and every map T': S — A, there exists a unique lattice-algebra
homomorphism 7: FAfA'(S) — A that sends the identity to the identity and
satisfies T8 = T'. The existence of these objects follows from the works [Bir42,
HI62].

The free Archimedean f-algebra can be constructed explicitly as the
sublattice-algebra generated by {d, : s € S} in RR®. Similarly, the free
Archimedean f-algebra with identity can be identified with the sublattice-
algebra generated by {ds : s € S} U {1}. Note that, with this particular
realization, every element of FAfA'(S) is continuous in the product topology;
hence FAfA(S) and FAfA'(S) live inside C'(R%). However, the parallelism with
the free vector lattice ends here. The functions of FAfA(SS) cannot be restricted
to Ag injectively since they are not, in general, positively homogeneous: there
exist non-zero elements of FAfA(S) that vanish on Ag.

One can still consider the free object in the category of uniformly complete
f-algebras.
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

Definition 9.6. Let S be a non-empty set. A free uniformly complete f-
algebra (resp., free uniformly complete f-algebra with identity) over S is a pair
(FUCFA(S),0) (resp., (FUCFAY(S),d)), where FUCFA(S) (resp., FUCfA'(S))
is a uniformly complete f-algebra (resp., f-algebra with identity) and é: S —
FUCfA(S) (resp., 6: S — FUCfA'(S)) is a map, such that, for every uniformly
complete f-algebra (resp., f-algebra with identity) A and every map 7': S — A,
there exists a unique lattice-algebra homomorphism 7': FUC fA(S) — A satis-
fying T = Tod (resp., and sending the identity to the identity).

A priori, it is not clear at all whether such an object exists. The following
lemma allows for an abstract construction of the free uniformly complete f-
algebra as the uniform completion of FAfA(S).

Lemma 9.7. Let Y be a uniformly complete f-algebra and let X be a sublattice-
algebra of Y. Let X be the intersection of all the uniformly complete vector
sublattices of Y containing X (i.e., X is the uniform completion of X ). Then

(i) X is a sublattice-algebra (and therefore an f-algebra),

(ii) for every uniformly complete f-algebra A and every lattice-algebra homo-
morphism T': X — A there exists a unique extension of T' to a lattice-
algebra homomorphism T: X — A.

Proof. Ttem (i) is [BdPvR91, Lemma 2.1]. To show (iz), let A be a uniformly
complete f-algebra andlet T': X — A be a lattice-algebra homomorphism. Since
X is the uniform completion of X, T extends to a unique lattice homomorphism
T: X — A. The goal is to show that T is an algebra homomorphism. Let
x € Y,. Since Y is an f-algebra, the left multiplication operator L,: Y — Y,
L.(y) = zy, is a lattice homomorphism. If x € X, then we can consider its
restriction L,|x: X — X. Since T is an algebra homomorphism, 7' o L,|x =
Ly, oT. All the operators in this identity are lattice homomorphisms. Note
that L,|g: X — X by item (i), and that T o L,|¢ is a lattice homomorphism
that coincides with T'o L,|x on X. By uniqueness of the extensions, T o L,|¢
is the extension of T'o L,|x to X. Similarly, Ly, o T is the extension of Ly, oT
to X. From T o L,|x = Ly, o T, it follows that T o L,|g = Ly, o T. Hence, for
every x € X, and y € X,

T(xy) = (T o Lo|x)(y) = (L1a o T)(y) = Tz Ty.

By linearity, this identity holds for all x € X. Since the product is commutative,
we can rewrite the previous equality as T’ oLy|x = Lp,oT, where L|x: X — X.
If y € (X)4, then L,|x and L, are lattice homomorphisms, and by uniqueness
of the extensions T'o L,|gx = Lz, o T'. By linearity, this last equation holds for

all y € X. Hence T is an algebra homomorphism. O]

The previous lemma implies that FUCFA(S) (resp. FUCfA'(S)) does exist:
it is the uniform completion of FAfA(S) (resp. FAfA'(S)). The following result
identifies these free objects when S is finite. It follows immediately from the
previous observation and Theorem 9.1.

208



9.2. Necessary and sufficient conditions

Theorem 9.8. Let n € N and let S ={1,...,n}.

(i) The free uniformly complete f-algebra over S is PG" together with the
map §: S — PG" given by 6(i) = m; fori=1,...,n.

(ii) The free uniformly complete f-algebra with identity over S is PG, together
with the map 6: S — PG, given by 6(i) =m; fori=1,... ,n.

It is now time to revisit function calculus through the lens of free objects.
Let X be a uniformly complete Archimedean f-algebra, let n € N and let & =
(x1,...,2,) € X" The universal property of FUCfA({1,...,n}) asserts that
there exists a unique lattice-algebra homomorphism

FUC/A({L,...,n}) = X

sending §; to x; for i = 1,...,n. By the previous theorem, FUCfA({1,...,n})
can be identified with PGQ, and with this identification §; becomes ;. Hence
the above map is the unique lattice-algebra homomorphism ¥": PGh — X
satisfying W"(7;) = x; for i = 1,...,n. In the case that X has identity 1y,
this map can be extended to a lattice-algebra homomorphism V¥, : PG, — X
satisfying also W, (1) = 1y.

Putting these observations together with Proposition 9.4, we have the fol-
lowing characterization of the Archimedean uniformly complete lattice-ordered
algebras that admit a polynomial growth continuous function calculus (without
constants).

Proposition 9.9. Let X be an Archimedean uniformly complete lattice-ordered
algebra.

(i) X admits a polynomial growth continuous function calculus without con-
stants if and only if X is an f-algebra.

(i) X admits a polynomial growth continuous function calculus if and only if
X is an f-algebra with identity.

What about general Archimedean lattice-ordered algebras? Can we charac-
terize those that admit a polynomial growth continuous function calculus? The
remainder of this chapter is devoted to obtaining results analogous to those in
[LT20] for Archimedean lattice-ordered algebras with identity.

9.2 NECESSARY AND SUFFICIENT CONDITIONS TO ADMIT A POLYNOMIAL
GROWTH CONTINUOUS FUNCTION CALCULUS

The goal of this section is to prove the following:

Theorem 9.10. Let X be an Archimedean lattice-ordered algebra with iden-
tity 1x, and let © = (xq,...,2,) € X", for some n € N. The following are
equivalent:
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

(i) There is a lattice-algebra homomorphism V,: PG, — X with ¥, (1) = 1x
and Yy (m) = x; fori=1,...,n.

(it) Let e = 1x V |x1| V -+ V |x,|. There ezists an f-subalgebra Y of X such
that 1x,xq,...,x, €Y and, for every m € N, the norm ||-||em is complete
onY Nlgm.

(iii) There exist f > 1x V|x1|V---V|z,| and an f-subalgebraY of X such that
lx,21,...,2, €Y and, for every m € N, the norm ||-||fm is complete on
Y N I

When one and hence all three of these conditions are satisfied, the lattice-algebra
homomorphism U, satisfying the conditions in (i) is unique.

Compare this result with its analogue for positively homogeneous continuous
function calculus ['T20, Proposition 2.2]. We can recast the latter result to make
the analogy with Theorem 9.10 clearer.

Proposition 9.11. Let X be an Archimedean wvector lattice, and let * =
(x1,...,2,) € X" for some n € N. The following are equivalent:

(i) There is a vector lattice homomorphism ®4: H, — X with ®y(m;) = x;
fori=1,...,n.

(it) Let e = |x1| V -+ V |x,|. There exists a sublattice Y of X such that
T1, ..., Ty €Y and the norm ||| is complete on Y N .

(iii) There exists f > |x1| V -+ V |x,| and a sublattice Y of X such that
Z1,...,%, €Y and the norm ||-||; is complete on'Y N Iy.

When one and hence all three of these conditions are satisfied, the lattice homo-
morphism ®, satisfying the conditions in (i) is unique.

Of course, the conditions in Theorem 9.10 are more involved than those in
[LT20, Proposition 2.2]. This is not so much due to the fact that we are dealing
with the additional algebraic structure (and algebraic homomorphisms), as it
is to the fact that the structure of PG, is more complex than that of H,. It
is well-known that H,, is an AM-space with unit. This allows for much cleaner
conditions. Also, the appearance of an f-subalgebra should not surprise the
reader in view of Proposition 9.4.

Even though PG, is not an AM-space with unit, it can be expressed as
a countable increasing union of AM-spaces with unit. More precisely, if d =
LV |m| V.-V |7, then

PG, = |J Ign and Ign C Iyns.
meN

This simple observation is at the core of the proof of Theorem 9.10. Before
proceeding to this proof, we need four preliminary lemmas. The first is a slight
generalization of [['T20, Lemma 2.1].
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Lemma 9.12. Let X and Y be Archimedean vector lattices, and let T: X — Y
be a lattice homomorphism. Let e € X . Then T(1.) C Ire, and the restriction
Tlr.: (Le, ||'le) = (Ire, ||||Te) is a contractive operator. Moreover, if (I, ||-||e) is
complete, then the restriction of ||-||7. to T(X) N I, is complete.

Proof. 1f x € I, then |z| < ||z||.e and
[Tz = Tla| < [lzf|Te

because T is a lattice homomorphism. Hence ||Tz||re < ||z]le. This proves
that T'(I.) C Ir. and that the restriction Tz, : (I, |||le) = (Ire, ||]|7e) is a
contractive operator.

Suppose that (I, ||-||c) is complete. We will show that every absolutely
convergent series in (T'(X) N Ire, ||"||7e) is convergent. Let x, € T(X) N Iz,
be a sequence for which the associated series Y > |z, is absolutely convergent
in ||-[|re. For every n € N, let y, € X be such that T(y,) = z,, and set
Zn = (Yn N|Znl|Te€) V (= ||zn||Te€). Then |z,| < ||@n||7ee, SO 2, € I and ||z, ]|e <
|Tn||7e. Moreover, since |x,| < ||x,||r.Te (i.e., —||zn||reTe < @, < ||2n]|7eTe),
we have T'(z,) = (zo Al ||reTe)V (= ||z |7 Te) = x,,. By assumption, Y~ z,
converges to a certain z € I,. Using that T'|;, is linear and continuous, it follows
that Y > x, =Tz. O

Lemma 9.13. Let X be an Archimedean vector lattice. Forn € N, let I, C X
be a sequence of ideals such that I,, C I,11 and

X:UM

neN

Then X is uniformly complete if and only if I,, is uniformly complete for every
n € N.

Proof. 1t X is uniformly complete, then every ideal in X is uniformly complete.
Conversely, suppose that I,, is uniformly complete for every n € N. Let (z5) C X
be a Cauchy sequence in the norm ||-||,, for some y € X,. By keeping only a
tail of the sequence and relabeling, we may assume that |z, — x;| < y for all
k,l € N. Since the sequence of ideals [,, is increasing, there exists some m € N
for which y,x;, € I,,,. Then

k] = faa ]| < k| = faa]] < Jaox — 2] <y

implies that x; € I, for all K € N. Since I, is uniformly complete, the sequence
(x) is uniformly convergent in I,,, and therefore also in X. O

For a positive element e in a lattice-ordered algebra X, denote by I A, the
smallest subspace of X containing e that is, at the same time, an order ideal
and a subalgebra.

Lemma 9.14. Let X be an Archimedean lattice-ordered algebra and let e € X
be such that €™ € I m+1 for all m € N. Then

IA, = U Im.
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Proof. Let B be the set on the right hand side. The condition e™ € I m+1
implies that I.m C I.m+1 for all m € N. It follows that B, being a nested union
of ideals, is an ideal. To show that it is an algebra, let x and y be elements of
B, say |z| < Mie™ and |y| < Mse™2, for some M, My € Ry and mq,my € N.
Then

jay] < lellyl < My Mpe™ 2

and therefore xy € I mi+m; € B. Hence B is a subalgebra and an order ideal
that contains e. In particular, A, C B. Conversely, since [ A, is a subalgebra
containing e, €™ € [A, and, since it is an order ideal, I.» C IA, for every
m € N. It follows that B C I A,. O

Remark 9.15. If X has identity 1x, then the previous lemma applies to every
€ 2 1)(.

The final preliminary lemma is only needed for uniqueness.

Lemma 9.16. Let X and Y be Archimedean vector lattices, with X uniformly
complete, and let T: X — Y be a positive map. Let X' C X and Y CY be
sublattices, with Y' uniformly complete. Denote by X' the uniform closure of
X" in X. If T(X') CY’, then also T(X') C Y.

Proof. To prove this result, we need a different description of the uniform clo-
sure. Define a transfinite sequence (Z3)p<y,, of sublattices of X as follows:
Z =X,

Zg={x € X :x, >z (y), for some x,,y € Zs }

for all B < w; and, if v < wy is a limit ordinal, then Z, = U5<’Y Zg. It is then

true that
X=|] 2 (9.3)
B<wi
(see [EG24, Lemma 4]). We will prove by transfinite induction on S that
T(Zs) CY".

To do so, first note that z, — x (y) in X implies Tz, — T (Ty) in Y by
the positivity of 7. By assumption, 7'(Z;) C Y. Suppose that T'(Zg) C Y’ and
let © € Zg,1. Then there exist z,,,y € Zs such that z, — z (y). Applying T it
follows that T'z,, — Tz (Ty) with Tx,, Ty € Y. Since Y is uniformly complete,
and uniform limits are unique, we must have Tx € Y’. Hence T(Zs11) C Y.
Finally, if v < w; is a limit ordinal and T'(Z3) C Y’ for all 5 < +, then

T(Z,) = T( U Zﬂ) =JT1(zs) Yy’
B<y B<y
From (9.3) it follows that T(X’) C Y. O

Proof of Theorem 9.10. First we show that (i) implies (7). Let ¥,: PG, - X
be a lattice-algebra homomorphism with V,(1) = 1x and V,(m) = x; for
i=1,....,n. Put Y = ¥,(PG,). Since PG, is an f-algebra, and ¥, is a
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9.2. Necessary and sufficient conditions

lattice-algebra homomorphism, it follows that Y is an f-subalgebra of X (see
[Bou02, Proposition 3.2]). Denote d = 1V |my| V -+ V |m,]. It is clear that
U, (d™) = e™. Also, since PG, is uniformly complete, (Igm, ||-||qm) is complete.
By Lemma 9.12, [|-||em is complete on Y N em.

That (i) implies (1) is obvious. To show that (7i7) implies (i), let f € X, be
such that f > 1x V|x1|V---V]|z,|, and let Y be an f-subalgebra of X satisfying
the conditions of (7). Put Y’ = IA;NY. Note that 1x,zy,...,2, € Y. Being
the intersection of sublattice-algebras, Y’ is again a sublattice-algebra of X. In
fact, since Y’ C Y, Y’ is also an f-subalgebra of X. By assumption, f > 1y,
and by Lemma 9.14,

IA; = | Ipm.
meN
Therefore
Y =Y'NIA; = | JY' NI
meN

Note that, for every m € N, Y'NIym is anideal in Y and Y'NIm C Y ' NI msr.
By assumption, ||-|| = is complete on Y NIm = Y'NIsm; being a Banach lattice,
Y’ N Iym is uniformly complete. By Lemma 9.13, Y is uniformly complete. In
conclusion, Y’ is a uniformly complete f-algebra with identity 1y that contains
x1,...,T,. By Proposition 9.9, there exists a lattice-algebra homomorphism
U, : PG, — Y’ satisfying W,(1) = 1x and V,(m;) = z; for i = 1,...,n. The
composition of this map with the natural inclusion Y’ C X proves that (i) holds.

It only remains to prove uniqueness. Suppose that a map W, such as
that in (7) exists. We have proved above that there exists a uniformly com-
plete f-algebra Y’ with identity 1y such that z1,...,z, € Y’. Note that
U, (VLA{L,m,...,m,}) C Y’ According to Theorem 9.1, PG, is the uni-
form closure of VLA{1,7y,...,m,}. Applying Lemma 9.16 it follows that
U, (PG,) C Y’ Recall from Theorem 9.8 that PG, is the free object in the
category of uniformly complete f-algebras with identity. Hence ¥, must be the
composition of the unique map PG, — Y’ sending 1 to 1x and 7; to x;, for
i =1,...,n, with the natural inclusion Y’ C X. Il

As a consequence of this theorem, we obtain a characterization of the lattice-
ordered algebras with identity that admit a polynomial growth continuous func-
tion calculus.

Corollary 9.17. Let X be an Archimedean lattice-ordered algebra with identity
1x. Then X admits a polynomial growth continuous function calculus if and
only if X is an f-algebra and, for every xq,...,x, € X, there exists f > 1x V
|z1| V -+ V |z, such that, for every m € N, the norm ||-|| g is complete on the
closed sublattice generated by 1, ...,z in Ism.

In this case, the polynomial growth continuous function calculus is unique
(in the sense that for each n € N and x € X" there is only one lattice-algebra
homomorphism V. : PG, — X which satisfies (9.1)), and

Vo (f1)Walf))(9) = Walg o (f1 X -+ X fin)) (9.4)
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

for each m,n e N, x € X", f1,..., fm € PG,, and g € PG,,, where f; X --- X
fm: R = R™ is the function defined by

(fix X f)®) = (i), ..., fm(t)), tER™

Proof. 1If X admits a polynomial growth continuous function calculus, then X
is an f-algebra by Proposition 9.4. And if x;,...,2, € X, then e = 1x V |21| V
-+ V |z,| has the stated properties by Theorem 9.10. The converse also follows
directly from Theorem 9.10.

Uniqueness was proved in Theorem 9.10. To show (9.4), let fi,..., fm €
PG, and g € PG,, be as stated. First we need to check that go(f; x---x f,,) €
PG,,. Suppose |g| < M1+ |m|+ -+ + |mn|)Y for some M € Ry and N € N.
Then it is immediate to check that

lgo (fix - x fu)| S M@+ A+ + [fu)Y.

Since fi,..., fm € PG, the right hand side of this equation belongs to PG,,.
Since PG, is an ideal in C(R™), and go (f; X -+ X f,,) is continuous, it follows
that go (fy x --- x f,) € PG,. Hence, it makes sense to evaluate ¥, at
go(fi X --+x fn). This is true of every g € PG,,. It is immediate to check
that the map

PG, — X
g v Valgo(fix - x fum))
is a lattice-algebra homomorphism that maps m; to W, (f;) fori =1,...,m. By
uniqueness, it must be the map Wiy, (,),...v4(fm))- O

To complete this section, we present three examples illustrating Theo-
rem 9.10. The first one shows that, even if X is a uniformly complete lattice-
ordered algebra with identity, it may not contain sufficiently many f-subalgebras
to admit a polynomial growth continuous function calculus.

Example 9.18. Consider R? with the usual vector lattice structure. Define the
product
(@, y) (@' y) = (22" + 2y + ya', yy).

It is immediate to check that R? with this product is a lattice-ordered algebra
with identity (0,1). But it is not an f-algebra, because (1,0)(0,1) = (1,0). The
element (1,0) is such that, if Y is a sublattice-algebra containing both (1,0)
and the identity (0,1), then Y = R?, which is not an falgebra. Hence there is
no f-subalgebra containing (1,0) and the identity. By Theorem 9.10, we cannot
perform polynomial growth continuous function calculus on (1,0).

The second example fails the other condition: it is an f-algebra, but it
does not contain sublattice-algebras Y for which the norm ||-||¢m is complete on
Y N I.m (where we are using the notation of Theorem 9.10).

Example 9.19. Consider the function I: [0,1] — [0, 1] given by I(z) = x for
all z € [0,1]. Let X be the sublattice-algebra of C[0, 1] generated by I and 1 .
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9.3. Vector spaces with function calculus

Note that X is an f-algebra with identity. We have 1o V I = 1jp1) and the
ideal generated by Lo in X is X. Yet X is not complete for ||-||4, ;. Indeed,
this norm is precisely the uniform norm, and X is not closed in the uniform
norm by the Stone-Weierstrass theorem.

The final example is a positive one: it shows how Corollary 9.17 can be
used in practice to prove that a non-uniformly complete lattice-ordered algebra
with identity admits a polynomial growth continuous function calculus. This
example is a continuation of [[L.T20, Proposition 3.1].

Example 9.20. Let K be a compact Hausdorff space of infinite cardinality,
and let s5 € K be an accumulation point of a countably infinite subset of K.
(For instance, K = [0, 1] and sy = 0.) Let

X ={feC(K): fis constant on some neighborhood of s }.

It was shown in [LLT20, Proposition 3.1] that this set is a proper and dense
sublattice of C'(K') that is not uniformly complete. It is easy to check that it is
a subalgebra and that 15 € X. Therefore, X is an Archimedean f-algebra with
identity. We will show that it admits a polynomial growth continuous function
calculus by checking the condition of Corollary 9.17.

Let fi,..., fn € X and let U be a neighborhood of sy in which fi|y, ..., faulu
are all constant. Let ¢ = max{|| filloos - - - || fnlloo, 1}, and let

Y ={feC(K): f|ly is constant }.

Then e = ¢l satisfies e > 1 V|fi|V---V|fa| and fi,..., f, € Y. Note that Y
is a closed sublattice-algebra of C'(K). Fixed m € N, I.m = X and ||-||em is the
uniform norm; it follows directly that ||-||em is complete on I.m NY. Hence, even
though X is not uniformly complete, it admits a polynomial growth continuous
function calculus.

9.3 VECTOR SPACES WITH POLYNOMIAL GROWTH CONTINUOUS FUNCTION
CALCULUS

Our final result is an extension of [[JT20, Theorem 1.4]. It states that if a
vector space admits a sufficiently strong polynomial growth continuous function
calculus without constants, then it is automatically a commutative f-algebra.

Theorem 9.21. Let X be a vector space and suppose that, for each n € N and
eachx = (x1,...,2,) € X", there is a linear map V,: PG" — X which satisfies
(9.2) and (9.4). Then X can be endowed with the structure of a commutative
f-algebra that admits a polynomial growth continuous function calculus without
constants.

Proof. For n € N and f € PG", denote W, (f) by f(x). In this notation, the
linearity of ¥, reads

(f +A9)(®) = f(x) + Ag(x)
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

for all f,g € PG" and X\ € R. Condition (9.2) becomes 7;(x) = x;, while (9.4)
has the form

g(f1($), ce 7fm(m)) = (g © (fl X X fm))(w)
Consider the function of PGsy:

o: R? — R
(tl,tg) — tl\/tQ

and define a partial order < on X by setting 1 < x5 if and only if o (21, x2) = xs.

It is shown in [LT20, Theorem 1.4] that this order makes X into a vector lattice.

Moreover, the supremum of z1,xs € X in this order is given by o(x1, z3).
Consider the function of PGsy:

p: R? — R
(tl,tg) — tltg '

Define a product on X by

XxX — X
(I1,$2) — P($1,$2)'

We claim that X, with this product, is a commutative real algebra. Let us check
the required axioms.

COMMUTATIVITY. Since the product in R is commutative, p(ti,t3) =
p(te, 1) holds for all t1, £y € R. In other words, the identity pom X mg = pomy X m;
holds in PGy. Using (9.2) and (9.4), the following holds for all z1, 25 € X:

(pom x ma)(z1,2) = p(mi (21, 22), Ma(21, 72)) = pla1, T2).

Similarly, (p o my X m) (21, x2) = p(x2, z1). Hence p(xq,x2) = p(x2,21).

ASsocCIATIVITY. The associativity of R means that p(p(ti,t2),t3) =
p(ty, p(te,t3)) for all t1,ts,t3 € R. This, in turn, implies that the following
identity holds in PG3:

pol(pom X m) X m3] =polm X (pom X m3)l.

Applying this to (z1,z2,73) € X? and simplifying with (9.2) and (9.4) yields

plp(z1, 2), 25) = p(1, p(22, 73)).
DisTRIBUTIVITY. Distributivity in R translates into the identity

polm X (mg 4+ m3)] = pom X my+ pom X ms.

Applying this to (x1,z2,73) € X3, using linearity and applying (9.2) and (9.4)
yields p(x1,xe + x3) = p(x1, x2) + p(x1, x3). Distributivity on the right follows
from commutativity and distributivity on the left.

ASSOCIATIVITY WITH SCALARS. Fixed A\, € R, associativity and com-
mutativity in R imply p(Aty, uts) = Aup(ty,ts) for all ¢1,t; € R. This means
that

po (Am) x (ume) = (Au)(pom X 7).
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9.3. Vector spaces with function calculus

Evaluating at (z;,79) € X? and using linearity and (9.2) and (9.4) gives
p(Ax1, pwe) = Aup(y, T2).

Hence X is a real algebra when equipped with the product xyze = p(x1, 23).
Next we show that it is also a lattice-ordered algebra. For this we have to
check that, if zq,2, € X, then z;25 € X, . Since in R the product of positive
elements is positive, the identity

[(t1 VO)(t2 VO)] VO = (t1 VO)(t2 VO)
holds for all ¢1,t, € R. This implies that
golpo(com x0)x (comx0)]=po[(com x0)x (com x D),

where 0: R?> — R denotes the constant zero function. Linearity of ¥, implies
that O(zy,xs) = 0 for all (x1,25) € X?. Therefore the evaluation of the previous
identity at (z1,x9) yields

U[p(O(l‘l, O)? 0(3:'2, O))a O] = p[a(xl, 0>7 O(x% O)]

This equation holds for all 21,z € X. When x1, 29 > 0 (that is, when o(x;,0) =
x; for i = 1,2) this equation becomes

olp(z1, 22), 0] = p(a1, z2).

This is, by definition, the same as x1xo = p(z1,25) > 0. Hence X is a lattice-
ordered algebra.

To show that X is an f-algebra, we will use the following fact due to G.
Birkhoff [Bir61, Lemma 3]: the lattice-ordered algebra X is an f-algebra if and
only if the equalities

(21 VO) A[((=21) V 0) (22 V 0)] = 0 = (2 V 0) A (2 V 0)((—a1) V 0)]

hold for all (z1,25) € X2 Since X is commutative, we need only check the
identity on the left. Since R is an f-algebra,

(t1 VO)A[((=t1) VO)(ta VO)] =0
holds for all t1,t, € R; let us rewrite it as
(=t V0)) VI=((=t1) VO)(t2 vV 0)] = O
so that only suprema appear in the formula. This implies that
gol[[—oo(m x0)] x[=po((cgo((—m)x0))x (co(mx0)))]]=0.
Applying this identity to (x1,z2) € X? yields
o(—0o(z1,0), —p(o(—2z1,0),0(z2,0))) = 0.

By [Bir61, Lemma 3], X is a commutative f-algebra.
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9. POLYNOMIAL GROWTH CONTINUOUS FUNCTION CALCULUS

Finally, to show that X admits a polynomial growth continuous function
calculus without constants, it suffices to check that ¥,: PG" — X is a lattice-
algebra homomorphism for all € = (z1,...,2,) € X™. To make the equations
clearer, denote o(xq,x2) by 1 V 9 and p(x1,x2) by x129. Then for all f, g €
PG

Ve (fVg) =Va(oo(fxg)) = (co(fxg))(x)=0o(f(x),g9(x)) = Val(f)VValg),
and also

Ve (fg) = Valpo(f xg)) = (po(fxg))(z) = p(f(x),g(x)) = Vaulf)Vea(g) O
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CONCLUSIONS

This thesis develops the structure and representation theory of Banach lattice
algebras and Banach f-algebras, largely organised around the cluster of problems
raised by Wickstead in 2017 [Wicl7b, Wicl7a]. The main contributions are
summarised below.

The principal outcome is a negative answer to Wickstead’s representation
question: there exists a two-dimensional Banach lattice algebra with identity
that admits no faithful representation as regular operators on any order com-
plete Banach lattice (Example 4.22). The argument also proves Wickstead’s
conjecture on positive projections with constant diagonal (Corollary 4.15).

To study the interplay between order and algebra in £, (X)), we introduced
the class of inner band projections (Theorem 2.1) and proved that every band
projection on £,(X) is inner if and only if X is atomic and order continuous
(Theorem 2.19).

We characterized the Banach lattice algebras that are isometric to a closed
sublattice-algebra of C'(K) as those admitting a positive net which is simul-
taneously an approximate order unit and an approximate algebraic identity
(Theorem 6.15).

We classified all f-algebra products on AM-spaces and on AL-spaces. For an
AM-space X, the f-algebra products are in one-to-one correspondence with the
positive cone of an associated AM-space Wx (Theorem 7.4). For an AL-space,
they are parametrized by the positive bounded weights indexed by a maximal
family of norm-one atoms (Theorem 7.17).

We constructed the free Banach f-algebra FBfA[E] generated by a Banach
space E. As a key ingredient we proved a structure theorem for Banach f-
algebras: every Banach f-algebra admits an injective and contractive lattice-
algebra homomorphism into Xo@.,C (K ), where X is a Banach lattice equipped
with the zero product (Theorem 8.20). Combined with an explicit description of
the kernel, this yielded an injective contractive lattice-algebra homomorphism
t: FNfA[E] — C(Bg~) representing the free normed f-algebra as continuous
functions on the unit ball of E* (Corollary 8.51). When E is finite-dimensional,
we showed that FBfA[E] is lattice-algebra isomorphic to C([0, 1] X Sg+) equipped
with pointwise order and the weighted product (f x g)(r,u) = rf(r,u)g(r,u)
(Theorem 8.56).

Finally, we characterized the Archimedean lattice-ordered algebras with
identity that admit a polynomial growth continuous function calculus (The-
orem 9.10 and Corollary 9.17).

219






CONCLUSIONES

Esta tesis desarrolla la estructura y la teoria de representacion de las algebras-
reticulos de Banach y de las f-algebras de Banach, organizada en gran medida
en torno al conjunto de problemas planteados por Wickstead en 2017 [Wicl7b,
Wicl7a]. A continuacion se resumen las principales aportaciones.

El resultado principal es una respuesta negativa a la pregunta de represen-
tacion de Wickstead: existe un algebra-reticulo de Banach bidimensional con
identidad que no admite ninguna representacion fiel como operadores regulares
sobre ningun reticulo de Banach orden completo (Example 4.22). El argumento
también demuestra la conjetura de Wickstead sobre las proyecciones positivas
con diagonal constante (Corollary 4.15).

Para estudiar la interaccion entre las estructuras de orden y algebraica en
L,(X), introdujimos la clase de proyecciones en banda internas (Theorem 2.1)
y demostramos que toda proyeccién en banda sobre £,.(X) es interna si y solo
si X es atomico y orden continuo (Theorem 2.19).

Caracterizamos también las algebras-reticulos de Banach que pueden ser em-
bebidas isométricamente como subélgebra-reticulo cerrado de C'(K): son preci-
samente aquellas que admiten una red positiva que es simultaneamente una uni-
dad de orden aproximada y una unidad algebraica aproximada (Theorem 6.15).

Clasificamos todos los productos de f-dlgebra sobre los AM-espacios y so-
bre los AL-espacios. Para un AM-espacio X, los productos de f-dlgebra estan
en correspondencia biunivoca con el cono positivo de un AM-espacio asociado
Wy (Theorem 7.4). Para un AL-espacio, estdn parametrizados por los pesos
positivos acotados indexados por una familia maximal de &tomos de norma uno
(Theorem 7.17).

Construimos la f-algebra de Banach libre FBfA[E] generada por un espacio
de Banach E. Como ingrediente clave, demostramos un teorema de estructura
para las f-algebras de Banach: toda f-dlgebra de Banach admite un homomor-
fismo &lgebra-reticulo inyectivo y contractivo en X @4 C(K), donde Xj es un
reticulo de Banach equipado con el producto cero (Theorem 8.20). Combinado
con una descripcion explicita del nucleo, esto proporcioné un homomorfismo
algebra-reticulo inyectivo y contractivo ¢: FNfA[E] — C(Bg+) que representa
la f-dlgebra normada libre como funciones continuas sobre la bola unidad de E*
(Corollary 8.51). Cuando E es de dimension finita, demostramos que FBfA[E] es
isomorfa como élgebra-reticulo a C([0, 1] x Sg+) equipado con el orden puntual
y el producto (f x g)(r,u) = rf(r,u)g(r,u) (Theorem 8.56).

Finalmente, caracterizamos las algebras reticuladas arquimedianas con iden-
tidad que admiten un calculo funcional continuo de crecimiento polinémico
(Theorem 9.10 and Corollary 9.17).
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